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p21 + p22 + p23 + p24 + p25 = N .

Äëÿ ÷èñëà ïðåäñòàâëåíèé I5,2(N) Õóà ïîêàçàë [7℄, ÷òî

I5,2(N) ≍ N3/2

(logN)5
.

Â 1770 ã. Æ. Ëàãðàíæ äîêàçàë, ÷òî êàæäîå íàòóðàëüíîå ÷èñëî åñòü ñóììà íå áîëåå

÷åòûðåõ êâàäðàòîâ íàòóðàëüíûõ ÷èñåë (çàäà÷à Ëàãðàíæà):

l21 + l22 + l23 + l24 = N .
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Äëÿ ÷èñëà ðåøåíèé I4,2(N) çàäà÷è Ëàãðàíæà èçâåñòíî, ÷òî [4℄

I4,2(N) = π2N
∞∑

q=1

1

q4

∑

1≤a≤q
(a,q)=1

S4
a,qe

−2πiNa/q +O(N17/18+ε) ,

ãäå

Sa,q =

q∑

j=1

e2πiaj
2/q .

Ïóñòü η � êâàäðàòè÷íàÿ èððàöèîíàëüíîñòü, a è b � ïðîèçâîëüíûå äåéñòâèòåëüíûå

÷èñëà, 0 ≤ a < b ≤ 1. �àíåå íàìè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 1 [5℄. Äëÿ ÷èñëà ðåøåíèé J3,1(N) çàäà÷è �îëüäáàõà ñ ïðîñòûìè pi, a <
{ηpi} < b, i = 1, 2, 3, ïðè ëþáîì �èêñèðîâàííîì ïîëîæèòåëüíîì C ñïðàâåäëèâî ðàâåí-

ñòâî

J3,1(N) = I3,1(N)σ3(N, a, b) +O(N2 log−C N) ,

ãäå

σ3(N, a, b) =
∑

|m|<∞
e2πim(ηN−1,5(a+b)) sin3 πm(b− a)

π3m3
.

Òåîðåìà 2 [6℄. Ïóñòü J5,2(N) � ÷èñëî ðåøåíèé çàäà÷è Õóà Ëî�Êåíà ñ ïðîñòûìè

÷èñëàìè pi, a < {ηp2i } < b, i = 1, 2, 3, 4, 5. Äëÿ äîñòàòî÷íî áîëüøîãî N ≡ 5 (mod 24)
ñïðàâåäëèâà �îðìóëà

J5,2(N) = I5,2(N)σ5(N, a, b) +O(N3/2−0,00002) ,

ãäå

σ5(N, a, b) =
∑

|m|<∞
e2πim(ηN−2,5(a+b)) sin5 πm(b− a)

π5m5
.

Òåîðåìà 3 [7℄. ×èñëî ðåøåíèé J4,2(N) çàäà÷è Ëàãðàíæà â öåëûõ ÷èñëàõ li, a <
{ηli} < b, i = 1, 2, 3, 4 äëÿ ëþáîãî ïîëîæèòåëüíîãî ìàëîãî ε âûðàæàåòñÿ �îðìóëîé

J4,2(N) = (b− a)4I4,2(N) + O(N0,9+ε) .

Ïîëó÷åííûå íàìè â òåîðåìàõ 1 è 2 �îðìóëû îòëè÷àþòñÿ îò àñèìïòîòè÷åñêèõ �îð-

ìóë êëàññè÷åñêèõ çàäà÷ �îëüäáàõà è Õóà Ëî-Êåíà â ïðîñòûõ ÷èñëàõ áåç îãðàíè÷åíèé. Ó

íàñ â ãëàâíûõ ÷ëåíàõ ïîÿâëÿþòñÿ ðÿäû σ3(N, a, b), σ5(N, a, b) ñïåöèàëüíîãî âèäà. Èçó÷å-
íèå ïîâåäåíèÿ ýòèõ ðÿäîâ ïðåäñòàâëÿåò ñîáîé îòäåëüíóþ ïðîáëåìó, êîòîðàÿ èññëåäóåòñÿ

àâòîðàìè â [8℄.

Â äàííîé ðàáîòå ðàññìîòðåíà ïðîáëåìà Âàðèíãà:

xn1 + xn2 + . . .+ xnk = N (1)
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ñ íàòóðàëüíûìè ÷èñëàìè x1, x2, . . . , xk ñïåöèàëüíîãî âèäà. ×èñëî ðåøåíèé J(N) ðàñ-

ñìàòðèâàåìîé çàäà÷è ñâÿçàíî ñ ÷èñëîì ðåøåíèé I(N) êëàññè÷åñêîé çàäà÷è, ïðè÷åì â

ãëàâíîì ÷ëåíå ïîÿâëÿåòñÿ ðÿä σ(N, a, b) òîãî æå òèïà, ÷òî è â òåîðåìàõ 1, 2.

Òåîðåìà 4. Ïóñòü k ≥ cn2 logn, n ≥ 3. Òîãäà äëÿ ÷èñëà ðåøåíèé J(N) ïðîáëåìû
Âàðèíãà â íàòóðàëüíûõ ÷èñëàõ x1, x2, . . . , xk òàêèõ, ÷òî a < {ηxnj } < b (j = 1, 2, . . . , k),
ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ �îðìóëà.

J(N) = I(N)σ(N, a, b) +O(N
k
n
−1− c1

n2 ) ,

ãäå I(N) � ÷èñëî ðåøåíèé óðàâíåíèÿ (1) â ïðîèçâîëüíûõ íàòóðàëüíûõ ÷èñëàõ

x1, x2, . . . , xk,

σ(N, a, b) =
∑

|m|<∞
e2πim(ηN−k(a+b)/2) sink πm(b− a)

πkmk
.

Äëÿ I(N) èçâåñòíî [12℄, ÷òî ïðè k ≥ cn2 log n,

I(N) ∼ (Γ(1 + 1/n))k

Γ(k/n)
Nk/n−1 .

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ.

Ëåììà 1. Ïóñòü

α =
a

q
+

θ

qτ
, (a, q) = 1, 0 ≤ a < q ≤ τ , |θ| ≤ 1 .

Ïóñòü η � àëãåáðàè÷åñêîå ÷èñëî ñòåïåíè s ≥ 2, m � íàòóðàëüíîå ÷èñëî, m ≤ 2M . Òîãäà

ñóùåñòâóþò öåëûå âçàèìíî ïðîñòûå ÷èñëà A è Q òàêèå, ÷òî

∣∣∣∣α + ηm− A

Q

∣∣∣∣ ≤
1

2
√
τqQ

,

(c0
√
τ)

1
s−1

8Mq
≤ Q ≤ 2

√
τq ,

ãäå c0 = c0(η) > 0.

� Â ñèëó òåîðåìû Äèðèõëå ñóùåñòâóþò öåëûå ÷èñëà A1 è Q1 òàêèå, ÷òî

∣∣∣∣η −
A1

Q1

∣∣∣∣ ≤
1√
τQ1

, (A1, Q1) = 1, 1 ≤ Q1 ≤
√
τ . (2)

Ïî óñëîâèþ ëåììû 1

∣∣∣∣α− a

q

∣∣∣∣ ≤
1

qτ
, (a, q) = 1, 1 ≤ q ≤ τ . (3)
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Òîãäà èç òåîðåìû Äèðèõëå ñëåäóåò, ÷òî ñóùåñòâóþò öåëûå âçàèìíî ïðîñòûå ÷èñëà A è

Q òàêèå, ÷òî ∣∣∣∣α + ηm− A

Q

∣∣∣∣ ≤
1

2
√
τqQ

, 1 ≤ Q ≤ 2
√
τq . (4)

Äîêàæåì, ÷òî

(c0
√
τ)

1
s−1

8Mq
≤ Q ≤ 2

√
τq ,

ãäå c0 = c0(η) > 0.
Èç íåðàâåíñòâà (2) èìååì

∣∣∣∣η −
A1m

Q1

∣∣∣∣ ≤
m√
τQ1

.

Ïóñòü

A1m

Q1

=
A2

Q2

, (A2, Q2) = 1 , Q2 ≤ Q1 ≤
√
τ ,

òîãäà ∣∣∣∣η −
A2

Q2

∣∣∣∣ ≤
m√
τQ2

. (5)

Èç (3) è (5) ñëåäóåò, ÷òî

∣∣∣∣α + ηm− aQ2 + qA2

qQ2

∣∣∣∣ ≤
1

qτ
+

m√
τQ2

.

Ïîñêîëüêó Q2 ≤
√
τ ,

1

qτ
+

m√
τQ2

≤ 2m√
τQ2

,

òî ∣∣∣∣α + ηm− A3

Q3

∣∣∣∣ ≤
2m√
τQ2

,

ãäå

A3

Q3
=
aQ2 + qA2

qQ2
, (A3, Q3) = 1 .

Ïóñòü â ïðèáëèæåíèè (4) ÷èñëà α+ ηm ðàöèîíàëüíîé äðîáüþ A/Q ñíà÷àëà Q 6= Q3.

Òîãäà

1

QQ3

≤
∣∣∣∣
A

Q
− A3

Q3

∣∣∣∣ =

∣∣∣∣
(
A

Q
− α− ηm

)
−
(
A3

Q3

− α− ηm

)∣∣∣∣ ≤

≤ 1

2
√
τqQ

+
2m√
τQ2

. (6)

Ïîñêîëüêó Q3 ≤ Q2 ≤ q
√
τ , èç (6) èìååì

1

QQ3

≤ 1

2
√
τqQ

+
2m√
τQ2

≤ 1

2QQ3

+
2m√
τQ3

,
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ïîýòîìó

Q ≥
√
τ

4m
.

�àññìîòðèì òåïåðü ñëó÷àé, êîãäà â íåðàâåíñòâå (4) Q ñîâïàäàåò ñ Q3. Ïóñòü δ|(aQ2+
qA2, qQ2), òîãäà δ|(aqQ2 + q2A2, q

2Q2), ñëåäîâàòåëüíî, δ|(q2A2, q
2Q2) = q2, îòêóäà δ ≤ q2.

Òîãäà èìååì:

Q3 ≥
Q2

q
.

Êðîìå òîãî,

Q2 ≥
Q1

m
≥ Q1

2M
,

çíà÷èò,

Q3 ≥
Q1

2Mq
.

Ïî òåîðåìå Ëèóâèëëÿ,

c0
Qs

1

≤
∣∣∣∣η −

A1

Q1

∣∣∣∣ ≤
1

Q1

√
τ
,

ãäå c0 = c0(η) > 0. Òîãäà èìååì

Q1 ≥ (c0
√
τ )

1
s−1 , Q3 ≥

(c0
√
τ )

1
s−1

2Mq
.

Ìû äîêàçàëè, ÷òî ñóùåñòâóþò öåëûå âçàèìíî ïðîñòûå ÷èñëà A è Q òàêèå, ÷òî

∣∣∣∣α + ηm− A

Q

∣∣∣∣ ≤
1

2
√
τqQ

,

ïðè

(c0
√
τ)

1
s−1

8Mq
≤ min

(
(c0

√
τ )

1
s−1

2Mq
,

√
τ

4m

)
≤ Q ≤ 2

√
τq .

Ëåììà 2 ( [13℄, ñ. 22). Ïóñòü r � íàòóðàëüíîå ÷èñëî, α è β� âåùåñòâåííûå ÷èñëà,

0 < ∆ < 1/4, ∆ ≤ β−α ≤ 1−∆. Òîãäà ñóùåñòâóåò ïåðèîäè÷åñêàÿ ñ ïåðèîäîì 1 �óíêöèÿ
ψ(x), óäîâëåòâîðÿþùàÿ óñëîâèÿì:

1. ψ(x) = 1 â ïðîìåæóòêå α + ∆/2 ≤ x ≤ β − ∆/2,

2. 0 < ψ(x) < 1 â ïðîìåæóòêàõ α− ∆/2 < x < α + ∆/2 è β − ∆/2 < x < β + ∆/2,

3. ψ(x) = 0 â ïðîìåæóòêå β + ∆/2 ≤ x ≤ 1 + α− ∆/2,

4. ψ(x) ðàçëàãàåòñÿ â ðÿä Ôóðüå âèäà

ψ(x) = β − α +
∑

0<|m|<∞
c(m)e2πimx,
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ãäå

|c(m)| ≤ min

(
β − α,

1

π|m| ,
1

π|m|

(
r

π|m|∆

)r)
.

Ëåììà 3 ( [12℄, ñ. 85). Ïóñòü λ1, . . . , λn � öåëûå ÷èñëà, Jk,n(λ1, . . . , λn) � ÷èñëî

ðåøåíèé ñèñòåìû óðàâíåíèé






x1 + · · · + xk − xk+1 − · · · − x2k = λ1,

xn1 + · · · + xnk − xnk+1 − · · · − xn2k = λn,

1 ≤ x1, . . . , x2k ≤ P.

Ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:

1. Jk,n(λ1, . . . , λn) ≤ Jk,n(0, . . . , 0);

2.

∑
λ1,...,λn

Jk,n(λ1, . . . , λn) = P 2k
;

3. |λ1| < kP, . . . , |λn| < kP n
.

Ëåììà 4 ( [13℄, ñ. 76). Ïóñòü f(x) = αnx
n + . . . + α1x, αj � âåùåñòâåííûå ÷èñëà.

Ïóñòü n � ïîñòîÿííîå, n ≥ 12, r � öåëîå, r ≥ 2r1,

r1 = [n2(2 logn+ log log n+ 2, 6)] .

Òîãäà ∫ 1

0

. . .

∫ 1

0

∣∣∣∣∣
∑

x≤P

e2πif(x)

∣∣∣∣∣

r

dαn . . . dα1 ≪ P r−n(n+1)
2 .

Ëåììà 5 ( [12℄, ñ. 198). Ïóñòü f(x) = αn+1x
n+1+ . . .+α1x, αj � âåùåñòâåííûå ÷èñëà.

αn+1 =
a

q
+

θ

q2
, (a, q) = 1, 1 ≤ q ≤ P n+1, |θ| ≤ 1 .

Òîãäà ∣∣∣∣∣
∑

x≤P

e2πi(αn+1xn+1+...+α1x)

∣∣∣∣∣ ≤ c1(n)P∆ ,

ãäå

∆ = min

(
P,

P n+1

q
, q

)− 1
16n2 log n

,

c1(n) � ïîëîæèòåëüíàÿ êîíñòàíòà.

Äîêàçàòåëüñòâî òåîðåìû 4. 1. Ôóíêöèþ

ψ0(x) =

{
1, åñëè a < x < b,
0, åñëè 0 ≤ x ≤ a èëè b ≤ x ≤ 1
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ïðîäîëæèì ïåðèîäè÷åñêè íà âñþ ÷èñëîâóþ îñü ñ ïåðèîäîì 1. Ïóñòü

S0(α) =
∑

x≤P

ψ0(ηx
n)e2πiαx

n

,

ãäå P = N1/n
. Òîãäà ÷èñëî ðåøåíèé óðàâíåíèÿ (1) â íàòóðàëüíûõ ÷èñëàõ xj , óäîâëåòâî-

ðÿþùèõ óñëîâèþ a < {ηxnj } < b, j = 1, 2, . . . , k, ðàâíî

J(N) =

∫ 1

0

Sk
0 (α)e−2πiαNdα .

Â ëåììå 2 î ¾ñòàêàí÷èêàõ¿ È.Ì. Âèíîãðàäîâà âûáåðåì r = [logN ], ∆ = log−1N .
Ïðè âûáîðå α = a+∆/2 è β = b−∆/2 �óíêöèþ ψ èç ëåììû î ¾ñòàêàí÷èêàõ¿ È.Ì. Âè-

íîãðàäîâà îáîçíà÷èì êàê ψ1, α è β � êàê α1 è β1, ñîîòâåòñòâåííî. Ïîëîæèâ α = a−∆/2
è β = b + ∆/2, ñîîòâåòñòâóþùóþ �óíêöèþ ψ îáîçíà÷èì ψ2, α è β � êàê α2 è β2,
ñîîòâåòñòâåííî.

Îïðåäåëèì

Jν(N) =

∫ 1

0

(
∑

x≤P

ψν(ηxn)e2πiαx
n

)k

e−2πiαNdα , ν = 1, 2 . (7)

Èç ñâîéñòâ ψ1(x) è ψ2(x) ñëåäóåò:

J1(N) ≤ J(N) ≤ J2(N) .

Äëÿ J1(N) è J2(N) âûâåäåì ïðèáëèæåííûå �îðìóëû, ãëàâíûå ÷ëåíû â êîòîðûõ îäèíà-

êîâû.

Â ïðåäñòàâëåíèè �óíêöèè ψν(ηxn) ðÿäîì Ôóðüå

ψν(ηxn) =
∑

|m|<∞
cν(m)e2πimηxn

îöåíèì ñóììó ïðè |m| > r∆−1
. Èç ëåììû î ¾ñòàêàí÷èêàõ¿ È.Ì. Âèíîãðàäîâà èìååì

∑

|m|>r∆−1

cν(m)e2πimηxn ≪
∑

|m|>r∆−1

1

π|m|

(
r

π|m|∆

)r

≪ 1

πr+1
< N− log π .

�àçëîæåíèå â ðÿä Ôóðüå �óíêöèè ψν(ηxn)

ψν(ηxn) =
∑

|m|≤r∆−1

cν(m)e2πimηxn

+O(N− log π)

ïîäñòàâèì â (7):

Jν(N) =

∫ 1

0




∑

|m|≤r∆−1

cν(m)
∑

x≤P

e2πi(α+mη)xn




k

e−2πiαNdα+O(Nk−1−logπ)
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=
∑

|m1|≤r∆−1

cν(m1) . . .
∑

|mk|≤r∆−1

cν(mk)

∫ 1

0

∑

x1≤P

e2πi(α+m1η)xn
1×

× . . .
∑

xk≤P

e2πi(α+mkη)x
n
k e−2πiαNdα+O(Nk−1−logπ) .

2. Ïðè m1 = m2 = . . . = mk = m ðàññìîòðèì

I1(N) =
∑

|m|≤r∆−1

ckν(m)e2πimηN
∑

x1≤P

. . .
∑

xk≤P

×

×
∫ 1

0

e2πi(α+mη)(xn
1 +xn

2+...+xn
k−N)dα .

Ó÷òåì, ÷òî ïîäûíòåãðàëüíàÿ �óíêöèÿ ïåðèîäè÷íà ïî x ñ ïåðèîäîì 1, ïîëó÷èì

I1(N) = I(N)
∑

|m|≤r∆−1

ckν(m)e2πimηN .

Ïðîìåæóòîê ñóììèðîâàíèÿ ïî m ðàçîáüåì íà äâà ïðîìåæóòêà: |m| < M è M ≤ |m| ≤
r∆−1

. Íà âòîðîì ïðîìåæóòêå ñóììó îöåíèì òðèâèàëüíî, èñïîëüçóÿ èçâåñòíûå îöåíêè

äëÿ êîý��èöèåíòîâ Ôóðüå:

∑

M≤|m|≤r∆−1

ckν(m)e2πimηN = O(M−k+1) .

Ïîñêîëüêó ïðè m 6= 0

cν(m) = i
e−2πimβν − e−2πimαν

2πm

(
eπim∆/r − e−πim∆/r

2πim∆/r

)r

èëè ïîñëå ïðåîáðàçîâàíèÿ

cν(m) = e−πim(αν+βν)
sin πm(βν − αν)

πm

(
sin πm∆/r

πm∆/r

)r

,

òî äëÿ 0 < |m| < M

ckν(m) = e−kπim(a+b) sin
k πm(b− a) +O(M∆)

πkmk

(
1 +O (M∆)k−1

)
=

= e−kπim(a+b) sink πm(b− a)

πkmk
(1 +O(M∆)) .

Òîãäà ∑

|m|≤r∆−1

ckν(m)e2πimηN =
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=
∑

|m|<∞
e2πim(ηN−k(a+b)/2) sink πm(b− a)

πkmk
+O(M∆) +O(M−k+1) .

Ïðè âûáîðå M = ∆−1/k
ïîëó÷èì

I1(N) = I(N)(σ(N, a, b) +O(∆
k−1
k )) .

3. Åñëè ñðåäè m1, m2, . . . , mk åñòü äâà íå ðàâíûõ äðóã äðóãó ÷èñëà, òî äîïóñòèì, ÷òî

m1 < m2. �àññìîòðèì

I(N,m1, m2, . . . , mk) =

∫ 1

0

|S(α +m1η)| . . . |S(α +mkη)|dα ,

ãäå

S(α) =
∑

x≤P

e2πiαx
n

.

Ñäåëàåì çàìåíó t = α + m1η. Ïîñêîëüêó ïîäûíòåãðàëüíàÿ �óíêöèÿ ÿâëÿåòñÿ ïå-

ðèîäè÷íîé ïî t ñ ïåðèîäîì 1, èíòåãðàë ìîæíî ðàññìàòðèâàòü íà ïðîìåæóòêå E =
[−1/τ ; 1 − 1/τ), ãäå τ = 2nP n−1

.

Ïî òåîðåìå Äèðèõëå î ïðèáëèæåíèè äåéñòâèòåëüíûõ ÷èñåë ðàöèîíàëüíûìè ÷èñëàìè

t ïðåäñòàâèìî â âèäå

t =
d

q
+

θ

qτ
, (d, q) = 1 , 1 ≤ q ≤ τ , |θ| ≤ 1 . (8)

Ïðîìåæóòîê èíòåãðèðîâàíèÿ ïî t ðàçîáüåì íà äâà íåïåðåñåêàþùèõñÿ ìíîæåñòâà:

E1 � ¾áîëüøèå¿ äóãè è E2 � ¾ìàëûå¿ äóãè. Íà ¾áîëüøèõ¿ äóãàõ E1 â ðàçëîæåíèè (8)

âûáåðåì q ≤ P 1/4
. Òîãäà E2 = E\E1. Òîãäà

I(N,m1, m2, . . . , mk) =

∫

E1

F (t)dt+

∫

E2

F (t)dt ,

ãäå

F (t) = |S(t)||S(t+ (m2 −m1)η)| . . . |S(t+ (mk −m1)η)| .

4. Ïóñòü Jk,n(λ1, . . . , λn) � ÷èñëî ðåøåíèé ñèñòåìû óðàâíåíèé





x1 + · · · + xk − xk+1 − · · · − x2k = λ1,

xn1 + · · · + xnk − xnk+1 − · · · − xn2k = λn,

1 ≤ x1, . . . , x2k ≤ P .

Ïðè 5n2 logn ≤ k1 ≤ k/2 ïî ëåììå 3 ïîëó÷èì

∫ 1

0

|S(t)|2k1dt =
∑

λ1,...,λn−1

Jk1,n(λ1, . . . , λn−1, 0) ≪ Jk1,n(0, . . . , 0)
∑

λ1,...,λn−1

1 ≪
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≪ P 2k1−n(n+1)
2 (2k1)

n−1P
n(n−1)

2 = (2k1)
n−1P 2k1−n .

Çäåñü äëÿ îöåíêè Jk1,n(0, . . . , 0) ïðèìåíèëè ëåììó 4.

Ïîëüçóÿñü ïîëó÷åííûì íåðàâåíñòâîì, îöåíèì èíòåãðàë ïî ìíîæåñòâó E1, êàê

∫

E1

F (t)dt≪ P 2k1−n max
t∈E1

|S(t+mη)|k−2k1 .

Äëÿ èíòåãðàëà ïî ìíîæåñòâó E2 ïîëó÷èì îöåíêó

∫

E2

F (t)dt≪ P 2k1−n max
t∈E1

|S(t)|k−2k1 .

5. Îöåíèì

max
t∈E1

|S(t+mη)|

ñâåðõó. Äëÿ ýòîãî èçó÷èì ðàöèîíàëüíûå ïðèáëèæåíèÿ ÷èñëà t +mη.
Ïî òåîðåìå Äèðèõëå

η =
A

Q
+

θ1
Qτ1

, (A,Q) = 1 , |θ1| < 1 , 1 ≤ Q ≤ τ1 . (9)

Çíà÷åíèå τ1 âûáåðåì ïîçæå.

Ïîñêîëüêó η � êâàäðàòè÷íàÿ èððàöèîíàëüíîñòü, ñîãëàñíî òåîðåìå Ëèóâèëëÿ èìååì

c(η)

Q2
≤
∣∣∣∣η −

A

Q

∣∣∣∣ , c(η) > 0 . (10)

Èç (9), (10) ïîëó÷àåì

c(η)

Q2
≤ 1

Qτ1
,

ñëåäîâàòåëüíî, Q ≍ τ1. Òîãäà

η =
A

Q
+
θ2
Q2

, |θ2| ≤ 1 .

Äëÿ t, ïðèíàäëåæàùèõ ¾áîëüøèì¿ äóãàì E1, ðàññìîòðèì γ = t +mη. Òîãäà

γ =
d

q
+
Am

Q
+

θ

qτ
+
θ2m

Q2
=
dQ+ Amq

qQ
+

θ

qτ
+
θ2m

Q2
=

=
A1

Q1
+

θ

qτ
+
θ2m

Q2
, (A1, Q1) = 1 .

Ïîñêîëüêó

Q1 =
qQ

(dQ+ Amq, qQ)
, (11)
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òî

Q1 ≤ qQ.

Ïðè âûáîðå τ1 =
√
τ âûïîëíÿåòñÿ

θ

qτ
≪ 1

Q2
≪
(
q

Q1

)2

,

∣∣∣∣
θ

qτ
+
θ2m

Q2

∣∣∣∣ =
θ3
Q2

1

, |θ3| ≤ (1 + |m|)q2 . (12)

Îáîçíà÷èì (dQ+ Amq,Q) êàê δ, òîãäà δ|mq è

(dQ+ Amq, qQ) ≤ q(dQ+ Amq,Q) = qδ ≤ |m|q2 . (13)

Òîãäà èç (11), (13) èìååì

Q1 ≥
qQ

mq2
≥ Q

mq
. (14)

6. Ïîâòîðèì ðàññóæäåíèÿ äîêàçàòåëüñòâà òåîðåìû 2 (ãëàâà XI, [12℄) â íàøåé ñèòóà-

öèè. �àññìîòðèì

S(α) =
∑

x≤P

e2πiαx
n+1

.

Ïóñòü Y = [P 1− 1
n2 ]. Òîãäà

S(α) =
1

Y

∑

y≤Y

∑

x≤P

e2πiα(x+y)n+1

+O(Y ) = W +O(Y ) .

Âîñïîëüçóåìñÿ íåðàâåíñòâîì Êîøè, ëåììîé 3:

|W |2k ≤ 1

Y

∑

y≤Y

|
∑

x≤P

e2πiα(x
n+1+g1(y)xn+...)|2k =

=
1

Y

∑

λ1,...,λn+1

Jk,n+1(λ1, . . . , λn+1)|
∑

y≤Y

e2πiα(λn+1+g1(y)λn+...)| ≤

≤ 1

Y

∑

λ1,...,λn

Jk,n(λ1, . . . , λn)|
∑

y≤Y

e2πiα(g1(y)λn+...+gn(y)λ1)| ≤

≤ 1

Y

√ ∑

λ1,...,λn

J2
k,n(λ1, . . . , λn)

√ ∑

λ1,...,λn

|
∑

y≤Y

e2πiα(g1(y)λn+...+gn(y)λ1 |2 ≤

≤ 1

Y

√
Jk,n(0, . . . , 0)P 2k

√∑

y≤Y

∑

y1≤Y

|
∑

λn

e2πiα(n+1)λn(y−y1)|(
∑

λ1,...,λn−1

1) ≤
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≤ 1

Y

√
P 4k−n(n+1)

2

√∑

y≤Y

∑

y1≤Y

min
(

2kP n,
1

2‖α(n+ 1)(y − y1)‖
)

(2k)n−1P
n(n−1)

2 ≤

≪ 1

Y
P 2k−n

2

√∑

y≤Y

∑

y1≤Y

min
(
P n,

1

‖α(n+ 1)(y − y1)‖
)
.

Çà�èêñèðóåì y1, ýòî ìîæíî ñäåëàòü Y ñïîñîáàìè. Ïîëîæèì β = −α(n+ 1)y1. Èìååì

∑

y≤Y

min
(
P n,

1

‖α(n+ 1)y + β‖
)
≤

∑

y≤Y (n+1)

min
(
P n,

1

‖αy + β‖
)
.

Ïîëîæèì

α = γ =
A1

Q1
+
θ3
Q2

1

.

Ñóììó ïî y ðàçîáüåì íà ñóììû äëèíû Q1, òàêèõ ñóìì áóäåò

Y (n+ 1)

Q1
+ 1.

�àññìîòðèì îäíó òàêóþ ñóììó.

∑

lQ1<y≤(l+1)Q1

min
(
P n,

1

‖γy + β‖
)

=
∑

y≤Q1

min
(
P n,

1

‖γy + β1‖
)
,

ãäå β1 = β + lγQ1. �àññìîòðèì

γy + β1 =
(A1

Q1
+
θ3
Q2

1

)
y + β1 ,

ãäå |θ3| ≤ (1 + |m|)q2. Òîãäà

γy + β1 =
A1y + [β1Q1] + θ3y/Q1 + {β1Q1}

Q1
,

èìååì ∑

y≤Q1

min
(
P n,

1

‖γy + β1‖
)

=
∑

|y|≤Q1/2

min
(
P n,

1

‖y + θ(y)‖
)
,

ãäå |θ(y)| ≪ |m|q2. Â ðåçóëüòàòå,

∑

|y|≤Q1/2

min
(
P n,

1

‖y + θ(y)‖
)
≪ |m|P n+1/2 +Q1 logQ1 ≪ |m|P n+1/2 .

Îòñþäà

∑

y≤Y

∑

y1≤Y

min
(
P n,

1

‖γ(n+ 1)(y − y1)‖
)
≪ Y

( Y
Q1

+ 1
)
|m|P n+1/2 ≪ Y |m|P n+1/2 .
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Òîãäà

|W |2k ≪ 1

Y
P 2k−n/2

√
Y |m|P n+1/2 = P 2k+1/4

√
|m|
Y

,

S(γ) ≪ P 1+ 1
8k

( |m|
Y

) 1
4k

.

7. Äëÿ îöåíêè

max
t∈E2

|S(t)|

âîñïîëüçóåìñÿ ëåììîé 5. Â ðàññìàòðèâàåìîé çàäà÷å äëÿ t ∈ E2

min

(
P,
P n−1

q
, q

)
=





q, åñëè P 1/4 < q < P ,
P, åñëè P ≤ q ≤ P n−2

,

Pn−1

q
, åñëè P n−2 ≤ q ≤ P n−1

≪ P.

Òîãäà

max
t∈E2

|S(t)| ≪ P
1− 1

16cn2 log n .

8. Âûáèðàÿ k = 2k1 + 16n2
, ïîëó÷èì óòâåðæäåíèå òåîðåìû.

Çàêëþ÷åíèå. Â äàííîé ðàáîòå ïîëó÷åíà àñèìïòîòè÷åñêàÿ �îðìóëà äëÿ ïðîáëåìû

Âàðèíãà ñ ÷èñëàìè ñïåöèàëüíîãî âèäà. Â ãëàâíîì ÷ëåíå ïîÿâëÿåòñÿ ðÿä ñïåöèàëüíîãî

âèäà, ïîâåäåíèå êîòîðîãî áûëî èçó÷åíî àâòîðàìè ðàíåå. Ïðè÷èíà ïîÿâëåíèÿ òàêîãî

ðÿäà ïðåäñòàâëÿåò èíòåðåñ è òðåáóåò äàëüíåéøåãî èññëåäîâàíèÿ.

Ëèòåðàòóðà

1. Âèíîãðàäîâ È.Ì. Ïðåäñòàâëåíèå íå÷åòíîãî ÷èñëà ñóììîé òðåõ ïðîñòûõ ÷èñåë // ÄÀÍ

ÑÑÑ�. � 1937. � 15. � Ñ.169-172.

2. Hua L.K. On the representation of numbers as the sum of powers of primes // Math. Z. �

1938. � 44. � P.335-346.

3. Õóà Ëî-ãåí. Ìåòîä òðèãîíîìåòðè÷åñêèõ ñóìì è åãî ïðèìåíåíèÿ â òåîðèè ÷èñåë / Ì.:

Ìèð, 1964. � 194 ñ.

4. Kloosterman H.D. On the representation of numbers in the form ax2 + by2 + cz2 + dt2 //
Ata mathematia. � 1926. � 49. � P.407-464.

5. Gritsenko S., Motkina N. Ternary Goldbah's Problem Involving Primes of a Speial type.

�åæèì äîñòóïà: http://arXiv.org/abs/0812.4606 � 25 De 2008.

6. Gritsenko S., Motkina N. Hua Loo Keng's Problem Involving Primes of a Speial Type /

�åæèì äîñòóïà: http://arXiv.org/abs/0812. 4665 � 26 De 2008.

7. �ðèöåíêî Ñ.À., Ìîòüêèíà Í.Í. Ïðåäñòàâëåíèå íàòóðàëüíûõ ÷èñåë ñóììàìè ÷åòûðåõ

êâàäðàòîâ öåëûõ ÷èñåë ñïåöèàëüíîãî âèäà // Ñîâðåìåííàÿ ìàòåìàòèêà è åå ïðèëîæå-

íèÿ. � 2010. � 67. � Ñ.71-77.

8. �ðèöåíêî Ñ.À., Ìîòüêèíà Í.Í. Î âû÷èñëåíèè íåêîòîðûõ îñîáûõ ðÿäîâ // ×åáûøåâñêèé

ñáîðíèê. � 2011. � 12; Âûï.4. � Ñ.85-92.

9. Êàðàöóáà À.À. Îñíîâû àíàëèòè÷åñêîé òåîðèè ÷èñåë / Ì.: Íàóêà, 1983. � 240 ñ.

10. Âèíîãðàäîâ È.Ì. Ìåòîä òðèãîíîìåòðè÷åñêèõ ñóìì â òåîðèè ÷èñåë / Ì.: Íàóêà, 1980. �

160 ñ.



18 ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2014. �12(183). Âûï. 35

WARING's PROBLEM WITH SPECIAL NATURAL NUMBERS

S.A. Gritsenko, N.N. Motkina

Belgorod State University,

Pobedy St., 85, 308015, Belgorod, Russia, e-mail: Motkina�bsu.edu.ru

Abstrat. It is proposed the solution of the variant of Waring's Problem with given natural

numbers x suh that a < {ηxn} < b where a and b are arbitrary values of the segment [0, 1] and η
is quadratial irrational.

Key words: additive problems, Waring's Problem, number of solutions, asymptoti formula,

quadrati irrationality.



ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2014. �12(183). Âûï. 35 19

MSC: 31A05, 31A20, 31A25, 31B25, 35Q15;

30E25, 31C05, 34M50, 35F45.

Ï�ÎÁËÅÌÛ ÄÈ�ÈÕËÅ È �ÈÌÀÍÀ-�ÈËÜÁÅ�ÒÀ
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Àííîòàöèÿ. Äîêàçàí àíàëîã òåîðåìû Ëóçèíà, ÷òî ëþáàÿ �óíêöèÿ íà îòðåçêå èçìåðèìàÿ

îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé ¼ìêîñòè ïî÷òè âñþäó ñîâïàäàåò ñ ïðîèçâîäíîé îò íåêîòîðîé

íåïðåðûâíîé �óíêöèè. Íà ýòîé îñíîâå óñòàíîâëåí àíàëîã òåîðåìû �åðèíãà î ðàçðåøèìîñòè

çàäà÷è Äèðèõëå äëÿ ãàðìîíè÷åñêèõ �óíêöèé â åäèíè÷íîì êðóãå ñ ïðîèçâîëüíûìè ãðàíè÷íû-

ìè äàííûìè èçìåðèìûìè îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé ¼ìêîñòè. Áîëåå òîãî, äîêàçàíî, ÷òî

ïðîñòðàíñòâî íàéäåííûõ ðåøåíèé èìååò áåñêîíå÷íóþ ðàçìåðíîñòü. Îòñþäà íàìè òàêæå âûâî-

äèòñÿ ðàçðåøèìîñòü ñîîòâåòñòâóþùèõ çàäà÷ Äèðèõëå è �èìàíà-�èëüáåðòà äëÿ àíàëèòè÷åñêèõ

�óíêöèé â åäèíè÷íîì êðóãå. Íàêîíåö, ðåçóëüòàòû ïåðåíåñåíû íà êâàçèäèñêè è, â ÷àñòíîñòè,

íà îáëàñòè ñ ãëàäêèìè è ëèïøèöåâûìè ãðàíèöàìè.

Êëþ÷åâûå ñëîâà: çàäà÷è Äèðèõëå è �èìàíà-�èëüáåðòà, ëîãàðè�ìè÷åñêàÿ ¼ìêîñòü, �óíê-

öèè îãðàíè÷åííîé âàðèàöèè, ãàðìîíè÷åñêèå è àíàëèòè÷åñêèå �óíêöèè.

1. Ââåäåíèå. Êðàåâûå çàäà÷è äëÿ àíàëèòè÷åñêèõ �óíêöèé f âîñõîäÿò ê çíàìåíèòîé
äèññåðòàöèè �èìàíà (1851), à òàêæå èçâåñòíûì ðàáîòàì �èëüáåðòà (1904, 1912, 1924), è

Ïóàíêàðå (1910), ñìîòðè èñòîðèþ âîïðîñà â ìîíîãðà�èè [1℄, ãäå òàêæå ðàññìàòðèâàëñÿ

ñëó÷àé îáîáùåííûõ àíàëèòè÷åñêèõ �óíêöèé.

Õîðîøî èçâåñòíî, ÷òî, åñëè àíàëèòè÷åñêàÿ �óíêöèÿ f çàäàíà â åäèíè÷íîì êðóãå

D = {z ∈ C : |z| < 1} è íåïðåðûâíà â åãî çàìûêàíèè, òî ïî �îðìóëå Øâàðöà

f(z) = i Im f(0) +
1

2πi

∫

|ζ|=1

Re f(ζ) · ζ + z

ζ − z
· dζ
ζ

(1)

è, òàêèì îáðàçîì, àíàëèòè÷åñêàÿ �óíêöèÿ f â åäèíè÷íîì êðóãå D îïðåäåëÿåòñÿ ñ òî÷-

íîñòüþ äî ÷èñòî ìíèìîé ïîñòîÿííîé ic, c = Im f(0), å¼ ðåàëüíîé ÷àñòüþ ϕ(ζ) = Re f(ζ)
íà ãðàíèöå åäèíè÷íîãî êðóãà, ñì., íàïð., � 8, ãë. III, ÷àñòü 3 â [2℄, ñ. 346.

Èçâåñòíî òàêæå, ÷òî ëþáàÿ ãàðìîíè÷åñêàÿ �óíêöèÿ u(z) â D èìååò ñîïðÿæåííóþ

�óíêöèþ v(z), òàêóþ, ÷òî f(z) = u(z) + iv(z) ÿâëÿåòñÿ àíàëèòè÷åñêîé �óíêöèåé â D.
Çàìåòèì, ÷òî ãðàíè÷íûå çíà÷åíèÿ ñîïðÿæåííîé �óíêöèè v íå ìîãóò áûòü ïðîèçâîëü-
íî ïðåäïèñàíû îäíîâðåìåííî ñ ãðàíè÷íûìè çíà÷åíèÿìè u, ïîñêîëüêó v åäèíñòâåííûì
îáðàçîì îïðåäåëÿåòñÿ ÷åðåç u ñ òî÷íîñòüþ äî àääèòèâíîé ïîñòîÿííîé, ñì., íàïðèìåð,

I.A â [3℄. Ïîýòîìó çàäà÷à Äèðèõëå äëÿ àíàëèòè÷åñêèõ �óíêöèé ñâîäèòñÿ ê çàäà÷å äëÿ

ãàðìîíè÷åñêèõ �óíêöèé ñ çàäàííîé ãðàíè÷íîé �óíêöèåé âåùåñòâåííîé ÷àñòè.



20 ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2014. �12(183). Âûï. 35

Â 1904 ãîäó �èëüáåðò ïîñòàâèë ñëåäóþùóþ ïðîáëåìó, êîòîðóþ òåïåðü ïðèíÿòî íà-

çûâàòü ïðîáëåìîé �èëüáåðòà, èëè ïðîáëåìîé �èìàíà-�èëüáåðòà. Îíà ñîñòîÿëà â äîêà-

çàòåëüñòâå ñóùåñòâîâàíèÿ àíàëèòè÷åñêîé �óíêöèè f â îáëàñòè D ⊂ C, îãðàíè÷åííîé
ñïðÿìëÿåìîé æîðäàíîâîé êðèâîé, ñ ãðàíè÷íûì óñëîâèåì

lim
z→ζ

Re λ(ζ) · f(z) = ϕ(ζ) ∀ ζ ∈ ∂D , (2)

ãäå èì ïðåäïîëàãàëîñü, ÷òî �óíêöèè λ è ϕ íåïðåðûâíî äè��åðåíöèðóåìû îòíîñèòåëü-

íî íàòóðàëüíîãî ïàðàìåòðà äëèíû íà êðèâîé ∂D, è ÷òî |λ| 6= 0 íà ∂D. Ïîýòîìó áåç

îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî |λ(ζ)| ≡ 1. Ïðè λ(ζ) ≡ 1 ìû âîçâðàùàåìñÿ ê

çàäà÷å Äèðèõëå è, òàêèì îáðàçîì, çàäà÷à �èìàíà-�èëüáåðòà ÿâëÿåòñÿ å�å åñòåñòâåííûì

îáîáùåíèåì, êîòîðàÿ íàõîäèò èíòåðåñíûå ïðèëîæåíèÿ ê ìàòåìàòè÷åñêîé �èçèêå.

Ïåðâûé ñïîñîá ðåøåíèÿ ýòîé ïðîáëåìû, îñíîâàííûé íà òåîðèè ñèíãóëÿðíûõ èí-

òåãðàëüíûõ óðàâíåíèé, áûë ïðåäëîæåí ñàìèì �èëüáåðòîì â ðàáîòå [4℄. Ýòà ïîïûòêà

îêàçàëàñü íå ñîâñåì óäà÷íîé, ïîñêîëüêó òåîðèÿ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé

áûëà åùå íåäîñòàòî÷íî ðàçâèòà â òî âðåìÿ. Îäíàêî, êàê ðàç ýòîò ñïîñîá ñòàë îñíîâ-

íûì ïîäõîäîì â ýòîì íàïðàâëåíèè èññëåäîâàíèé, ñì., íàïðèìåð, ìîíîãðà�èè [1℄, [5℄

è [6℄. Â ÷àñòíîñòè, íà ýòîì ïóòè áûëî äîêàçàíî ñóùåñòâîâàíèå ðåøåíèé ýòîé çàäà÷è

äëÿ �óíêöèé λ è ϕ íåïðåðûâíûõ ïî ��åëüäåðó, ñì. [5℄.

Äðóãîé ñïîñîá ðåøåíèÿ çàäà÷è �èìàíà-�èëüáåðòà, îñíîâàííûé íà ðåäóêöèè ê ðåøå-

íèþ ñîîòâåòñòâóþùèõ äâóõ çàäà÷ Äèðèõëå, áûë òàêæå ïðåäëîæåí �èëüáåðòîì, ñì. [7℄.

Íà îñíîâå ðåçóëüòàòà �åðèíãà èç ðàáîòû [8℄, âåñüìà îáùåå ðåøåíèå çàäà÷è �èìàíà-

�èëüáåðòà ýòèì ñïîñîáîì ñîâñåì íåäàâíî áûëî äàíî â ñòàòüå [9℄ â æîðäàíîâûõ îáëà-

ñòÿõ ïðè ïðîèçâîëüíûõ �óíêöèÿõ ϕ è λ, èçìåðèìûõ îòíîñèòåëüíî ãàðìîíè÷åñêîé ìåðû.
Çäåñü ìû äàåì ðåøåíèå çàäà÷è �èìàíà-�èëüáåðòà ïðè �óíêöèÿõ ϕ è λ, èçìåðèìûõ îò-
íîñèòåëüíî òàê íàçûâàåìîé àáñîëþòíîé ãàðìîíè÷åñêîé ìåðû èëè, ÷òî òî æå ñàìîå,

îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.

Íàïîìíèì, ÷òî Ëóçèíó ïðèíàäëåæèò ñëåäóþùàÿ çàìå÷àòåëüíàÿ òåîðåìà: äëÿ ëþáîé

èçìåðèìîé è ï.â. êîíå÷íîé (îòíîñèòåëüíî ìåðû Ëåáåãà) �óíêöèè ϕ íà èíòåðâàëå [a, b],
ñóùåñòâóåò íåïðåðûâíàÿ �óíêöèÿ Φ, òàêàÿ, ÷òî Φ′(x) = ϕ(x) ï.â. íà [a, b] (ñì., íàïðè-
ìåð, òåîðåìó VII(2.3) â [10℄). Ýòî óòâåðæäåíèå áûëî õîðîøî èçâåñòíî äî Ëóçèíà äëÿ

ñóììèðóåìîé �óíêöèè ϕ îòíîñèòåëüíî å�å íåîïðåäåëåííîãî èíòåãðàëà Φ, ñì., íàïðèìåð,
òåîðåìó IV(6.3) â [10℄. Îäíàêî, ýòîò ðåçóëüòàò âåñüìà íåòðèâèàëåí äëÿ íåñóììèðóåìîé

ϕ. Çäåñü ìû äîêàçûâàåì ñîîòâåòñòâóþùèé àíàëîã ðåçóëüòàòà Ëóçèíà â òåðìèíàõ ëî-

ãàðè�ìè÷åñêîé �åìêîñòè, ñì. òåîðåìó 1 â ñåêöèè 3, ïîñëå òîãî êàê â ñåêöèè 2 áóäóò

ïðèâåäåíû íåîáõîäèìûå ñâåäåíèÿ î ëîãàðè�ìè÷åñêîé �åìêîñòè.

Íàïîìíèì ÷òî, ÷òî �åðèíãîì áûë óñòàíîâëåí ñëåäóþùèé áëåñòÿùèé ðåçóëüòàò: äëÿ

ëþáîé âåùåñòâåííîé ñ ïåðèîäîì 2π �óíêöèè, êîòîðàÿ èçìåðèìà (îòíîñèòåëüíî ìåðû

Ëåáåãà), ñóùåñòâóåò ãàðìîíè÷åñêàÿ â åäèíè÷íîì êðóãå D �óíêöèÿ, òàêàÿ, ÷òî u(z) →
ϕ(ϑ) äëÿ ï.â. ϑ ïðè z → eiϑ âäîëü íåêàñàòåëüíûõ ïóòåé, ñì. [8℄. Â ñåêöèè 4, íà îñíîâå

íàøåãî àíàëîãà òåîðåìû Ëóçèíà, ìû äîêàçûâàåì àíàëîã ðåçóëüòàòà �åðèíãà â òåðìèíàõ

ëîãàðè�ìè÷åñêîé �åìêîñòè, ñì. òåîðåìó 2. Áîëåå òîãî, íàìè äîêàçàíî, ÷òî ïðîñòðàíñòâî

íàéäåííûõ ðåøåíèé èìååò áåñêîíå÷íóþ ðàçìåðíîñòü, ñì. òåîðåìó 3 â òîé æå ñåêöèè.
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Òåîðåìû 2 è 3 âåäóò íàñ òàêæå ê ðåøåíèþ ñîîòâåòñòâóþùåé çàäà÷è Äèðèõëå äëÿ àíà-

ëèòè÷åñêèõ �óíêöèé â D, ñì. òåîðåìû 4 òàì æå.

Êðîìå òîãî, ïîñëå òîãî êàê â ñåêöèè 5 íàìè óñòàíîâëåíà âçàèìîñâÿçü ìåæäó ãðà-

íè÷íûìè çíà÷åíèÿìè ñîïðÿæåííûõ ãàðìîíè÷åñêèõ �óíêöèé, ñì. òåîðåìó 5, íà òîé æå

îñíîâå íàìè äîêàçàíî â ñåêöèè 6 ñóùåñòâîâàíèå ðåøåíèé çàäà÷è �èìàíà-�èëüáåðòà äëÿ

àíàëèòè÷åñêèõ �óíêöèé â D, ñì. òåîðåìó 6. Íàêîíåö, â ñåêöèè 7 íàìè ñ�îðìóëèðîâà-

íû è äîêàçàíû àíàëîãè ýòèõ ðåçóëüòàòîâ â êâàçèäèñêàõ è, â ÷àñòíîñòè, â îáëàñòÿõ ñ

ãëàäêèìè è ëèïøèöåâûìè ãðàíèöàìè.

2. Î ëîãàðè�ìè÷åñêîé �åìêîñòè. Íàèáîëåå âàæíûì äëÿ íàøåãî èññëåäîâàíèÿ

ÿâëÿåòñÿ ïîíÿòèå ëîãàðè�ìè÷åñêîé �åìêîñòè, ñì., íàïðèìåð, [11℄, [12℄ è [13℄. Ïóñòü E �

ïðîèçâîëüíîå îãðàíè÷åííîå áîðåëåâñêîå ìíîæåñòâî ïëîñêîñòè C. Ïîëîæèòåëüíûì ðàñ-

ïðåäåëåíèåì ìàññû íà ìíîæåñòâå E íàçûâàþò ïðîèçâîëüíóþ íåîòðèöàòåëüíóþ âïîëíå

àääèòèâíóþ �óíêöèþ ìíîæåñòâà ν ñ ν(E) = 1, îïðåäåëåííóþ íà áîðåëåâñêèõ ïîäìíî-

æåñòâàõ ìíîæåñòâà E. Ôóíêöèþ

Uν(z) :=

∫

E

log

∣∣∣∣
1

z − ζ

∣∣∣∣ dν(ζ) (3)

íàçûâàþò ëîãàðè�ìè÷åñêèì ïîòåíöèàëîì ðàñïðåäåëåíèÿ ν. Ñîîòâåòñòâåííî, ëîãàðè�-
ìè÷åñêîé �åìêîñòüþ C(E) áîðåëåâñêîãî ìíîæåñòâà E íàçûâàåòñÿ âåëè÷èíà

C(E) = e−V , V = inf
ν

Vν(E) , Vν(E) = sup
z

Uν(z) . (4)

Çàìåòèì, ÷òî çäåñü ñóïðåìóì äîñòàòî÷íî âû÷èñëÿòü ïî ìíîæåñòâó E. Åñëè V = ∞,

òî ïîëàãàþò C(E) = 0. Èçâåñòíî, ÷òî 0 ≤ C(E) < ∞, C(E1) ≤ C(E2), åñëè E1 ⊆ E2,

C(E) = 0, åñëè E =
∞⋃
n=1

En ñ C(En) = 0, ñì., íàïðèìåð, ëåììó III.4 â [12℄.

Íàïîìíèì, ÷òî ëîãàðè�ìè÷åñêàÿ �åìêîñòü ñîâïàäàåò ñ òàê íàçûâàåìîé àáñîëþòíîé

ãàðìîíè÷åñêîé ìåðîé, ââåäåííîé �îëü�îì Íåâàíëèííîé, ñì., íàïðèìåð, [13℄, ñ. 123. Ïî-

ýòîìó ìíîæåñòâî E èìååò íóëåâóþ (õàóñäîð�îâó) äëèíó, åñëè C(E) = 0, ñì., íàïðèìåð,
òåîðåìó V.6.2 â [13℄. Îäíàêî, ñóùåñòâóþò ìíîæåñòâà íóëåâîé äëèíû, èìåþùèå ïîëîæè-

òåëüíóþ �åìêîñòü, ñì., íàïðèìåð, òåîðåìó IV.5 â [12℄.

Õîðîøî èçâåñòíà òàêæå ñëåäóþùàÿ ãåîìåòðè÷åñêàÿ õàðàêòåðèçàöèÿ ëîãàðè�ìè÷å-

ñêîé �åìêîñòè, ñì. [13℄:

C(E) = τ(E) := lim
n→∞

V
2

n(n−1)
n , (5)

ãäå Vn îáîçíà÷àåò ñóïðåìóì (íà ñàìîì äåëå, ìàêñèìóì äëÿ êîìïàêòîâ) âåëè÷èíû

V (z1, . . . , zn) =

l=1,...,n∏

k<l

|zk − zl| , (6)

êîãäà âñåâîçìîæíûå êîíå÷íûå íàáîðû òî÷åê z1, . . . , zn ïðîáåãàþò ìíîæåñòâî E. Ñëå-
äóÿ Ôåêåòå [14℄, âåëè÷èíó τ(E) íàçûâàþò òðàíñ�èíèòíûì äèàìåòðîì ìíîæåñòâà E.
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Èç óêàçàííîé ãåîìåòðè÷åñêîé èíòåðïðåòàöèè ëîãàðè�ìè÷åñêîé �åìêîñòè ÷åðåç òðàíñ-

�èíèòíûé äèàìåòð, ñðàçó æå âèäèì, ÷òî åñëè C(E) = 0, òî C(f(E)) = 0 äëÿ ëþáîãî

îòîáðàæåíèÿ f íåïðåðûâíîãî ïî ��åëüäåðó.

×òîáû ââåñòè ìíîæåñòâà, èçìåðèìûå îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé ¼ìêîñòè, îïðå-

äåëèì, ñëåäóÿ [12℄, âíóòðåííþþ C∗ è âíåøíþþ ¼ìêîñòè C∗
:

C∗(E) : = sup
F⊆E

C(E) , (7)

ãäå ñóïðåìóì áåð�åòñÿ ïî âñåì êîìïàêòíûì ìíîæåñòâàì F ⊂ C, è

C∗(E) : = inf
E⊆O

C(O) , (8)

ãäå èí�èìóì áåð�åòñÿ ïî âñåì îòêðûòûì ìíîæåñòâàì O ⊆ C. Äàëåå îãðàíè÷åííîå ìíî-
æåñòâî E ⊂ C íàçûâàåòñÿ èçìåðèìûì îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè, åñëè

C∗(E) = C∗(E) , (9)

è îáùåå çíà÷åíèå C∗(E) è C∗(E) ïî-ïðåæíåìó îáîçíà÷àåòñÿ ÷åðåç C(E). Îòìåòèì,
ñì. ëåììó III.5 â [12℄, ÷òî âíåøíÿÿ �åìêîñòü ïîëóàääèòèâíà, ò.å.

C∗

( ∞⋃

n=1

En

)
≤

∞∑

n=1

C∗(En) . (10)

Ôóíêöèþ ϕ : E → C, çàäàííóþ íà îãðàíè÷åííîì ìíîæåñòâå E ⊂ C, áóäåì íàçû-

âàòü èçìåðèìîé îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè, åñëè äëÿ ëþáûõ îòêðûòûõ

ìíîæåñòâ O ⊆ C èçìåðèìû îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè ìíîæåñòâà

Ω = {z ∈ E : ϕ(z) ∈ O} . (11)

ßñíî, ÷òî ñàìî ìíîæåñòâî E èçìåðèìî îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.

Çàìå÷àíèå 1. Èçâåñòíî, ÷òî áîðåëåâñêèå ìíîæåñòâà è, â ÷àñòíîñòè, êîìïàêòíûå

è îòêðûòûå ìíîæåñòâà èçìåðèìû îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè, ñì. [12℄, ñ.

9 è 31. Êðîìå òîãî, êàê ýòî ñëåäóåò ïðÿìî èç îïðåäåëåíèÿ, ëþáîå ìíîæåñòâî E ⊂ C
êîíå÷íîé ëîãàðè�ìè÷åñêîé �åìêîñòè, ïðåäñòàâèìî â âèäå îáúåäèíåíèÿ ñèãìà-êîìïàêòà

(îáúåäèíåíèÿ ñ÷�åòíîãî ÷èñëà êîìïàêòîâ) è ìíîæåñòâà ëîãàðè�ìè÷åñêîé �åìêîñòè íóëü.

Èçâåñòíî òàêæå, ÷òî áîðåëåâñêèå ìíîæåñòâà, íàïðèìåð, êîìïàêòû èçìåðèìû îòíîñè-

òåëüíî âñåõ õàóñäîð�îâûõ ìåð è, â ÷àñòíîñòè, îòíîñèòåëüíî ìåðû äëèíû, ñì., íàïðè-

ìåð, òåîðåìó II(7.4) â [10℄. Ïîýòîìó ëþáîå ìíîæåñòâî E ⊂ C êîíå÷íîé ëîãàðè�ìè÷åñêîé

�åìêîñòè èçìåðèìî îòíîñèòåëüíî ìåðû äëèíû. Òàêèì îáðàçîì, íà òàêîì ìíîæåñòâå ëþ-

áàÿ �óíêöèÿ ϕ : E → C èçìåðèìàÿ îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè áóäåò

òàêæå èçìåðèìîé îòíîñèòåëüíî ìåðû äëèíû íà E. Îäíàêî, ñóùåñòâóþò �óíêöèè èç-

ìåðèìûå îòíîñèòåëüíî ìåðû äëèíû, êîòîðûå íå ÿâëÿþòñÿ èçìåðèìûìè îòíîñèòåëüíî

ëîãàðè�ìè÷åñêîé �åìêîñòè, ñì., íàïðèìåð, òåîðåìó IV.5 â [12℄.
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Íà îñîáî áóäóò èíòåðåñîâàòü �óíêöèè ϕ : ∂D → C, çàäàííûå íà åäèíè÷íîé îêðóæ-
íîñòè ∂D = {z ∈ C : |z| = 1}. Îäíàêî, ââèäó (5), íàì äîñòàòî÷íî áóäåò èçó÷èòü ñîîò-

âåòñòâóþùèå âîïðîñû íà îòðåçêàõ âåùåñòâåííîé îñè, ïîñêîëüêó ëþáàÿ çàìêíóòàÿ äóãà

íà ∂D äîïóñêàåò áèëèïøèöåâî (äàæå áåñêîíå÷íî ãëàäêîå, òàê íàçûâàåìîå ñòåðåîãðà�è-

÷åñêîå) îòîáðàæåíèå g íà òàêîé îòðåçîê, à g è g−1
ïî òåîðåìå Êèðñáðàóíà äîïóñêàþò

ïðîäîëæåíèå äî ëèïøèöåâûõ îòîáðàæåíèé C íà ñåáÿ, ñì., íàïðèìåð, òåîðåìó 2.10.43

â [15℄.

Â ñâÿçè ñ ýòèì, íàïîìíèì, ÷òî îòîáðàæåíèå g : X → X ′
ìåæäó ìåòðè÷åñêèìè ïðî-

ñòðàíñòâàìè (X, d) è (X ′, d′) íàçûâàåòñÿ ëèïøèöåâûì, åñëè d′(g(x1), g(x2)) 6 C ·d(x1, x2)
äëÿ ëþáûõ x1, x2 ∈ X è äëÿ íåêîòîðîé êîíå÷íîé ïîñòîÿííîé C. Åñëè â äîïîëíåíèå ê

ýòîìó d(x1, x2) 6 c · d′(g(x1), g(x2)) äëÿ ëþáûõ x1, x2 ∈ X è äëÿ íåêîòîðîé êîíå÷íîé

ïîñòîÿííîé c, òî îòîáðàæåíèå g íàçûâàåòñÿ áèëèïøèöåâûì.

Íàïîìíèì òàêæå, ñì., íàïðèìåð, [10℄, ñ. 195, ÷òî òî÷êà x0 ∈ R íàçûâàåòñÿ òî÷êîé

ïëîòíîñòè äëÿ èçìåðèìîãî (îòíîñèòåëüíî äëèíû, ò.å. ïî Ëåáåãó) ìíîæåñòâà E ⊂ R,
åñëè x0 ∈ E è

lim
ε→0

| (x0 − ε, x0 + ε) \ E |
2ε

= 0 . (12)

Àíàëîãè÷íî ãîâîðèì, ÷òî òî÷êà x0 ∈ R ÿâëÿåòñÿ òî÷êîé ïëîòíîñòè îòíîñèòåëüíî

ëîãàðè�ìè÷åñêîé �åìêîñòè äëÿ èçìåðèìîãî (îòíîñèòåëüíî C) ìíîæåñòâà E ⊂ R, åñëè
x0 ∈ E è

lim
ε→0

C([x0 − ε, x0 + ε] \ E)

C([x0 − ε, x0 + ε])
= 0 . (13)

Íàïîìíèì, íàêîíåö, ÷òî �óíêöèÿ ϕ : [a, b] → C àïïðîêñèìàòèâíî íåïðåðûâíà (îò-

íîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè) â òî÷êå x0 ∈ (a, b), åñëè îíà íåïðåðûâíà íà

íåêîòîðîì ìíîæåñòâå E ⊆ [a, b], äëÿ êîòîðîãî x0 ÿâëÿåòñÿ òî÷êîé ïëîòíîñòè (îòíîñè-

òåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè), ñì., íàïðèìåð, [10℄, ñ. 199, è [15℄, ñ. 176, ñîîòâåò-

ñòâåííî.

Äëÿ äàëüíåéøåãî âàæíî, ÷òî èìååò ìåñòî ñëåäóþùèé àíàëîã òåîðåìû À. Äàíæóà,

ñì., íàïðèìåð, òåîðåìó 2.9.13 â [15℄, ñðàâíè òåîðåìó IV(10.6) â [10℄.

Ïðåäëîæåíèå 1. Ôóíêöèÿ ϕ : [a, b] → C èçìåðèìà îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé

�åìêîñòè òîãäà è òîëüêî òîãäà, êîãäà îíà àïïðîêñèìàòèâíî íåïðåðûâíà äëÿ ï.â. x ∈ (a, b)
òàêæå îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.

Çàìå÷àíèå 2. Êàê èçâåñòíî, C([a, b]) ≃ −1/ log δ ïðè δ = b − a → 0, ãäå çàïèñü
u ≃ v îçíà÷àåò, ÷òî äëÿ äîñòàòî÷íî ìàëûõ δ íàéäåòñÿ ïîñòîÿííàÿ c ∈ (0,∞), òàêàÿ,
÷òî v/c ≤ u ≤ c · v, ñì., íàïðèìåð, [16℄, ñ. 131. Êðîìå òîãî, C(E) ≥ A/ log(1/|E|) ïðè
ìàëûõ äëèíàõ |E|, ñì., íàïðèìåð, ëåììó 1 â [17℄. Òàêèì îáðàçîì, åñëè x0 ÿâëÿåòñÿ

òî÷êîé ïëîòíîñòè äëÿ ìíîæåñòâà E îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè, òî x0 -

òàêæå òî÷êà ïëîòíîñòè äëÿ ìíîæåñòâà E îòíîñèòåëüíî ìåðû äëèíû. Ñëåäîâàòåëüíî,

ëþáàÿ òî÷êà àïïðîêñèìàòèâíîé íåïðåðûâíîñòè �óíêöèè ϕ : [a, b] → R îòíîñèòåëüíî

ëîãàðè�ìè÷åñêîé �åìêîñòè, ÿâëÿåòñÿ òàêæå òî÷êîé àïïðîêñèìàòèâíîé íåïðåðûâíîñòè

�óíêöèè ϕ îòíîñèòåëüíî ìåðû Ëåáåãà íà âåùåñòâåííîé îñè.
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Îòñþäà, â ÷àñòíîñòè, ïîëó÷àåì ñëåäóþùóþ ïîëåçíóþ ëåììó.

Ëåììà 1. Ïóñòü �óíêöèÿ ϕ : [a, b] → R îãðàíè÷åíà è èçìåðèìà îòíîñèòåëüíî ëîãà-

ðè�ìè÷åñêîé �åìêîñòè è ïóñòü Φ(x) =
x∫
a

ϕ(t) dt � å�å íåîïðåäåëåííûé èíòåãðàë Ëåáåãà.

Òîãäà Φ′(x) = ϕ(x) ï.â. íà (a, b) îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.

� Äåéñòâèòåëüíî, ïóñòü x0 ∈ (a, b) - òî÷êà àïïðîêñèìàòèâíîé íåïðåðûâíîñòè äëÿ

�óíêöèè ϕ. Òîãäà íàéäåòñÿ ìíîæåñòâî E ⊆ [a, b], äëÿ êîòîðîãî x0 ÿâëÿåòñÿ òî÷êîé

ïëîòíîñòè è íà êîòîðîì �óíêöèÿ ϕ íåïðåðûâíà. Òàê êàê |ϕ(x)| ≤ C < ∞ äëÿ âñåõ

x ∈ [a, b], ïîëó÷àåì, ÷òî ïðè ìàëûõ h

∣∣∣∣
Φ(x0 + h) − Φ(x0)

h
− ϕ(x0)

∣∣∣∣ ≤ max
x∈E∩[x0,x0+h]

| ϕ(x) − ϕ(x0) | + 2C
| (x0, x0 + h) \ E |

|h| ,

ò.å. Φ′(x0) = ϕ(x0). Òàêèì îáðàçîì, çàêëþ÷åíèå ëåììû ñëåäóåò èç ïðåäëîæåíèÿ 1, ñì.

òàêæå çàìå÷àíèå 2. �

3. Îá îäíîì àíàëîãå òåîðåìû Ëóçèíà.

Ïðè äîêàçàòåëüñòâå àíàëîãà òåîðåìû Ëóçèíà â òåðìèíàõ ëîãàðè�ìè÷åñêîé �åìêîñòè

êëþ÷åâóþ ðîëü áóäåò èãðàòü ñëåäóþùàÿ ëåììà î ñèíãóëÿðíûõ �óíêöèÿõ êàíòîðîâñêîãî

òèïà.

Ëåììà 2. Ñóùåñòâóåò íåïðåðûâíàÿ íåóáûâàþùàÿ �óíêöèÿ Ψ : [0, 1] → [0, 1], òàêàÿ,
÷òî Ψ(0) = 0, Ψ(1) = 1 è Ψ′(t) = 0 ï.â. îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.

� Äëÿ äîêàçàòåëüñòâà ýòîãî �àêòà âîñïîëüçóåìñÿ êîíñòðóêöèåé ìíîæåñòâ êàíòî-

ðîâñêîãî òèïà ëîãàðè�ìè÷åñêîé �åìêîñòè íóëü, ïðèíàäëåæàùåé �îëü�ó Íåâàíëèííå.

Èìåííî, ðàññìîòðèì ïðîèçâîëüíóþ ïîñëåäîâàòåëüíîñòü ÷èñåë pk > 1, k = 1, 2, . . ., è
îïðåäåëèì ñîîòâåòñòâóþùóþ ïîñëåäîâàòåëüíîñòü ìíîæåñòâ E(p1, . . . , pn), n = 1, 2, . . .,
ïî èíäóêöèè ñëåäóþùèì îáðàçîì. Ïóñòü E(p1) - ìíîæåñòâî, ñîñòîÿùåå èç 2-õ ðàâíûõ

ïî äëèíå îòðåêîâ, êîòîðîå ïîëó÷àåòñÿ èç åäèíè÷íîãî îòðåçêà [0, 1] âûáðàñûâàíèåì öåí-

òðàëüíîãî èíòåðâàëà äëèíû 1 − 1/p1; E(p1, p2) - ìíîæåñòâî, ñîñòîÿùåå èç 22
ðàâíûõ ïî

äëèíå îòðåêîâ, êîòîðîå ïîëó÷àåòñÿ âûáðàñûâàíèåì èç êàæäîãî îòðåçêà ïðåäûäóùåãî

ìíîæåñòâà E(p1) öåíòðàëüíîãî èíòåðâàëà, êîòîðûé ñîñòàâëÿåò 1−1/p2 äîëþ îò åãî äëè-

íû è òàê äàëåå. Îáîçíà÷èì ÷åðåç E(p1, p2, . . .) ïåðåñå÷åíèå âñåõ ìíîæåñòâ E(p1, . . . , pn),
n = 1, 2, . . .. Ïî òåîðåìå V.6.3 â [13℄ ìíîæåñòâî E(p1, p2, . . .) èìååò ëîãàðè�ìè÷åñêóþ

�åìêîñòü íóëü òîãäà è òîëüêî òîãäà, êîãäà ðÿä

∑
2−k log pk ðàñõîäèòñÿ. Íàïðèìåð, ýòî

óñëîâèå âûïîëíÿåòñÿ, åñëè pk = e2
k
.

Êàê èçâåñòíî, âñå ìíîæåñòâà êàíòîðîâñêîãî òèïà ãîìåîìîð�íû. Áîëåå òîãî, íàé-

äåòñÿ ãîìåîìîð�èçì h : [0, 1] → [0, 1], h(0) = 0 è h(1) = 1, ïðè êîòîðîì E(p1, p2, . . .)
ïåðåéä�åò â êëàññè÷åñêîå êàíòîðîâî ìíîæåñòâî, ñì., íàïðèìåð, êîíñòðóêöèþ 8.23 â [19℄.

Òàêèì îáðàçîì, åñëè κ - êëàññè÷åñêàÿ êàíòîðîâà �óíêöèÿ, ñì., íàïðèìåð, êîíñòðóêöèþ
8.15 â [19℄, òî Ψ = κ ◦ h - èñêîìàÿ �óíêöèÿ. �

Ëåììà 3. Ïóñòü �óíêöèÿ g : [a, b] → R îãðàíè÷åíà è èçìåðèìà îòíîñèòåëüíî

ëîãàðè�ìè÷åñêîé �åìêîñòè. Òîãäà äëÿ ëþáîãî ε > 0 íàéäåòñÿ íåïðåðûâíàÿ �óíêöèÿ
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G : [a, b] → R, òàêàÿ, ÷òî |G(x)| ≤ ε äëÿ âñåõ x ∈ [a, b], G(a) = G(b) = 0, è G′(x) = g(x)
ï.â. íà [a, b] îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.

� Ïóñòü H(x) =
x∫
a

g(t) dt � íåîïðåäåëåííûé èíòåãðàë Ëåáåãà �óíêöèè g. Âûáåðåì

íà [a, b] êîíå÷íûé íàáîð òî÷åê a = a0 < a1 < . . . < an = b, òàêèõ, ÷òî êîëåáàíèå H
ìåíüøå ε/2 íà êàæäîì èç îòðåçêîâ [ak, ak+1], k = 0, 1, . . . , n − 1. Ïðèìåíÿÿ ëèíåéíûå

ïðåîáðàçîâàíèÿ íåçàâèñèìîé è çàâèñèìîé ïåðåìåííîé â �óíêöèè Ψ : [0, 1] → [0, 1] èç
ëåììû 2, ïîëó÷àåì íà êàæäîì èç îòðåçêîâ [ak, ak+1], k = 0, 1, . . . , n − 1, �óíêöèþ Fk,

êîòîðàÿ èìååò íóëåâóþ ïðîèçâîäíóþ ï.â. îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè è

ñîâïàäàåò ñ �óíêöèåé H â êîíöàõ îòðåçêà. Ïóñòü F � �óíêöèÿ íà [a, b], ñêëååííàÿ èç

�óíêöèé Fk. Òîãäà G = H − F äà�åò íàì èñêîìóþ �óíêöèþ ïî ëåììàì 1 è 2. �

Ëåììà 4. Ïóñòü �óíêöèÿ g : [a, b] → R îãðàíè÷åíà è èçìåðèìà îòíîñèòåëüíî ëî-

ãàðè�ìè÷åñêîé �åìêîñòè è ïóñòü P - çàìêíóòîå ïîäìíîæåñòâî îòðåçêà [a, b]. Òîãäà äëÿ
ëþáîãî ε > 0 íàéäåòñÿ íåïðåðûâíàÿ �óíêöèÿ G : [a, b] → R, òàêàÿ, ÷òî |G(x+h)| ≤ ε|h|
äëÿ âñåõ x ∈ P è âñåõ h, òàêèõ, ÷òî x + h ∈ [a, b], G(x) = G′(x) = 0 äëÿ âñåõ x ∈ P , è
G′(x) = g(x) ï.â. íà [a, b] \ P îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.

� Ïóñòü I = (a, b). Òîãäà ìíîæåñòâî I \ P ÿâëÿåòñÿ îòêðûòûì è ïðåäñòàâèìî â âè-

äå îáúåäèíåíèÿ ñ÷�åòíîãî ÷èñëà ïîïàðíî íåïåðåñåêàþùèõñÿ èíòåðâàëîâ Ik = (ak, bk).

Âûáåðåì â êàæäîì èíòåðâàëå Ik âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü ÷èñåë c
(j)
k , j =

0,±1,±2, . . ., òàêóþ, ÷òî c
(j)
k → ak ïðè j → −∞ è c

(j)
k → bk ïðè j → ∞. Îáîçíà÷èì

÷åðåç ε
(j)
k ìåíüøåå èç 2-õ ÷èñåë ε(c

(j)
k −ak)/(k+ |j|) è ε(bk−c(j)k )/(k+ |j|). Òîãäà ïî ëåììå

3 â êàæäîì èíòåðâàëå Ik íàéäåòñÿ íåïðåðûâíàÿ �óíêöèÿ Gk, òàêàÿ, ÷òî |Gk(x)| ≤ ε
(j)
k

äëÿ âñåõ x ∈ [c
(j)
k , c

(j+1)
k ], Gk(c

(j)
k ) = 0 äëÿ âñåõ j = 0,±1,±2, . . ., è G′

k(x) = g(x) ï.â. íà
Ik îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè. Òàêèì îáðàçîì, ïîëàãàÿ G(x) = Gk(x) íà
êàæäîì èíòåðâàëå Ik è G(x) = 0 íà ìíîæåñòâå P , ïîëó÷àåì èñêîìóþ �óíêöèþ. �

Íàêîíåö, äîêàæåì ñëåäóþùèé àíàëîã òåîðåìû Ëóçèíà, ñ�îðìóëèðîâàííîé âî ââå-

äåíèè.

Òåîðåìà 1. Ïóñòü �óíêöèÿ ϕ : [a, b] → R èçìåðèìà îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé

�åìêîñòè. Òîãäà íàéäåòñÿ íåïðåðûâíàÿ �óíêöèÿ Φ : [a, b] → R, òàêàÿ, ÷òî Φ′(x) = ϕ(x)
ï.â. íà (a, b) òàêæå îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè. Áîëåå òîãî, �óíêöèþ Φ
ìîæíî âûáðàòü òàê, ÷òî Φ(a) = Φ(b) = 0 è |Φ(x)| ≤ ε ïðè âñåõ x ∈ [a, b] äëÿ ëþáîãî

çàðàíåå ïðåäïèñàííîãî ε > 0.

� Îïðåäåëèì ïî èíäóêöèè ïîñëåäîâàòåëüíîñòü çàìêíóòûõ ìíîæåñòâ Pn ⊆ [a, b],
n = 0, 1, . . . è ïîñëåäîâàòåëüíîñòü íåïðåðûâíûõ �óíêöèé Gn : [a, b] → R, n = 0, 1, . . . ,
÷üè ïðîèçâîäíûå ñóùåñòâóþò ï.â. è èçìåðèìû îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè,

òàêèå, ÷òî ïðè îáîçíà÷åíèÿõ Qn =
n⋃

k=0

Pk è Φn =
n∑

k=0

Gk âûïîëíÿþòñÿ ñëåäóþùèå óñëî-

âèÿ: (a) Φ′
n(x) = ϕ(x) ïðè x ∈ Qn, (b) Gn(x) = 0 ïðè x ∈ Qn−1, (c) |Gn(x+ h)| ≤ |h|/2n

äëÿ âñåõ x ∈ Qn−1 è âñåõ h, òàêèõ, ÷òî x + h ∈ [a, b], (d) C(I \Qn) < 1/n, ãäå I = [a, b].

Èòàê, ïóñòü G0 ≡ 0 è P0 = ∅ è ïóñòü Gn è Pn ñ óêàçàííûìè ñâîéñòâàìè óæå
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ïîñòðîåíû äëÿ âñåõ n = 1, 2, . . . , m. Òîãäà íàéäåòñÿ êîìïàêò Em ⊂ I \Qm, òàêîé, ÷òî:

C(I \ (Qm ∪ Em)) < 1/(m+ 1) , (14)

à �óíêöèè Φ′
m è ϕ íåïðåðûâíû íà Em, ñì., íàïðèìåð, òåîðåìó 2.3.5 â [15℄.

Ïî ëåììå 4 ñ ìíîæåñòâîì P = Qm è �óíêöèåé g : I → R, ðàâíîé ϕ(x) − Φ′
m(x)

íà Em è íóëþ íà I \ Em, íàéäåòñÿ íåïðåðûâíàÿ �óíêöèÿ Gm+1 : I → R, òàêàÿ, ÷òî:
(i) G′

m+1(x) = ϕ(x) − Φ′
m(x) ï.â. íà I \ Qm îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè,

(ii) Gm+1(x) = G′
m+1(x) = 0 äëÿ âñåõ x ∈ Qm, è (iii) |Gm+1(x + h)| ≤ |h|/2m+1

äëÿ âñåõ

x ∈ Qm è âñåõ h, òàêèõ, ÷òî x + h ∈ I.
Ïî îïðåäåëåíèþ ëîãàðè�ìè÷åñêîé �åìêîñòè, óñëîâèÿì (i) è (14), íàéäåòñÿ êîìïàêò

Pm+1 ⊆ Em, òàêîé, ÷òî

C(I \ (Qm ∪ Pm+1)) < 1/(m+ 1) , (15)

G′
m+1(x) = ϕ(x) − Φ′

m(x) ∀ x ∈ Pm+1 . (16)

Êàê ëåãêî âèäåòü èç (15) è (16), à òàêæå (ii) è (iii), óñëîâèÿ (a), (b), (c) è (d) ñîõðàíÿþòñÿ
è äëÿ n = m + 1.

Ïîëîæèì òåïåðü íà îñíîâå ïðèâåä�åííîé êîíñòðóêöèè ïîñëåäîâàòåëüíîñòåé Gn è Pn:

Φ(x) = lim
k→∞

Φk(x) =
∞∑

k=1

Gk(x) , Q = lim
k→∞

Qk =
∞⋃

k=1

Pk . (17)

Çàìåòèì, ÷òî Φk → Φ ðàâíîìåðíî íà îòðåçêå I ââèäó óñëîâèÿ (c) è, ñëåäîâàòåëüíî,

�óíêöèÿ Φ ÿâëÿåòñÿ íåïðåðûâíîé. Ïî ïîñòðîåíèþ, äëÿ ëþáîãî x0 ∈ Q èìååì, ÷òî

x0 ∈ Qn ïðè âñåõ äîñòàòî÷íî áîëüøèõ n è, ò.ê.

Φ(x0 + h) − Φ(x0)

h
=

Φn(x0 + h) − Φn(x0)

h
+

∞∑

k=n+1

Gk(x0 + h) −Gk(x0)

h
,

ìû ïîëó÷àåì èç óñëîâèé (a), (b) è (c), ÷òî

lim sup
h→0

∣∣∣∣
Φ(x0 + h) − Φ(x0)

h
− ϕ(x0)

∣∣∣∣ <
1

2n
,

ò.å. Φ′(x0) = ϕ(x0). Êðîìå òîãî, ïî óñëîâèþ (d) âèäèì, ÷òî C(I \Q) = 0. Òàêèì îáðàçîì,

Φ′(x) = ϕ(x) ï.â. íà [a, b] îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.
Íàêîíåö, ïðèìåíÿÿ êîíñòðóêöèþ äîêàçàòåëüñòâà ëåììû 3 ê íàéäåííîé íàìè �óíê-

öèè Φ âìåñòî íåîïðåäåëåííîãî èíòåãðàëà, íàõîäèì íîâóþ �óíêöèþ Φ∗, òàêóþ, ÷òî
Φ′

∗(x) = ϕ(x) ï.â. íà [a, b] òàêæå îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè  Φ∗(a) =
Φ∗(b) = 0 è |Φ∗(x)| ≤ ε ïðè âñåõ x ∈ [a, b] äëÿ ëþáîãî çàðàíåå ïðåäïèñàííîãî ε > 0. �

4. Î çàäà÷å Äèðèõëå â åäèíè÷íîì êðóãå.

Îäíèì èç öåíòðàëüíûõ ðåçóëüòàòîâ ðàáîòû ÿâëÿåòñÿ ñëåäóþùèé àíàëîã òåîðåìû

�åðèíãà.
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Òåîðåìà 2. Ïóñòü ϕ : R → R � 2π-ïåðèîäè÷åñêàÿ �óíêöèÿ, êîòîðàÿ èçìåðèìà îò-

íîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè. Òîãäà ñóùåñòâóåò ãàðìîíè÷åñêàÿ �óíêöèÿ u(z),
z ∈ D, òàêàÿ, ÷òî u(z) → ϕ(ϑ) ïðè z → eiϑ âäîëü íåêàñàòåëüíûõ ïóòåé äëÿ âñåõ ϑ ∈ R
çà èñêëþ÷åíèåì áûòü ìîæåò ìíîæåñòâà ëîãàðè�ìè÷åñêîé �åìêîñòè íóëü.

� Ïî òåîðåìå 1 íàéäåòñÿ íåïðåðûâíàÿ 2π-ïåðèîäè÷åñêàÿ �óíêöèÿ Φ : R → R, òàêàÿ,
÷òî Φ′(ϑ) = ϕ(ϑ) äëÿ ï.â. ϑ îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè. Ïóñòü

U(reiϑ) =
1

2π

2π∫

0

1 − r2

1 − 2r cos(ϑ− t) + r2
Φ(t) dt (18)

äëÿ r < 1. Òîãäà ïî õîðîøî èçâåñòíîìó ðåçóëüòàòó, âîñõîäÿùåìó ê Ôàòó,

∂

∂ϑ
U(z) → Φ′(ϑ) ïðè z → eiϑ âäîëü ëþáûõ íåêàñàòåëüíûõ ïóòåé âñþäó, ãäå ñóùåñòâóåò

Φ′(ϑ), ñì., íàïðèìåð, 3.441 â [20℄, ñ. 53, ñì. òàêæå òåîðåìó IX.1.2 â [21℄. Ñëåäîâàòåëü-

íî, çàêëþ÷åíèå òåîðåìû ñëåäóåò äëÿ �óíêöèè u(z) =
∂

∂ϑ
U(z), z = reiϑ, r ∈ (0, 1),

äîîïðåäåë�åííîé íóë�åì â òî÷êå z = 0.
Äåéñòâèòåëüíî, �óíêöèÿ U ÿâëÿåòñÿ ãàðìîíè÷åñêîé â åäèíè÷íîì êðóãå, ñì., íàïðè-

ìåð, òåîðåìó I.D.1.1 â [3℄, è ïîòîìó áåñêîíå÷íî äè��åðåíöèðóåìîé. Òàêèì îáðàçîì,

äè��åðåíöèàëüíûé îïåðàòîð ∂/∂ϑ ïåðåñòàíîâî÷åí ñ îïåðàòîðîì Ëàïëàñà äëÿ U â ïðî-

êîëîòîì åäèíè÷íîì êðóãå D \ {0} è, ñëåäîâàòåëüíî, �óíêöèÿ u(z) - ãàðìîíè÷åñêàÿ â

D \ {0}. Êðîìå òîãî,

u(reiϑ) = −1

π

2π∫

0

r(1 − r2) sinϑ

(1 − 2r cos(ϑ− t) + r2)2
Φ(t) dt (19)

è ýëåìåíòàðíûå âû÷èñëåíèÿ â (19) äàþò îöåíêó íà îêðóæíîñòÿõ |z| = r, r ∈ (0, 1),

|u(z)| ≤ 2r(1 + r)

(1 − r)3
·M → 0 ïðè r → 0 ,

ãäåM = max Φ. Òàêèì îáðàçîì, u(z) → 0 ïðè z → 0. Íàêîíåö, èíòåãðàë îò �óíêöèè u ïî
ëþáîé îêðóæíîñòè |z| = r, r ∈ (0, 1), ðàâåí íóëþ è, ïî õàðàêòåðèñòè÷åñêîìó ñâîéñòâó

î ñðåäíèõ èíòåãðàëüíûõ çíà÷åíèÿõ íà îêðóæíîñòÿõ, �óíêöèÿ u(z) � ãàðìîíè÷åñêàÿ

â D. �

Ïî èçâåñòíîìó ïðèíöèïó ìàêñèìóìà Ëèíäåë�å�à, ñì., íàïðèìåð, ëåììó 1.1 â ìîíî-

ãðà�èè [18℄, ïîëó÷àåòñÿ òåîðåìà åäèíñòâåííîñòè äëÿ çàäà÷è Äèðèõëå â êëàññå îãðàíè-

÷åííûõ ãàðìîíè÷åñêèõ �óíêöèé â åäèíè÷íîì êðóãå. Â áîëåå øèðîêèõ êëàññàõ ãàðìî-

íè÷åñêèõ �óíêöèé íåò íèêàêîé òåîðåìû åäèíñòâåííîñòè ðåøåíèé çàäà÷è Äèðèõëå äëÿ

óðàâíåíèÿ Ëàïëàñà. Áîëåå òîãî, â ðàáîòå [9℄ áûëî äîêàçàíî, ÷òî ïðîñòðàíñòâî âñåõ ãàð-

ìîíè÷åñêèõ �óíêöèé â D ñ íåêàñàòåëüíûì ïðåäåëîì 0 â ïî÷òè êàæäîé òî÷êå ∂D èìååò

áåñêîíå÷íóþ ðàçìåðíîñòü.
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Íà îñíîâå ëåììû 2 ìîæíî àíàëîãè÷íî äîêàçàòü áîëåå òîíêèé ðåçóëüòàò î ãàðìîíè-

÷åñêèõ �óíêöèÿõ îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè âìåñòî ìåðû äëèíû íà ∂D.

Ëåììà 5. Ïðîñòðàíñòâî âñåõ ãàðìîíè÷åñêèõ �óíêöèé u : D → R, òàêèõ, ÷òî
lim
z→ζ

u(z) = 0 âäîëü ëþáûõ íåêàñàòåëüíûõ ïóòåé äëÿ ïî÷òè âñåõ ζ ∈ ∂D îòíîñèòåëü-

íî ëîãàðè�ìè÷åñêîé �åìêîñòè èìååò áåñêîíå÷íóþ ðàçìåðíîñòü.

� Äåéñòâèòåëüíî, ïóñòü Φ : [0, 2π] → R - èíòåãðèðóåìàÿ �óíêöèÿ, êîòîðàÿ äè�-

�åðåíöèðóåìà ñ Φ′(t) = 0 ï.â. íà ∂D îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè. Òîãäà

�óíêöèÿ

U(z) : =
1

2π

2π∫

0

1 − r2

1 − 2r cos(ϑ− t) + r2
Φ(t) dt , z = reiϑ, r < 1 ,

ÿâëÿåòñÿ ãàðìîíè÷åñêîé â D è U(z) → Φ(Θ) ïðè z → eiΘ, ñì., íàïðèìåð, òåîðåìó 1.3 â

[18℄ èëè òåîðåìó IX.1.1 â [21℄, è

∂

∂ϑ
U(z) → Φ′(Θ) ïðè z → eiΘ âäîëü ëþáûõ íåêàñàòåëü-

íûõ ïóòåé, ãäå Φ′(Θ) ñóùåñòâóåò, ñì., íàïðèìåð, 3.441 â [20℄, ñ. 53, èëè òåîðåìó IX.1.2

â [21℄. Òàêèì îáðàçîì, ãàðìîíè÷åñêàÿ �óíêöèÿ u(z) =
∂

∂ϑ
U(z) èìååò íåêàñàòåëüíûé

ïðåäåë 0 ï.â. íà ∂D îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.

Óêàæåì ïîäïðîñòðàíñòâî òàêèõ �óíêöèé u ñ áåñêîíå÷íûì áàçèñîì. Èìåííî, ïóñòü

ϕ : [0, 1] → [0, 1] - �óíêöèÿ êàíòîðîâñêîãî òèïà èç ëåììû 2 è ïóñòü ϕn : [0, 2π] →
[0, 1] ðàâíà ϕ((t − an−1)/(an − an−1)) íà [an−1, an), ãäå a0 = 0 è an = 2π(2−1 + . . . +
2−n), n = 1, 2, . . . è 0 âíå [an−1, an). Îáîçíà÷èì ÷åðåç Un è un ãàðìîíè÷åñêèå �óíêöèè,

ñîîòâåòñòâóþùèå ϕn êàê â ïåðâîì àáçàöå.

Ïî ïîñòðîåíèþ, íîñèòåëè �óíêöèé ϕn âçàèìíî íå ïåðåñåêàþòñÿ è, òàêèì îáðàçîì,

ðÿä

∞∑
n=1

γnϕn êîððåêòíî îïðåäåë�åí äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè γn ∈ R, n = 1, 2, . . ..

Åñëè ìû äîïîëíèòåëüíî îãðàíè÷èìñÿ ïîñëåäîâàòåëüíîñòÿìè γ = {γn} â ïðîñòðàíñòâå l
ñ íîðìîé ‖γ‖ =

∞∑
n=1

|γn|, òî ðÿä ÿâëÿåòñÿ ïîäõîäÿùåé �óíêöèåé Φ äëÿ ïåðâîãî àáçàöà.

Îáîçíà÷èì ÷åðåç U è u ãàðìîíè÷åñêèå �óíêöèè, ñîîòâåòñòâóþùèå �óíêöèè Φ êàê

â ïåðâîì àáçàöå, à ÷åðåç H0 � êëàññ âñåõ òàêèõ �óíêöèé u. Çàìåòèì, ÷òî �óíêöèè un,
n = 1, 2, . . ., èç âòîðîãî àáçàöà îáðàçóþò áàçèñ ïðîñòðàíñòâà H0 ñ ëîêàëüíî ðàâíîìåðíîé

ñõîäèìîñòüþ â D, êîòîðîå ìåòðèçóåìî.

Âî-ïåðâûõ,

∞∑
n=1

γnun 6= 0, åñëè γ 6= 0. Äåéñòâèòåëüíî, ïðåäïîëîæèì, ÷òî γn 6= 0 äëÿ

íåêîòîðîãî n = 1, 2, . . .. Òîãäà u 6= 0, ïîñêîëüêó ïðåäåëû lim
z→ζ

U(z) ñóùåñòâóþò äëÿ âñåõ

ζ = eiϑ ñ ϑ ∈ (an−1, an) è ìîãóò áûòü ïðîèçâîëüíî áëèçêèìè êàê ê 0 òàê è ê γn.

Âî-âòîðûõ, u∗m =
m∑

n=1

γnun → u ëîêàëüíî ðàâíîìåðíî â D ïðè m → ∞.

Äåéñòâèòåëüíî, èìååì ñëåäóþùóþ îöåíêó îñòàòî÷íîãî ÷ëåíà â êðóãå
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D(r) = {z ∈ C : |z| ≤ r}, r < 1,

|u(z) − u∗m(z)| ≤ 2r(1 + r)

(1 − r)3
·

∞∑

n=m+1

|γn| → 0 ïðè m→ ∞ . �

Çàìå÷àíèå 3. Îòìåòèì, ÷òî ãàðìîíè÷åñêèå �óíêöèè u, íàéäåííûå íàìè â ëåììå 5,
â îòëè÷èå îò �óíêöèé U , ñàìè íå ìîãóò áûòü ïðåäñòàâëåíû â âèäå èíòåãðàëà Ïóàññîíà ñ

êàêîé-ëèáî èíòåãðèðóåìîé �óíêöèåé Φ : [0, 2π] → R, ïîñêîëüêó òàêîé èíòåãðàë èìåë áû
íåêàñàòåëüíûå ïðåäåëû Φ ï.â., ñì., íàïðèìåð, ñëåäñòâèå IX.9.1 â [21℄. Òàêèì îáðàçîì, u
íå ïðèíàäëåæèò ê êëàññàì hp íè ïðè êàêîì p > 1, ñì., íàïðèìåð, òåîðåìó IX.2.3 â [21℄.

Òåîðåìà 3. Ïóñòü ϕ : ∂D → R - �óíêöèÿ, èçìåðèìàÿ îòíîñèòåëüíî ëîãàðè�ìè÷å-

ñêîé �åìêîñòè. Òîãäà ïðîñòðàíñòâî âñåõ ãàðìîíè÷åñêèõ �óíêöèé u : D → R ñ ïðåäåëàìè

lim
z→ζ

u(z) = ϕ(ζ) äëÿ ï.â. ζ ∈ ∂D îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè âäîëü íåêàñà-

òåëüíûõ ïóòåé èìååò áåñêîíå÷íóþ ðàçìåðíîñòü.

� Äåéñòâèòåëüíî, ïî òåîðåìå 2 èìååì ïî êðàéíåé ìåðå îäíó òàêóþ ãàðìîíè÷åñêóþ

�óíêöèþ u è, êîìáèíèðóÿ ýòîò �àêò ñ ëåììîé 5, ïîëó÷àåì çàêëþ÷åíèå òåîðåìû 3. �

Òåîðåìà 4. Ïóñòü ϕ : ∂D → R - �óíêöèÿ, èçìåðèìàÿ îòíîñèòåëüíî ëîãàðè�ìè÷å-

ñêîé �åìêîñòè. Òîãäà ñóùåñòâóåò àíàëèòè÷åñêàÿ �óíêöèÿ f â D, òàêàÿ, ÷òî Re f(z) →
ϕ(ζ) ïðè z → ζ âäîëü ëþáûõ íåêàñàòåëüíûõ ïóòåé äëÿ ï.â. ζ ∈ ∂D îòíîñèòåëüíî ëîãà-

ðè�ìè÷åñêîé �åìêîñòè. �àçìåðíîñòü ïðîñòðàíñòâà âñåõ òàêèõ àíàëèòè÷åñêèõ �óíêöèé

áåñêîíå÷íà.

� Äåéñòâèòåëüíî, ïîñêîëüêó ëþáàÿ ãàðìîíè÷åñêàÿ �óíêöèÿ u â D èìååò ñîïðÿæåí-

íóþ �óíêöèþ v, òàêóþ, ÷òî f = u+ iv - àíàëèòè÷åñêàÿ �óíêöèÿ â D, òåîðåìà 4 ñëåäóåò
íåïîñðåäñòâåííî èç òåîðåìû 3. �

5. Î âçàèìîñâÿçè ãðàíè÷íûõ çíà÷åíèé ñîïðÿæåííûõ �óíêöèé.

Èçâåñòåí âåñüìà òîíêèé �àêò, âîñõîäÿùèé ê Ëóçèíó, ÷òî ãàðìîíè÷åñêèå �óíêöèè â

åäèíè÷íîì êðóãå ñ íåïðåðûâíûìè (äàæå àáñîëþòíî íåïðåðûâíûìè !) ãðàíè÷íûìè çíà-

÷åíèÿìè ìîãóò èìåòü ñîïðÿæåííûå ãàðìîíè÷åñêèå �óíêöèè, ÷üè ãðàíè÷íûå çíà÷åíèÿ

íå ÿâëÿþòñÿ íåïðåðûâíûìè �óíêöèÿìè, áîëåå òîãî, íå ÿâëÿþòñÿ äàæå ñóùåñòâåííî

îãðàíè÷åííûìè â îêðåñòíîñòè ëþáîé òî÷êè åäèíè÷íîé îêðóæíîñòè, ñì. íàïðèìåð, [22℄,

ñ. 557. Òàêèì îáðàçîì, âçàèìîñâÿçü ìåæäó ãðàíè÷íûìè çíà÷åíèÿìè ñîïðÿæåííûõ ãàð-

ìîíè÷åñêèõ �óíêöèé ÿâëÿåòñÿ âåñüìà íåïðîñòîé âåùüþ, ñì. òàêæå I.E â [3℄.

Ìû íàçûâàåì λ : ∂D → C �óíêöèåé îãðàíè÷åííîé âàðèàöèè, ïèøåì λ ∈ BV(∂D),
åñëè

Vλ(∂D) := sup
k∑

j=1

|λ(ζj+1) − λ(ζj)| <∞ , (20)

ãäå ñóïðåìóì áåð�åòñÿ íàä âñåìè êîíå÷íûìè íàáîðàìè òî÷åê ζj ∈ ∂D, j = 1, . . . , k,
ñ öèêëè÷åñêèì ïîðÿäêîì, îçíà÷àþùèì, ÷òî ζj ëåæèò ìåæäó ζj+1 è ζj−1 äëÿ êàæäîãî

j = 1, . . . , k. Çäåñü ìû ïðåäïîëàãàåì, ÷òî ζk+1 = ζ1 = ζ0. Âåëè÷èíà Vλ(∂D) íàçûâàåòñÿ
âàðèàöèåé �óíêöèè λ.



30 ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2014. �12(183). Âûï. 35

Çàìå÷àíèå 4. Êàê ýòî ÿâñòâóåò èç íåðàâåíñòâà òðåóãîëüíèêà, åñëè ìû äîáàâëÿåì

íîâûå ïðîìåæóòî÷íûå òî÷êè â íàáîð ζj, j = 1, . . . , k, òî ñóììà â (9) íå óáûâàåò. Òàêèì
îáðàçîì, ñóïðåìóì â (9) äîñòèãàåòñÿ ïðè δ = max

j=1,...,k
|ζj+1− ζj| → 0. Îòìåòèì òàêæå, ÷òî

ïî îïðåäåëåíèþ Vλ(∂D) = Vλ◦h(∂D), ò.å. âàðèàöèÿ ÿâëÿåòñÿ èíâàðèàíòîì ïðè ãîìåî-

ìîð�èçìàõ h : ∂D → ∂D è, òàêèì îáðàçîì, îïðåäåëåíèå ìîæåò áûòü ðàñïðîñòðàíåíî

åñòåñòâåííûì îáðàçîì íà ïðîèçâîëüíóþ æîðäàíîâó êðèâóþ â C.

Îáîçíà÷èì ÷åðåç A(ζ0, δ) äóãó åäèíè÷íîé îêðóæíîñòè ∂D ñ öåíòðîì â òî÷êå ζ0 ∈ ∂D
äëèíû 2δ, ãäå δ ∈ (0, π). Íàçîâ�åì ìíîæåñòâî E ⊂ ∂D ëîãàðè�ìè÷åñêè òîíêèì â òî÷êå

ζ0 ∈ ∂D, åñëè ïðè δ → 0

C(E ∩A(ζ0, δ)) = o

((
log

1

δ

)−1
)

. (21)

Êàê èçâåñòíî, C(A(ζ0, δ)) ≃ −1/ log δ ïðè δ → 0, ãäå çàïèñü u ≃ v îçíà÷àåò, ÷òî äëÿ

äîñòàòî÷íî ìàëûõ δ íàéäåòñÿ ïîñòîÿííàÿ c ∈ (0,∞), òàêàÿ, ÷òî v/c ≤ u ≤ c · v, ñì.,
íàïðèìåð, [16℄, ñ. 131. Òàêèì îáðàçîì, (21) îçíà÷àåò, ÷òî

lim
δ→0

C(E ∩A(ζ0, δ))

C(A(ζ0, δ))
= 0 , (22)

ò.å. ζ0 ÿâëÿåòñÿ òî÷êîé ðàçðåæåíèÿ äëÿ ìíîæåñòâà E îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé

�åìêîñòè. Óñëîâèå (21) âëå÷�åò òàêæå, ÷òî ζ0 ÿâëÿåòñÿ òî÷êîé ðàçðåæåíèÿ äëÿ ìíîæåñòâà
E îòíîñèòåëüíî ìåðû äëèíû íà îêðóæíîñòè ∂D, êàê ýòî ñëåäóåò, íàïðèìåð, èç ëåììû 1

â [17℄.

Áóäåì ãîâîðèòü, ÷òî �óíêöèÿ ϕ : ∂D → R ïî÷òè íåïðåðûâíà â òî÷êå ζ0 ∈ ∂D, åñëè
íàéäåòñÿ íåêîòîðîå ëîãàðè�ìè÷åñêè òîíêîå ìíîæåñòâî E ⊆ ∂D, òàêîå, ÷òî ϕ(ζ) → ϕ(ζ0)
ïðè ζ → ζ0 âäîëü ìíîæåñòâà ∂D \ E. Áóäåì òàêæå ãîâîðèòü, ÷òî ϕ ïî÷òè íåïðåðûâíà

íà ∂D, åñëè îíà ïî÷òè íåïðåðûâíà â êàæäîé òî÷êå ζ0 ∈ ∂D çà èñêëþ÷åíèåì áûòü ìîæåò

ìíîæåñòâà ëîãàðè�ìè÷åñêîé �åìêîñòè íóëü. Çàìåòèì, ÷òî ïî÷òè íåïðåðûâíûå �óíê-

öèè ÿâëÿþòñÿ èçìåðèìûìè îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè ïî ïðåäëîæåíèþ 1.

Çàìåòèì òàêæå, ÷òî ëîãàðè�ìè÷åñêè òîíêèå ìíîæåñòâà, à òàêæå ìíîæåñòâà ëîãàðè�-

ìè÷åñêîé �åìêîñòè íóëü è, ñëåäîâàòåëüíî, ïî÷òè íåïðåðûâíûå �óíêöèè èíâàðèàíòíû

îòíîñèòåëüíî êîí�îðìíûõ (äðîáíî-ëèíåéíûõ) îòîáðàæåíèé ðàñøèðåííîé êîìïëåêñíîé

ïëîñêîñòè íà ñåáÿ, ïåðåâîäÿùèõ åäèíè÷íóþ îêðóæíîñòü â ðàñøèðåííóþ âåùåñòâåííóþ

îñü è îáðàòíî. Òàêèì îáðàçîì, ïî òåîðåìå 1 â [17℄ ïîëó÷àåì ñëåäóþùåå çàêëþ÷åíèå.

Òåîðåìà 5. Ïóñòü α : ∂D → R � �óíêöèÿ îãðàíè÷åííîé âàðèàöèè è ïóñòü f : D → C
� àíàëèòè÷åñêàÿ �óíêöèÿ, òàêàÿ, ÷òî

lim
z→ζ

Re f(z) = α(ζ) äëÿ ï.â. ζ ∈ ∂D (23)

îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè âäîëü ëþáûõ íåêàñàòåëüíûõ ïóòåé. Òîãäà

lim
z→ζ

Im f(z) = β(ζ) äëÿ ï.â. ζ ∈ ∂D (24)
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îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè âäîëü ëþáûõ íåêàñàòåëüíûõ ïóòåé, ãäå β :
∂D → R � íåêîòîðàÿ �óíêöèÿ èçìåðèìàÿ îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.

Òàêæå äîêàæåì ñëåäóþùåå ïðåäëîæåíèå, êîòîðûì ìû âîñïîëüçóåìñÿ ïîçæå.

Ïðåäëîæåíèå 2. Äëÿ ëþáîé �óíêöèè λ : ∂D → ∂D êëàññà BV(∂D) íàéäåòñÿ

�óíêöèÿ αλ : ∂D → R êëàññà BV(∂D), òàêàÿ, ÷òî λ(ζ) = exp{iαλ(ζ)}, ζ ∈ ∂D.

Â äàëüíåéøåì ìû íàçûâàåì �óíêöèþ αλ �óíêöèåé àðãóìåíòà λ.

� �àññìîòðèì �óíêöèþ Λ(ϑ) = λ(eiϑ), ϑ ∈ [0, 2π]. ßñíî, ÷òî VΛ = Vλ è, òàêèì îáðà-

çîì, Λ èìååò íå áîëåå ÷åì ñ÷åòíûé íàáîð ñêà÷êîâ jn, ãäå ðÿä
∑
jn ÿâëÿåòñÿ àáñîëþòíî

ñõîäÿùèìñÿ,

∑ |jn| ≤ Vλ, è Λ(ϑ) = J(ϑ) + C(ϑ), ãäå C(ϑ) � íåïðåðûâíàÿ �óíêöèÿ,

à J(ϑ) � �óíêöèÿ ñêà÷êîâ Λ, êîòîðàÿ ðàâíà ñóììå âñåõ åå ñêà÷êîâ íà îòðåçêå [0, ϑ],
ñì., íàïðèìåð, ñëåäñòâèå VIII.3.2 è òåîðåìó VIII.3.7 â [23℄. Ìû èìååì, ÷òî VJ ≤ Vλ è

VC ≤ 2Vλ, ñì., íàïðèìåð, òåîðåìó 6.4 â [24℄. Àññîöèèðóåì ñ êîìïëåêñíîé âåëè÷èíîé jn
âåùåñòâåííóþ âåëè÷èíó

αn = −2 arctg
Re jn
Im jn

∈ [−π, π] .

Â ñèëó ãåîìåòðè÷åñêîé èíòåðïðåòàöèè ýòèõ âåëè÷èí (|jn| ðàâíà äëèíå õîðäû äëÿ äóãè

åäèíè÷íîé îêðóæíîñòè äëèíû |αn|) è ýëåìåíòàðíûõ âû÷èñëåíèé, ìû èìååì, ÷òî |jn| ≤
|αn| ≤ jn · π/2.

Òåïåðü, àññîöèèðóåì ñ �óíêöèåé J(ϑ) �óíêöèþ j(ϑ), êîòîðàÿ ðàâíà ñóììå âñåõ αn

ñîîòâåòñòâóþùèõ ñêà÷êàì Λ íà îòðåçêå [0, ϑ]. Çàìåòèì, ÷òî Vj ≤ VJ · π/2. Äàëåå, àññî-
öèèðóåì ñ êîìïëåêñíîçíà÷íîé �óíêöèåé C(ϑ) âåùåñòâåííîçíà÷íóþ �óíêöèþ c(ϑ) ñëå-
äóþùèì îáðàçîì. Òàê êàê C(ϑ) ðàâíîìåðíî íåïðåðûâíà íà îòðåçêå [0, 2π], ïîñëåäíèé
ìîæíî ïîäåëèòü íà îòðåçêè Sk = [θk−1, θk], θk = 2πk/m, k = 1, . . . , m, ñ äîñòàòî÷íî

áîëüøèì m ∈ N, òàêèì, ÷òî |C(ϑ) − C(ϑ′)| < 2 äëÿ âñåõ ϑ è ϑ′ ∈ Sk. Ïîëîæèì ïî

èíäóêöèè

c(ϑ) = c(θk−1) − 2 arctg
Re[C(ϑ) − C(θk−1)]

Im[C(ϑ) − C(θk−1)]
∀ϑ ∈ Sk, k = 1, . . . , m,

ãäå

c(0) := arctg
Re[C(0) − 1]

Im[C(0) − 1]
.

Êðîìå òîãî, ïóñòü γλ(ϑ) = j(ϑ) + c(ϑ), ϑ ∈ [0, 2π]. Ïî ïîñòðîåíèþ Λ(ϑ) = eiγλ(ϑ), ϑ ∈
[0, 2π], Vγλ ≤ Vλ ·3π/2. Íàêîíåö, ïîëàãàÿ αλ(ζ) = γλ(ϑ), åñëè ζ = eiϑ, ϑ ∈ [0, 2π), ïîëó÷àåì
èñêîìóþ �óíêöèþ αλ êëàññà BV(∂D). �



32 ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2014. �12(183). Âûï. 35

6. Ïðîáëåìà �èìàíà-�èëüáåðòà â åäèíè÷íîì êðóãå.

Òåîðåìà 6. Ïóñòü λ : ∂D → ∂D � �óíêöèÿ îãðàíè÷åííîé âàðèàöèè è ϕ : ∂D →
R � �óíêöèÿ èçìåðèìàÿ îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè. Òîãäà ñóùåñòâóþò

àíàëèòè÷åñêèå �óíêöèè f : D → C, òàêèå, ÷òî âäîëü ëþáûõ íåêàñàòåëüíûõ ïóòåé

lim
z→ζ

Re {λ(ζ) · f(z)} = ϕ(ζ) äëÿ ï.â. ζ ∈ ∂D (25)

îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè. Ïðîñòðàíñòâî âñåõ òàêèõ àíàëèòè÷åñêèõ �óíê-

öèé èìååò áåñêîíå÷íóþ ðàçìåðíîñòü.

� Çàìåòèì, ÷òî ïî ïðåäëîæåíèþ 2 �óíêöèÿ àðãóìåíòà αλ ∈ L∞(∂D) ïîñêîëüêó

λ ∈ BV(∂D). Ïîýòîìó

g(z) =
1

2πi

∫

∂D

α(ζ)
z + ζ

z − ζ

dζ

ζ
, z ∈ D , (26)

ÿâëÿåòñÿ àíàëèòè÷åñêîé �óíêöèåé â D ñ u(z) = Re g(z) → α(ζ) ïðè z → ζ âäîëü ëþáûõ
íåêàñàòåëüíûõ ïóòåé â D äëÿ ï.â. ζ ∈ ∂D, ñì., íàïðèìåð, ñëåäñòâèå IX.1.1 â [21℄ è

òåîðåìó I.E.1 â [3℄. Îòìåòèì, ÷òî A(z) = exp{ig(z)} ÿâëÿåòñÿ àíàëèòè÷åñêîé �óíêöèåé.
Ïî òåîðåìå 5 ñóùåñòâóåò �óíêöèÿ β : ∂D → R êîíå÷íàÿ ï.â. è èçìåðèìàÿ îòíîñè-

òåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè, òàêàÿ, ÷òî v(z) = Im g(z) → β(ζ) ïðè z → ζ äëÿ ï.â.
ζ ∈ ∂D òàêæå îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè âäîëü ëþáûõ íåêàñàòåëüíûõ ïó-

òåé. Òàêèì îáðàçîì, ïî òåîðåìå 4 ñóùåñòâóåò àíàëèòè÷åñêàÿ �óíêöèÿ B : D → C, òàêàÿ,
÷òî U(z) = Re B(z) → B(ζ) : = ϕ(ζ) · exp{β(ζ)} ïðè z → ζ âäîëü ëþáûõ íåêàñàòåëüíûõ
ïóòåé äëÿ ï.â. ζ ∈ ∂D îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè. Íàêîíåö, ýëåìåíòàðíûå

âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî èñêîìàÿ �óíêöèÿ f = A ·B. Áîëåå òîãî, ïî òîé æå òåîðåìå
4 ðàçìåðíîñòü ïðîñòðàíñòâà òàêèõ �óíêöèé áåñêîíå÷íà. �

Çàìå÷àíèå 5. Êàê ýòî ñëåäóåò èç �îðìóëû (26), ïåðâàÿ àíàëèòè÷åñêàÿ �óíêöèÿ A

â ïðèâåäåííîì äîêàçàòåëüñòâå âû÷èñëÿåòñÿ â ÿâíîì âèäå. Ôóíêöèÿ β : ∂D → R â äîêà-

çàòåëüñòâå òàêæå ìîæåò áûòü ÿâíî âû÷èñëåíà ïî ñëåäóþùåé �îðìóëå, ñì., íàïðèìåð,

òåîðåìó I.E.4.1 â [3℄, äëÿ ï.â. ζ ∈ ∂D

β(ζ) : = lim
ε→+0

1

π

π∫

ε

α(ζe−it) − α(ζeit)

2 tg t
2

dt . (27)

Âòîðàÿ àíàëèòè÷åñêàÿ �óíêöèÿ B â ýòîì äîêàçàòåëüñòâå ðàâíà

∂

∂ϑ
G(z), z = reiϑ, ñ

G(z) : =
1

2πi

∫

∂D

Φ(ζ)
z + ζ

z − ζ

dζ

ζ
, z ∈ D , (28)

ãäå Φ : ∂D → R � íåïðåðûâíàÿ �óíêöèÿ, òàêàÿ, ÷òî

∂

∂ϑ
Φ(ζ) = B(ζ), ζ = eiϑ, äëÿ ï.â.

ϑ ∈ [0, 2π] îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè, ñì. íåòðèâèàëüíóþ êîíñòðóêöèþ â

äîêàçàòåëüñòâå òåîðåìû 1 .
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7. �àñïðîñòðàíåíèå ðåçóëüòàòîâ íà êâàçèäèñêè. Íàøè ðåçóëüòàòû ìîæíî ðàñ-

ïðîñòðàíèòü íà ñëó÷àé êâàçèäèñêîâ (îáëàñòåé, îãðàíè÷åííûõ êâàçèêîí�îðìíûìè êðè-

âûìè) è, â ÷àñòíîñòè, íà îáëàñòè ñ ãëàäêèìè è ëèïøèöåâûìè ãðàíèöàìè.

Èòàê, ïóñòü D � îáëàñòü â êîìïëåêñíîé ïëîñêîñòè C è ïóñòü µ : D → C � èçìåðèìàÿ

�óíêöèÿ ñ |µ(z)| < 1 ï.â. Óðàâíåíèåì Áåëüòðàìè â D ñ êîý��èöèåíòîì µ íàçûâàåòñÿ

óðàâíåíèå âèäà

fz̄ = µ(z) · fz , (29)

ãäå fz̄ = ∂̄f = (fx + ify)/2, fz = ∂f = (fx − ify)/2, z = x + iy, fx è fy � ÷àñòíûå

ïðîèçâîäíûå �óíêöèè f : D → C ïî x è y, ñîîòâåòñòâåííî. Óðàâíåíèå (29) íàçûâàåòñÿ
íåâûðîæäåííûì, åñëè ||µ||∞ < 1.

Íàïîìíèì, ÷òî ãîìåîìîð�íûå ðåøåíèÿ ñ îáîáùåííûìè ïðîèçâîäíûìè ïî Ñîáîëåâó

íåâûðîæäåííûõ óðàâíåíèé Áåëüòðàìè (29) íàçûâàþòñÿ êâàçèêîí�îðìíûìè îòîáðàæå-

íèÿìè, ñì., íàïðèìåð, [25℄ è [26℄. Êâàçèäèñêàìè èìåíóþòñÿ îáðàçû åäèíè÷íîãî êðóãà

D = {z ∈ C : |z| < 1} ïðè êâàçèêîí�îðìíûõ îòîáðàæåíèÿõ C íà ñåáÿ, à èõ ãðà-

íèöû - êâàçèîêðóæíîñòÿìè èëè êâàçèêîí�îðìíûìè êðèâûìè. Íàïîìíèì, ÷òî æîð-

äàíîâîé êðèâîé íàçûâàåòñÿ âçàèìíîîäíîçíà÷íûé íåïðåðûâíûé îáðàç îêðóæíîñòè â C.
Èçâåñòíî, ÷òî ëþáàÿ ãëàäêàÿ è ëþáàÿ ëèïøèöåâà æîðäàíîâà êðèâàÿ ÿâëÿåòñÿ ñïðÿìëÿ-

åìîé êâàçèêîí�îðìíîé êðèâîé è, â òîæå âðåìÿ, êâàçèêîí�îðìíûå êðèâûå ìîãóò áûòü

íåñïðÿìëÿåìûìè, êàê ïîêàçûâàåò èçâåñòíûé ïðèìåð òàê íàçûâàåìîé ñíåæèíêè Êîõà,

ñì., íàïðèìåð, ïóíêò II.8.10 â [26℄.

Çàìåòèì, ÷òî æîðäàíîâû êðèâûå âîîáùå ãîâîðÿ íå èìåþò êàñàòåëüíûõ. Ïîýòîìó

íàì íóæíà çàìåíà ïîíÿòèÿ íåêàñàòåëüíîãî ïðåäåëà. Â ñâÿçè ñ ýòèì, íàïîìíèì òåîðåìó

Áåéäæìèëà [27℄, ñì. òàêæå òåîðåìó III.1.8 â [11℄, ñîãëàñíî êîòîðîé äëÿ ëþáîé �óíêöèè

Ω : D → C, çà èñêëþ÷åíèåì íå áîëåå ÷åì ñ÷åòíîãî ìíîæåñòâà ζ ∈ ∂D, äëÿ ëþáîé ïàðû

äóã γ1 è γ2 â D, îêàí÷èâàþùèõñÿ â ζ ∈ ∂D,

C(Ω, γ1) ∩ C(Ω, γ2) 6= ∅ , (30)

ãäå C(Ω, γ) îáîçíà÷àåò ïðåäåëüíîå ìíîæåñòâî Ω â ζ âäîëü γ, ò.å.,

C(Ω, γ) = {w ∈ C : Ω(zn) → w, zn → ζ, zn ∈ γ} .

Íåïîñðåäñòâåííî ïî òåîðåìàì �èìàíà è Êàðàòåîäîðè, ñì., íàïðèìåð, òåîðåìû II.2.1

è II.3.2 â [21℄ è òåîðåìó II.C.1 â [3℄, ýòîò ðåçóëüòàò ìîæíî ðàñïðîñòðàíèòü íà ïðîèç-

âîëüíóþ æîðäàíîâó îáëàñòü D â C. Äëÿ �óíêöèè Ω : D → C è ζ ∈ ∂D, îáîçíà÷èì
÷åðåç P (Ω, ζ) ïåðåñå÷åíèå âñåõ ïðåäåëüíûõ ìíîæåñòâ C(Ω, γ) äëÿ äóã γ â D, îêàí÷èâà-
þùèõñÿ â ζ . Äàëåå íàçûâàåì òî÷êè ìíîæåñòâà P (Ω, ζ) ãëàâíûìè àñèìïòîòè÷åñêèìè

çíà÷åíèÿìè Ω â ζ . Îòìåòèì, ÷òî, åñëè Ω èìååò ïðåäåë õîòÿ áû âäîëü îäíîé äóãè â

D, îêàí÷èâàþùåéñÿ â òî÷êå ζ ∈ ∂D, ñî ñâîéñòâîì (30), òî ãëàâíîå àñèìïòîòè÷åñêîå

çíà÷åíèå åäèíñòâåííî.

Òåîðåìà 7. Ïóñòü D � æîðäàíîâà îáëàñòü â C, îãðàíè÷åííàÿ êâàçèêîí�îðìíîé

êðèâîé, λ : ∂D → C, |λ(ζ)| ≡ 1 � �óíêöèÿ îãðàíè÷åííîé âàðèàöèè è ϕ : ∂D → R �
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�óíêöèÿ, èçìåðèìàÿ îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè. Òîãäà ñóùåñòâóþò àíà-

ëèòè÷åñêèå �óíêöèè f : D → C, òàêèå, ÷òî â ñìûñëå åäèíñòâåííîãî ãëàâíîãî àñèìïòî-
òè÷åñêîãî çíà÷åíèÿ

lim
z→ζ

Re {λ(ζ) · f(z)} = ϕ(ζ) äëÿ ï.â. ζ ∈ ∂D (31)

îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè. Ïðîñòðàíñòâî âñåõ òàêèõ àíàëèòè÷åñêèõ �óíê-

öèé èìååò áåñêîíå÷íóþ ðàçìåðíîñòü.

Åñëè ∂D � ñïðÿìëÿåìàÿ êâàçèêîí�îðìíàÿ êðèâàÿ, òî ïðåäåë â (31) èìååò ìåñòî

ï.â. îòíîñèòåëüíî íàòóðàëüíîãî ïàðàìåòðà âäîëü ëþáûõ íåêàñàòåëüíûõ ïóòåé.

Â ÷àñòíîñòè, ïîñëåäíåå çàêëþ÷åíèå â òåîðåìå 7 èìååò ìåñòî äëÿ îáëàñòåé ñ ãëàäêèìè

è ëèïøèöåâûìè ãðàíèöàìè.

� Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî 0 ∈ D è 1 ∈ ∂D. Æîðäàíîâà

îáëàñòü D ïî òåîðåìàì �èìàíà è Êàðàòåîäîðè ìîæåò áûòü îòîáðàæåíà ñ ïîìîùüþ

êîí�îðìíîãî îòîáðàæåíèÿ h íà åäèíè÷íûé êðóã D ñ íîðìèðîâêàìè h(0) = 0 è h(1) = 1.
Ïî ïðèíöèïó îòðàæåíèÿ äëÿ êâàçèêîí�îðìíûõ îòîáðàæåíèé, ïðèâëåêàÿ êîí�îðì-

íîå îòðàæåíèå (èíâåðñèþ) îòíîñèòåëüíî åäèíè÷íîé îêðóæíîñòè â îáðàçå è êâàçèêîí-

�îðìíîå îòðàæåíèå îòíîñèòåëüíî ∂D â ïðîîáðàçå, ìû ìîæåì ïðîäîëæèòü h äî êâàçè-

êîí�îðìíîãî îòîáðàæåíèÿH : C → C ñ íîðìèðîâêàìèH(0) = 0, H(1) = 1 èH(∞) = ∞,

ñì., íàïðèìåð, I.8.4, II.8.2 è II.8.3 â [26℄. Îòìåòèì, ÷òî Λ = λ ◦H−1
ÿâëÿåòñÿ �óíêöèåé

îãðàíè÷åííîé âàðèàöèè, VΛ(∂D) = Vλ(∂D).
Ïðè îòîáðàæåíèÿõ H è H−1

ìíîæåñòâà ëîãàðè�ìè÷åñêîé �åìêîñòè íóëü íà ∂D ïå-

ðåõîäÿò â ìíîæåñòâà ëîãàðè�ìè÷åñêîé �åìêîñòè íóëü íà ∂D è íàîáîðîò, ïîñêîëüêó êâà-

çèêîí�îðìíûå îòîáðàæåíèÿ ÿâëÿþòñÿ íåïðåðûâíûìè ïî ��åëüäåðó íà ∂D è ∂D, ñîîò-
âåòñòâåííî, ñì., íàïðèìåð, òåîðåìó II.4.3 â [26℄.

Äàëåå, �óíêöèÿ Φ = ϕ ◦ H−1
ÿâëÿåòñÿ èçìåðèìîé îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé

�åìêîñòè. Äåéñòâèòåëüíî, ïðè óêàçàííûõ îòîáðàæåíèÿõ ëþáûå ìíîæåñòâà, èçìåðèìûå

îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè, ïåðåõîäÿò â ìíîæåñòâà, èçìåðèìûå îòíîñè-

òåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè, ïîñêîëüêó ëþáîå òàêîå ìíîæåñòâî ïðåäñòàâèìî â

âèäå îáúåäèíåíèÿ ñèãìà-êîìïàêòà è ìíîæåñòâà ëîãàðè�ìè÷åñêîé �åìêîñòè íóëü, à êîì-

ïàêòû ïðè íåïðåðûâíûõ îòîáðàæåíèÿõ ïåðåõîäÿò â êîìïàêòû è ÿâëÿþòñÿ èçìåðèìûìè

ìíîæåñòâàìè îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè.

Ïîýòîìó èñõîäíàÿ çàäà÷à (31) ñâîäèòñÿ ê çàäà÷å �èìàíà-�èëüáåðòà äëÿ àíàëèòè-

÷åñêèõ �óíêöèé F â åäèíè÷íîì êðóãå:

lim
z→ζ

Λ(ζ) · F (z) = Φ(ζ) , (32)

à ïî òåîðåìå 6 ñóùåñòâóåò àíàëèòè÷åñêàÿ �óíêöèÿ F : D → C, äëÿ êîòîðîé ýòî ãðà-

íè÷íîå óñëîâèå âûïîëíÿåòñÿ äëÿ ï.â. ζ ∈ ∂D îòíîñèòåëüíî ëîãàðè�ìè÷åñêîé �åìêîñòè

âäîëü ëþáûõ íåêàñàòåëüíûõ ïóòåé. Òàêèì îáðàçîì, ââèäó òåîðåìû Áåéäæìèëà, èñêî-

ìîå ðåøåíèå èñõîäíîé çàäà÷è �èìàíà-�èëüáåðòà (31) ñóùåñòâóåò è ïðåäñòàâèìî â âèäå

f = F ◦H . Áîëåå òîãî, ïî òîé æå òåîðåìå 6 ðàçìåðíîñòü ïðîñòðàíñòâà òàêèõ ðåøåíèé

áåñêîíå÷íà.
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Íàêîíåö, ïîñêîëüêó èñêàæåíèå óãëîâ ïðè êâàçèêîí�îðìíûõ îòîáðàæåíèÿõ îãðàíè-

÷åíî, ñì., íàïðèìåð, [28℄, [29℄ è [30℄, òî â ñëó÷àå ñïðÿìëÿåìîé ∂D óñëîâèå (31) ìîæíî

ïîíèìàòü âäîëü íåêàñàòåëüíûõ ïóòåé ï.â. îòíîñèòåëüíî íàòóðàëüíîãî ïàðàìåòðà. �

Îòìåòèì, ÷òî èñïîëüçîâàíèå ëîãàðè�ìè÷åñêîé �åìêîñòè ïîçâîëÿåò ïðèìåíèòü íàøè

ðåçóëüòàòû òàêæå ê çàäà÷àì Äèðèõëå è �èìàíà-�èëüáåðòà äëÿ óðàâíåíèé Áåëüòðà-

ìè, ïîñêîëüêó ëîãàðè�ìè÷åñêàÿ �åìêîñòü ÿâëÿåòñÿ èíâàðèàíòîì ïðè êâàçèêîí�îðìíûõ

îòîáðàæåíèÿõ.
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PROBLEMS OF DIRICHLET AND RIEMANN-HILBERT

FOR ANALYTIC FUNCTIONS

A.S. Ye�mushkin, V.I. Ryazanov

Institute of Applied Mathematis and Mehanis of NASU,

Roze Luxemburg St., 74, Donetsk, 83114, Ukraine, e-mail: art.89�bk.ru; vl.ryazanov1�gmail.om

Abstrat. It is proved the analog of Lusin's theorem whih set that eah funtion on a segment

being measurable with respet to logarithmi apaity oinides almost everywhere with the deri-

vative of a ontinuous funtion. On this basis, it is established the analog of Gehring's theorem on

solvability of the Dirihlet problem for harmoni funtions on the unit disk with arbitrary boundary

data whih are measurable with respet to logarithmi apaity. Furthermore, it is proved that the

spae of the found solutions has the in�nite dimension. We also derive from here the solvability

of the orresponding problems of Dirihlet and Riemann-Hilbert for analyti funtions on the unit

disk. Finally, these results are extended to quisidisks and, in partiular, to domains with smooth

and Lipshitz boundaries.

Key words: problems of Dirihlet and Riemann-Hilbert, logarithmi apaity, funtions of

bounded distortion, harmoni and analyti funtions.
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ãîãî ñêåëåòà � óðàâíåíèÿìè Ëàìå.

Êëþ÷åâûå ñëîâà: �èëüòðàöèÿ æèäêîñòåé, óðàâíåíèÿ Ëàìå è Ñòîêñà, óñðåäíåíèå ïåðèî-

äè÷åñêèõ ñòðóêòóð.

Ââåäåíèå. Â íàñòîÿùåé ðàáîòå âûâîäÿòñÿ ìàêðîñêîïè÷åñêèå ìàòåìàòè÷åñêèå ìî-

äåëè �èëüòðàöèè æèäêîñòè èç âîäîåìà â ãðóíò, ïîëó÷åííûå óñðåäíåíèåì òî÷íîé ìàòå-

ìàòè÷åñêîé ìîäåëè îïèñûâàþùåé äàííûé ïðîöåññ íà ìèêðîñêîïè÷åñêîì óðîâíå. Ýòîò

ïîäõîä áûë ðàííåå èñïîëüçîâàí Â. ßãåðîì è À. Ìèêåëè÷åì [1℄- [3℄ äëÿ ñïåöèàëüíîé ãåî-

ìåòðèè ïîðîâîãî ïðîñòðàíñòâà (íåñâÿçíûé òâåðäûé ñêåëåò) â ïðîñòðàíñòâå R2
(ïëîñêèé

ñëó÷àé).

Çàäà÷à ðåøàåòñÿ â ïðîñòðàíñòâå R3
äëÿ ïðîèçâîëüíîé ãåîìåòðèè ïîðîâîãî ïðîñòðàí-

ñòâà èñïîëüçóÿ ìåòîäû, ïðåäëîæåííûå â ðàáîòàõ À.Ì. Ìåéðìàíîâà [4℄- [7℄.

Â ýòèõ ðàáîòàõ áûëè ââåäåíû áåçðàçìåðíûå êðèòåðèè �èçè÷åñêèõ ïðîöåññîâ τ0, µ0,

µ1 è λ0, õàðàêòåðèçóþùèå êîíêðåòíûé �èçè÷åñêèé ïðîöåññ. Òàê, íàïðèìåð, ìåäëåííîé
�èëüòðàöèè æèäêîñòè â ïîðèñòîì óïðóãîì ãðóíòå ñîîòâåòñòâóþò ïàðàìåòðû τ0 = 0,
µ0 = 0 è λ0 > 0, à �èëüòðàöèè æèäêîñòè â àáñîëþòíî òâåðäîì ïîðèñòîì ãðóíòå ñîîò-

âåòñòâóþò ïàðàìåòðû τ0 = 0, µ0 = 0 è λ0 = 0.

Â íàñòîÿùåé ñòàòüå âûâîäÿòñÿ óñðåäíåííûå óðàâíåíèÿ äëÿ ñëó÷àÿ µ0 = 0, τ0 > 0 è

λ0 > 0, ïîñëå ÷åãî îñóùåñòâëÿåòñÿ ïðåäåëüíûé ïåðåõîä ïðè τ0 → 0.

1. Ïîñòàíîâêà çàäà÷è. Èññëåäóåìàÿ îáëàñòü Q âêëþ÷àåò â ñåáÿ îáëàñòü Ω0
� âî-

äîåì, îáëàñòü Ω � ïîðèñòûé ãðóíò è èõ îáùóþ ãðàíèöó S0
: Q = Ω0 ∪Ω∪ S0

. Îáëàñòü Q
ëåæèò â ïîëóïðîñòðàíñòâå {x3 < 0}. Ïðåäïîëàãàåòñÿ, ÷òî îáëàñòü Ω åñòü ïåðèîäè÷åñêîå

ïîâòîðåíèå ýëåìåíòàðíîé ÿ÷åéêè Y ε = εY , ãäå Y = (0, 1)3, ïîäîáëàñòü Ys ⊂ Y ìîäå-

ëèðóåò òâåðäûé ñêåëåò â Y, ïîäîáëàñòü Yf ⊂ Y ïîðîâîå ïðîñòðàíñòâî, à ïîâåðõíîñòü

γ = ∂Yf
⋂
∂Ys ãðàíèöó ¾òâåðäûé ñêåëåò � ïîðîâîå ïðîñòðàíñòâî¿. Òâåðäûé ñêåëåò Ωε

s

åñòü ïåðèîäè÷åñêîå ïîâòîðåíèå ýëåìåíòàðíîé ÿ÷åéêè εYs, ïîðîâîå ïðîñòðàíñòâî Ωε
f �

ýëåìåíòàðíîé ÿ÷åéêè εYf , à ãðàíèöà Γε
� ïåðèîäè÷åñêîå ïîâòîðåíèå â Ω ãðàíèöû εγ.
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�èñ. 1. Ôèëüòðàöèÿ èç âîäîåìà â ãðóíò.

Ïðåäïîëàãàåòñÿ òàêæå, ÷òî ÷àñòü S1
âíåøíåé ãðàíèöû S îáëàñòè Q ïðèíàäëåæèò

ïëîñêîñòè {x3 = 0}, e = −e3,S
2 = S\S1

ÿâëÿåòñÿ ïîâåðõíîñòüþ êëàññà C2
.

Äâèæåíèå æèäêîñòè â îáëàñòè Ω0
ïðè t > 0 îïèñûâàåòñÿ íåñòàöèîíàðíîé ñèñòåìîé

óðàâíåíèé Ñòîêñà

∇ ·wε = 0, (1)

τ0̺f
∂2wε

∂t2
= ∇ · Pf + ̺fe , (2)

ãäå

Pf = αµD
(
x,
∂wε

∂t

)
− p I ,

à ñîâìåñòíîå äâèæåíèå óïðóãîãî ñêåëåòà è æèäêîñòè â Ω ïðè t > 0 îïèñûâàåòñÿ óðàâ-

íåíèåì íåðàçðûâíîñòè (1) è óðàâíåíèåì ñîõðàíåíèÿ ìîìåíòîâ

τ0̺
ε∂

2w

∂t2
= ∇ · P + ̺εe , (3)

ãäå

P = χεαµD
(
x,
∂wε

∂t

)
+ (1 − χε)λ0D(x,wε) − p I ,

è

̺ε = ̺fχ
ε + ̺s(1 − χε) . (4)

Íà îáùåé ãðàíèöå S0 = ∂Ω ∩ ∂Ω0
ïðè t > 0 âûïîëíÿþòñÿ óñëîâèÿ íåïðåðûâíîñòè

lim
x → x

0

x ∈ Ω0

wε(x, t) = lim
x → x

0

x ∈ Ω

wε(x, t) , (5)

lim
x → x

0

x ∈ Ω0

Pf(x, t) · n(x0) = lim
x → x

0

x ∈ Ω

P(x, t) · n(x0) , (6)
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äëÿ ïåðåìåùåíèé è íîðìàëüíûõ íàïðÿæåíèé. Çäåñü D(x,w) � ñèììåòðè÷åñêàÿ ÷àñòü

ãðàäèåíòà ∇w, I � åäèíè÷íûé òåíçîð, n(x0) � âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå S0

â òî÷êå x0 ∈ S0
, e = −e3.

Íà ãðàíèöå S1
ïðè t > 0 çàäàåòñÿ óñëîâèå Íåéìàíà

Pf (x, t) · n = −p 0(x, t)n , (7)

à íà ãðàíèöå S2
ïðè t > 0 � óñëîâèå Äèðèõëå

wε(x, t) = 0 . (8)

Çàäà÷à çàìûêàåòñÿ íà÷àëüíûìè óñëîâèÿìè

wε(x, 0) =
∂wε

∂t
(x, 0) = 0 , x ∈ Q . (9)

Õàðàêòåðèñòè÷åñêàÿ �óíêöèÿ χε(x) îáëàñòè Ωε
f îïðåäåëÿåòñÿ âûðàæåíèåì

χε(x) = (1 − ζ)χ
(x
ε

)
,

ãäå ζ = ζ(x) � õàðàêòåðèñòè÷åñêàÿ �óíêöèÿ îáëàñòè Ω0
â Q, χ(y) � õàðàêòåðèñòè÷å-

ñêàÿ �óíêöèÿ Yf (æèäêîé ÷àñòè ýëåìåíòàðíîé ÿ÷åéêè) [8℄.

Ïðåäïîëàãàåòñÿ, ÷òî ñóùåñòâóþò ïðåäåëüíûå çíà÷åíèÿ

lim
ε→0

αµ(ε) = µ0 , lim
ε→0

αµ(ε)

ε2
= µ1 .

2. Îñíîâíûå ðåçóëüòàòû.

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî �óíêöèè {wε, p ε} òàêèå, ÷òî

p ε ∈ L2(QT ) , wε , D(x,wε) ,
(
ζ + (1 − ζ)χε

)
D
(
x,
∂wε

∂t

)
∈ L2(QT ) ,

ÿâëÿþòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (1)-(9), åñëè îíè óäîâëåòâîðÿþò óðàâíåíèþ

íåðàçðûâíîñòè (1) ïî÷òè âñþäó â îáëàñòè Q× (0, T ), ãðàíè÷íîìó óñëîâèþ (8), íà÷àëü-

íîìó óñëîâèþ (9) äëÿ �óíêöèè wε
è èíòåãðàëüíîìó òîæäåñòâó

∫ T

0

∫

Q

(
− τ0 ˜̺ε∂w

ε

∂t
· ∂ϕ
∂t

+
(
ζPf + (1 − ζ)P

)
: D(x,ϕ)

)
dxdt+

∫ T

0

∫

Q

(
˜̺εe · ϕ−∇ · (ϕ p0)

)
dxdt = 0 . (10)

äëÿ ëþáûõ ãëàäêèõ �óíêöèé ϕ òàêèõ, ÷òî ϕ(x, t) = 0 íà ãðàíèöå S2
T è ϕ(x, T ) = 0,

x ∈ Q.

Çäåñü ˜̺ε =
(
ζ + (1 − ζ)χε

)
̺f + (1 − ζ)(1 − χε)̺s.
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Òåîðåìà 1. Ïóñòü

p0 = p0(t) .

Òîãäà äëÿ ëþáîãî ε > 0 è ïðîèçâîëüíîãî ïðîìåæóòêà âðåìåíè [0;T ] ñóùåñòâóåò åäèí-

ñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è (1)-(9) è ñïðàâåäëèâà îöåíêà

max
0≤t≤T

∫

Q

(
τ 20

∣∣∣
∂2wε

∂t2

∣∣∣
2

+ τ0

∣∣∣
∂wε

∂t

∣∣∣
2

+ λ0(1 − ζ)(1 − χε)|D(x ,wε)|2
)
dx+

∫ T

0

∫

Q

(
|pε|2 + αµ

(
ζ + (1 − ζ)χε

)∣∣∣D
(
x,
∂wε

∂t

)∣∣∣
2)
dx dt 6 C0 , (11)

ãäå C0 � ïðîèçâîëüíàÿ êîíñòàíòà, íå çàâèñÿùàÿ îò τ0 è ε.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1,

µ0 = 0, 0 < λ0, τ0 <∞ , µ1 = ∞ ,

�óíêöèè {wε, pε} ÿâëÿþòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (1)-(9) è wε
s = EΩε

s
(wε) ÿâ-

ëÿåòñÿ ïðîäîëæåíèåì èç îáëàñòè Ωε
s â îáëàñòü Ω .

Òîãäà ïîñëåäîâàòåëüíîñòè {wε},
{∂wε

∂t

}
,

{
(1 − ζ)

∂2wε
s

∂t2

}
è {pε} ñõîäÿòñÿ ñëàáî â

L2(QT ) è L2(QT ) ê �óíêöèÿì v, w,

∂2ws

∂t2
è p ñîîòâåòñòâåííî ïðè ε→ 0. Ïîñëåäîâàòåëü-

íîñòü {wε
s} ñõîäèòñÿ ñëàáî â W

1,0
2 (ΩT ) ê �óíêöèè ws ïðè ε → 0. Ïðåäåëüíîå äàâëåíèå

p è ïðåäåëüíàÿ ñêîðîñòü æèäêîñòè v óäîâëåòâîðÿåò ñèñòåìå

τ0̺f
∂v

∂t
+ ∇p = ̺fe , ∇ · v = 0 , (12)

â îáëàñòè Ω0 ïðè t > 0. Â îáëàñòè Ω ïðè t > 0 ïðåäåëüíûå �óíêöèè ws è p ÿâëÿþòñÿ
ðåøåíèåì óñðåäíåííîé ñèñòåìû, ñîñòîÿùåé èç óñðåäíåííîãî óðàâíåíèÿ áàëàíñà

τ0 ˆ̺
∂2w

∂t2
= ∇ · P(s)

0 + ˆ̺ , e , (13)

P
(s)
0 = λ0N

s
0 : D(x,w) − p I (14)

è óðàâíåíèÿ íåðàçðûâíîñòè

∇ ·ws = 0 . (15)

Ýòî ðåøåíèå óäîâëåòâîðÿåò óñëîâèþ íåïðåðûâíîñòè

lim
x → x

0 ∈ S0

x ∈ Ω

ws(x, t) · n(x0) = lim
x → x

0 ∈ S0

x ∈ Ω0

w(x, t) · n(x0), (16)

lim
x → x

0 ∈ S0

x ∈ Ω

P
(s)
0 (x, t) · n(x0) = − lim

x → x
0 ∈ S0

x ∈ Ω0

p(x, t) · n(x0) (17)
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íà îáùåé ãðàíèöå S0
, ãðàíè÷íîìó óñëîâèþ

ws = 0 , (18)

íà ãðàíèöå S2
, ãðàíè÷íîìó óñëîâèþ

p(x, t) = p0(t) , (19)

íà ãðàíèöå S1
0 = S1 ∩ Ω0 è ãðàíè÷íîìó óñëîâèþ

P
(s)
0 (x, t) · n(x0) = −p0(t) · n(x0) , (20)

íà ãðàíèöå S1
1 = S1 ∩ Ω.

Â (13)-(20) n(x0) � åäèíè÷íûé âåêòîð íîìàëè ê S0 ( èëè S1
1) â òî÷êå x0 ∈ S0

( èëè S1
1),

ˆ̺ = m̺f + (1 −m)̺s , m =

∫

Y

χ(y)dy ,

N
s
0 � ñèììåòðè÷íûé ïîëîæèòåëüíî îïðåäåëåííûé òåíçîð ÷åòâåðòîãî ïîðÿäêà, êîòîðûé

îïðåäåëÿåòñÿ èç ðåøåíèÿ âñïîìîãàòåëüíîé çàäà÷è íà ýëåìåíòàðíîé ÿ÷åéêå.

Òåîðåìà 3. Ïóñòü â óñëîâèÿõ òåîðåìû 2 τ0 = 1/n è p(n), w(n)
è wn

s � îáîáùåííîå

ðåøåíèå çàäà÷è (12)-(20). Òîãäà ïîñëåäîâàòåëüíîñòü {pn} ñõîäèòñÿ ñëàáî â L2(QT ) ê

�óíêöèè p è ïîñëåäîâàòåëüíîñòü {wn
s} ñõîäèòñÿ ñëàáî â W

1,0
2 (ΩT ) ê �óíêöèè ws ïðè

n → ∞. Ïðåäåëüíîå äàâëåíèå æèäêîñòè p â îáëàñòè Ω0 ïðè t > 0 ðàâíî ãèäðîñòàòè÷å-

ñêîìó äàâëåíèþ

p(x, t) = p0(t) − ̺fx3 ≡ p0(x, t) , (21)

Ïðåäåëüíûå �óíêöèè ÿâëÿþòñÿ ðåøåíèåì óñðåäíåííîé ñèñòåìû â îáëàñòè Ω ïðè t > 0,
ñîñòîÿùåé èç óñðåäíåííîãî óðàâíåíèÿ áàëàíñà

∇ · P(s)
0 + ˆ̺ e = 0 , (22)

è óðàâíåíèÿ íåðàçðûâíîñòè (15). Ýòî ðåøåíèå óäîâëåòâîðÿåò ãðàíè÷íîìó óñëîâèþ (18)
íà ãðàíèöå S2

, ãðàíè÷íîìó óñëîâèþ (20) íà ãðàíèöå S1
1 è ãðàíè÷íîìó óñëîâèþ

lim
x → x

0

x ∈ Ω

P
(s)
0 (x, t) · n(x0) = −p0(x0, t) · n(x0) , (23)

íà îáùåé ãðàíèöå S0
. Ïðè ýòîì òåíçîð P

(s)
0 (x, t) îïðåäåëÿåòñÿ êàê è â �îðìóëèðîâêå

ïðåäûäóùåé òåîðåìû.

3. Äîêàçàòåëüñòâî òåîðåìû 1. Äîêàçàòåëüñòâî òåîðåìû îñíîâûâàåòñÿ íà ýíåðãå-

òè÷åñêèõ òîæäåñòâàõ

1

2

∫

Q

(
τ0 ˜̺ε

∣∣∣
∂wε

∂t
(x, t)

∣∣∣
2

+ λ0(1 − ζ)(1 − χε)|D
(
x,wε(x, t)

)
|2
)
dx+

+ αµ

∫ t

0

∫

Q

(
ζ + (1 − ζ)χε

)∣∣∣D
(
x,
∂wε

∂τ
(x, τ)

)∣∣∣
2

dxdτ =

=

∫ t

0

∫

Q

˜̺εe · ∂w
ε

∂t
(x, τ)dxdτ , (24)
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1

2

∫

Q

(
τ0 ˜̺ε

∣∣∣
∂2wε

∂t2
(x, t)

∣∣∣
2

+ λ0(1 − ζ)(1 − χε)
∣∣∣D
(
x,
∂wε

∂t
(x, t)

)∣∣∣
2)
dx+

αµ

∫ t

0

∫

Q

(
ζ + (1 − ζ)χε

)∣∣∣D
(
x,
∂2wε

∂τ 2
(x, τ

)∣∣∣
2

dxdτ =

1

2

∫

Q

τ0 ˜̺ε
∣∣∣
∂2wε

∂t2

∣∣∣
2

(x, 0)dx = I0 . (25)

Äëÿ íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (1)-(9) èñïîëüçóåì ìåòîä �àëåðêèíà. Ýòîò ìåòîä

ïîêàçûâàåò, ÷òî ïðè ëþáîì t > 0 è ïðîèçâîëüíîé ñîëåíîèäàëüíîé �óíêöèè ϕ ∈ W 1
2 (Q),

ðàâíîé íóëþ ïðè x ∈ S2
, âûïîëíÿåòñÿ ðàâåíñòâî

∫

Q

τ0 ˜̺ε∂
2wε

∂t2
(x, t) ·ϕ(x)dx +

∫

Q

(
ζPf + (1 − ζ)P

)
(x, t) : D

(
x,ϕ(x)

)
dx =

∫

Q

˜̺εe ·ϕ(x)dx .

Ïðè t = 0 ζPf + (1 − ζ)P = 0 â ñèëó íà÷àëüíîãî óñëîâèÿ. Â èòîãå ïîëó÷èì

∫

Q

τ0 ˜̺ε∂
2wε

∂t2
(x, 0) ·ϕ(x)dx =

∫

Q

˜̺εe · ϕ(x)dx .

Ñîãëàñíî (1),

∂2wε

∂t2
(x, 0) ÿâëÿåòñÿ ñîëåíîèäàëüíîé �óíêöèåé â Q. Âîçüìåì â êà÷åñòâå

ïðîáíîé �óíêöèè �óíêöèþ

ϕ(x) =
∂2wε

∂t2
(x, 0) ,

∫

Q

τ0 ˜̺ε
∣∣∣
∂2wε

∂t2
(x, 0)

∣∣∣
2

dx =

∫

Q

˜̺εe · ∂
2wε

∂t2
(x, 0)dx .

Òîãäà ∫

Q

τ0 ˜̺ε|∂
2wε

∂t2
(x, 0)|2dx 6

C0

τ0
.

Ïîñëåäíåå îòíîøåíèå è (25) äîêàçûâàåò îöåíêó äëÿ ïðîèçâîäíîé

∂2wε

∂t2
â (11).

Äëÿ îöåíêè ïðàâîé ÷àñòè (24) èñïîëüçóåòñÿ ïðåäñòàâëåíèå

˜̺ε = ̺f + (1 − ζ)(1 − χε)(̺s − ̺f), e = −∇ x3 ,

�îðìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì è óðàâíåíèå íåðàçðûâíîñòè (1)

̺f

∫

Q

e · ∂w
ε

∂t
dx = −̺f

∫

Q

(∇ x3) ·
∂wε

∂t
dx = 0 .



ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2014. �12(183). Âûï. 35 43

Òîãäà

I =

∫

Q

˜̺εe · ∂w
ε

∂t
dxdτ = −̺f

∫

Q

(∇ x3) ·
∂wε

∂t
dx + (̺s − ̺f )

∫

Ω

(1 − χε)e · ∂w
ε

∂t
dx =

= (̺s − ̺f )

∫

Ω

(1 − χε)e · ∂w
ε

∂t
dx .

Èñïîëüçóÿ íåðàâåíñòâà �åëüäåðà è Êîøè

I 6
( ∫

Ω

(̺s − ̺f )2dx
) 1

2
( ∫

Ω

(1 − χε)
∣∣∣
∂wε

∂t

∣∣∣
2

dx
) 1

2 6

6
(̺s − ̺f)2

2δ
|Ω| +

δ

2

∫

Ω

(1 − χε)
∣∣∣
∂wε

∂t

∣∣∣
2

dx .

Ïóñòü wε
s = EΩε

s

(
wε
)
� ïðîäîëæåíèå �óíêöèè wε

èç îáëàñòè Ωε
s â îáëàñòü Ω (Çäåñü

èñïîëüçóþòñÿ ðåçóëüòàòû î ïðîäîëæåíèè ïîëó÷åííûå C. Cona [9℄). Òîãäà èç íåðàâåí-

ñòâà Ïóàíêàðå-Ôðèäðèõñà

∫

Ω

(1 − χε)
∣∣∣
∂wε

∂t

∣∣∣
2

dx =

∫

Ω

(1 − χε)
∣∣∣
∂wε

s

∂t

∣∣∣
2

dx 6 C

∫

Ω

(1 − χε)
∣∣∣∇ ∂wε

s

∂t

∣∣∣
2

dx

è íåðàâåíñòâà Êîðíà

∫

Ω

(1−χε)
∣∣∣∇ ∂wε

s

∂t

∣∣∣
2

dx 6 C

∫

Ω

(1−χε)
∣∣∣D
(
x,
∂wε

s

∂t

)∣∣∣
2

dx = C

∫

Q

(1−χε)(1−ζ)
∣∣∣D
(
x,
∂wε

∂t

)∣∣∣
2

dx

ïîëó÷àåì ñîîòíîøåíèå

I 6
(̺s − ̺f)2

2δ
|Ω| + C

δ

2

∫

Q

(1 − χε)(1 − ζ)
∣∣∣D
(
x,
∂wε

∂t

)∣∣∣
2

dx ,

êîòîðîå âìåñòå ñ (25) äîêàçûâàåò (11).

Äëÿ ïîëó÷åíèÿ îöåíêè íà äàâëåíèå pε èíòåãðàëüíîå òîæäåñòâî (10) çàïèñûâàåòñÿ â

âèäå:

∫

QT

pε∇ · ϕdx dt =

∫

QT

((
ζ + (1 − ζ)χε

)
αµD

(
x,
∂wε

∂t

)
+

+ (1 − ζ)(1 − χε)λ0D(x,wε)

)
: D(x, ϕ)dx dt−

∫

QT

ρ̃εe · ϕdx dt−
∫

QT

p0∇ϕdx dt .

Òàêîå ïðåäñòàâëåíèå è îöåíêà (11) ïîçâîëÿþò çàïèñàòü íåðàâåíñòâî

∣∣∣∣
∫

QT

pε∇ · ϕdx dt
∣∣∣∣ 6 C

(∫

QT

|∇ϕ|2 dx dt
) 1

2

. (26)
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Äàëåå â êà÷åñòâå ïðîáíîé �óíêöèè âûáèðàåòñÿ �óíêöèÿ ϕ(x, t), óäîâëåòâîðÿþùàÿ óñëî-
âèÿì:

∇ · ϕ = pε è

∫

QT

|∇ϕ|2dx dt 6
∫

QT

|pε|2dx dt .

Äëÿ ýòîãî ïðåäñòàâèì åå â âèäå ñóììû ϕ = ϕ0 + ∇ψ, ãäå

∆ψ = pε, x ∈ Q; ψ|S2 = 0 ,
∂ψ

∂x3

∣∣∣∣
S1

= 0; (27)

∇ · ϕ0 = 0 , x ∈ Q ; ϕ0 + ∇ψ = 0 , x ∈ S2 . (28)

Ñîãëàñíî ðåçóëüòàòàì, èçëîæåííûì â ìîíîãðà�èÿõ Î.À. Ëàäûæåíñêîé [10℄ è [11℄,

êàæäàÿ èç çàäà÷ (27), (28) èìååò åäèíñòâåííîå ðåøåíèå, ïðè÷åì ñïðàâåäëèâû îöåíêè

ψ ∈ L2

(
(0, T );W 2

2 (Q)
)
,

∫ T

0

(
‖ψ‖(2)2

)2
dt 6 C

∫

QT

(pε)2dx dt ,

ϕ0 ∈ L2

(
(0, T );W 1

2 (Q)
)
,

∫ T

0

(
‖ϕ0‖(1)2

)2
dt 6 C

∫

QT

(
‖ψ‖(2)2

)2
dt .

Òîãäà íåðàâåíñòâî (26) ïðèìåò âèä

∣∣∣∣
∫

QT

(pε)2 dx dt

∣∣∣∣ 6 C

(∫

QT

(pε)2 dx dt

) 1
2

,

è, îêîí÷àòåëüíî, ïîëó÷èì (∫

QT

(pε)2 dx dt

) 1
2

6 C .

Äîêàçàòåëüñòâî òåîðåìû 2. Îñíîâûâàÿñü íà îöåíêàõ (11) çàêëþ÷àåì, ÷òî ïðè

ε→ 0 èìååò ìåñòî:

pε → p ñëàáî â L2(QT ) ,

wε → w(x, t) ñëàáî è äâóõìàñøòàáíî â L2(QT ) ,

wε
s → ws(x, t) ñëàáî è äâóõìàñøòàáíî â L2(QT ) ,

∂wε

∂t
→ ∂w

∂t
(x, t) ñëàáî è äâóõìàñøòàáíî â L2(QT ) ,

∂wε
s

∂t
→ ∂ws

∂t
(x, t) ñëàáî è äâóõìàñøòàáíî â L2(QT ) ,

∂2wε

∂t2
→ ∂w2

∂t2
(x, t) ñëàáî è äâóõìàñøòàáíî â L2(QT ) ,

∂2wε
s

∂t2
→ ∂w2

s

∂t2
(x, t) ñëàáî è äâóõìàñøòàáíî â L2(QT ) ,

w(x, t) = ws(x, t), x ∈ Ω, t > 0 ,

D
(
x,wε

s

)
→ D(x,ws) + D

(
y,U(x,y, t)

)
äâóõìàñøòàáíî â L2(QT ) .
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Ïåðåõîäÿ ê ïðåäåëó ïðè ε → 0 â èíòåãðàëüíîì òîæäåñòâå (10) ñ ïðîáíîé �óíêöèåé

ϕ = ϕ(x, t), ðàâíîé íóëþ ïðè t = T è íà S2
, ìû ïîëó÷àåì ìàêðîñêîïè÷åñêîå óðàâíåíèå

áàëàíñà ìîìåíòîâ â �îðìå èíòåãðàëüíîãî òîæäåñòâà

∫ T

0

∫

Q

∇ · (ϕ p0)dxdt−
∫ T

0

∫

Ω

(
τ0 ˆ̺

∂ws

∂t
· ∂ϕ
∂t

+ ˆ̺e · ϕ
)
dxdt+

∫ T

0

∫

Ω

(
λ0
(
(1 −m)D(x,ws) + 〈D(x,U)〉Ys

)
− p I

)
: D(x,ϕ)dxdt =

∫ T

0

∫

Ω0

(
τ0̺f

∂w

∂t
· ∂ϕ
∂t

+ ̺f e · ϕ + p (∇ · ϕ)
)
dxdt .

Ìîæíî ïîêàçàòü, ÷òî

(1 −m)D(x,ws) + 〈D(x,U)〉Ys = N
s
0 : D(x,ws) .

Òàêèì îáðàçîì, ïîñëåäíåå òîæäåñòâî ïðèìåò âèä

∫ T

0

∫

Q

∇ · (ϕ p0)dxdt−
∫ T

0

∫

Ω

(
τ0 ˆ̺

∂ws

∂t
· ∂ϕ
∂t

+ ˆ̺e · ϕ
)
dxdt+

∫ T

0

∫

Ω

(
λ0N

s
0 : D(x,ws) − p I

)
: D(x,ϕ)dxdt =

∫ T

0

∫

Ω0

(
τ0̺f

∂w

∂t
· ∂ϕ
∂t

+ ̺f e · ϕ + p (∇ · ϕ)
)
dxdt . (29)

Óðàâíåíèå íåðàçðûâíîñòè (1) äëÿ wε
ïðåîáðàçóåòñÿ â óðàâíåíèå íåðàçðûâíîñòè â

�îðìå èíòåãðàëüíîãî òîæäåñòâà

∫ T

0

∫

Q

∇ ξ ·wdxdt = 0 (30)

äëÿ ëþáîé ãëàäêîé �óíêöèè ξ ðàâíîé íóëþ íà S1× (0, T ). Ýòî òîæäåñòâî ïðåäïîëàãàåò
óðàâíåíèå íåðàçðûâíîñòè â (12), óðàâíåíèå íåðàçðûâíîñòè (15), è óñëîâèå íåïðåðûâíî-

ñòè (16) íà îáùåé ãðàíèöå S0
.

Èíòåãðàëüíîå òîæäåñòâî (29) âêëþ÷àåò äèíàìè÷åñêîå óðàâíåíèå (12), äèíàìè÷åñêîå

óðàâíåíèå (13), óñëîâèå íåïðåðûâíîñòè (17) íà îáùåé ãðàíèöå S0
, ãðàíè÷íîå óñëîâèå

(20) íà ãðàíèöå S1
1 è ãðàíè÷íîå óñëîâèå (19) íà ãðàíèöå S

1
0 .

Ïîëó÷èì �îðìóëó äëÿ íàõîæäåíèÿ òåíçîðà N
s
0. Ïóñòü U

ij
0 ∈ W1

2(Ys) ðåøåíèå çàäà÷è

∇y · ((1 − χ)(D(y,U
(i,j)
0 ) + Ji,j −P

(i,j)
0 I)) = 0 , (1 − χ)∇y ·U(i,j)

0 = 0 , y ∈ Y

òàêîå, ÷òî 〈U(i,j)
0 〉Ys = 0 è ïóñòü

U =

3∑

i,j=1

U
(ij)
0 (y)Dij(x, t),
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ãäå

Dij(x, t) =
1

2

(∂ui
∂xj

+
∂uj
∂xi

)
(x, t) , ws = (u1, u2, u3),

D(x,ws) =
3∑

ij=1

DijJ
ij .

Òàêèì îáðàçîì,

D(y,U) =
3∑

ij=1

D(y,Uij
0 )Dij =

3∑

ij=1

D(y,Uij
0 )(J : D(x,ws)) =

= (

3∑

ij=1

D(y,Uij
0 ) ⊗ Jij) : D(x,ws) = Bs

0(y) : D(x,ws)

è

N
s
0 = (1 −m)

3∑

i,j=1

Jij ⊗ Jij +
3∑

i,j=1

〈D(y,U
(i,j)
0 )〉Ys ⊗ Jij.

Ñâîéñòâà òåíçîðà N
s
0 ñëåäóþò èç èíòåãðàëüíîãî òîæäåñòâà

∫

Ys

(
D(y,Uij

0 ) : D(y,Ukl
0 ) + Jij : D(y,Ukl

0 )
)
dy = 0 .

Äîêàçàòåëüñòâî òåîðåìû 3. Çàìåòèì, ÷òî îöåíêè (11) ñïðàâåäëèâû äëÿ �óíêöèé

p(n) è w
(n)
s . Òîãäà èç (11) è (12) ñëåäóåò, ÷òî ∇ p(n) ∈ L2

(
(0, T );L2(Ω

0)
)
è ñïðàâåäëèâû

ñëåäóþùèå îöåíêè

max
0≤t≤T

∫

Q

( 1

n2
ζ
∣∣∣
∂2w(n)

∂t2

∣∣∣
2

+
1

n2
(1 − ζ)

∣∣∣
∂2w

(n)
s

∂t2

∣∣∣
2)
dx+

max
0≤t≤T

∫

Q

(1

n
ζ
∣∣∣
∂w(n)

∂t

∣∣∣
2

+
1

n
(1 − ζ)

∣∣∣
∂w

(n)
s

∂t

∣∣∣
2

+ λ0(1 − ζ)|D(x,w(n)
s )|2

)
dx+

∫ T

0

∫

Q

(
|p(n)|2 + ζ |∇ p(n)|2

)
dxdt 6 C0 . (31)

Ïåðåïèñûâàÿ (29) â âèäå

∫ T

0

∫

Q

∇ · (ϕ p0)dxdt−
∫ T

0

∫

Ω

( 1

n
ˆ̺
∂w

(n)
s

∂t
· ∂ϕ
∂t

+ ˆ̺e · ϕ
)
dxdt+

∫ T

0

∫

Ω

(
λ0N

s
0 : D(x,w(n)

s ) − p(n) I
)

: D(x,ϕ)dxdt =

∫ T

0

∫

Ω0

(1

n
̺f
∂w(n)

∂t
· ∂ϕ
∂t

+ ̺f e · ϕ + p(n) (∇ · ϕ)
)
dxdt , (32)
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çàêëþ÷àåì, ÷òî

p(n)(x, t) = p0(t) , x ∈ S1
0 , t > 0 , (33)

êàê ñëåä �óíêöèè èç L2

(
(0, T );W 1

2 (Ω 0)
)
.

Èç îöåíîê (31) ñëåäóåò, ÷òî èç ïîñëåäîâàòåëüíîñòè {n} ìîæíî âûäåëèòü òàêèå íî-

ìåðà, ÷òî ïîäïîñëåäîâàòåëüíîñòè (äëÿ ïðîñòîòû îñòàâèì ñòàðîå îáîçíà÷åíèå) ñõîäÿòñÿ

1

n
ˆ̺
∂w

(n)
s

∂t
→ 0 ñèëüíî L2

(
(0, T );L2(Ω)

)
,

1

n
̺f
∂w(n)

∂t
→ 0 ñèëüíî L2

(
(0, T );L2(Ω

0)
)
,

∇ p(n) ⇀ ∇ p 0 , p(n) ⇀ p 0 ñëàáî L2

(
(0, T );L2(Ω

0)
)
,

è

p(n) ⇀ p , w(n)
s ⇀ ws , ∇w(n)

s → ∇ws ñëàáî L2

(
(0, T );L2(Ω)

)

ïðè n→ ∞.

Ïåðåõîäÿ ê ïðåäåëó â (32) è â (30) ïðè n→ ∞, ïîëó÷èì èíòåãðàëüíîå òîæäåñòâî

∫ T

0

∫

Q

∇ · (ϕ p0)dxdt −
∫ T

0

∫

Ω0

(
̺f e · ϕ + p0 (∇ · ϕ)

)
dxdt+

∫ T

0

∫

Ω

((
λ0N

s
0 : D(x,ws) − p I

)
: D(x,ϕ) − ˆ̺e ·ϕ

)
dxdt = 0 , (34)

è óðàâíåíèå íåðàçðûâíîñòè (15).

Èíòåãðàëüíîå òîæäåñòâî (34) î÷åâèäíî, ñîäåðæèò (20)-(23).
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1. Jäger W., Mikeli� A. On the �ow onditions at the boundary between a porous medium and

an impervious solid // in "Progress in PDE: the Metz surveys 3", eds. M. Chipot, J. Saint

Jean Paulin et I. Shafrir, Pitman reseah Notes in Mathematis / London: Longman Sinti�

and Tehnial, 1994. � �314. � P.145-161.
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MACROSCOPIC MODELS OF LIQUID FILTRATION

FROM RESERVOIR INTO POROUS MEDIUM

N.S. Erygina

Belgorod State University,

Pobedy St., 85, Belgorod, 308015, Russia, e-mail: eryginan�bsu.edu.ru

Abstrat. Filtration from reservoir into porous medium under gravity is investigated. The

motion of the liquid is governed by the non-stationary Stokes' system and the joint motion of

the poroelasti medium is governed by the Lame system.

Key words: �ltration of liquids, homogenization, Lame's and Stokes' equations.
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Àííîòàöèÿ. Â ðàáîòå äîêàçûâàåòñÿ àñèìïòîòè÷åñêàÿ �îðìóëà äëÿ ÷èñëà ðåøåíèé äèî-

�àíòîâà óðàâíåíèÿ xy + p1p2 = n, ãäå p1 è p2 � ïðîñòûå, à x è y � íàòóðàëüíûå ÷èñëà, ïðè

óñëîâèè, ÷òî ÷èñëà p1p2 ëåæàò â ïðîìåæóòêàõ [(2m)c, (2m+1)c), ãäå m ∈ N, c ∈ (1, 2], à ïðîñòûå
÷èñëà p1 è p2 óäîâëåòâîðÿþò äîïîëíèòåëüíûì óñëîâèÿì: pi > exp(

√
lnn ), i = 1, 2.

Êëþ÷åâûå ñëîâà: áèíàðíàÿ àääèòèâíàÿ çàäà÷à, ïîëóïðîñòûå ÷èñëà, ìåòîä òðèãîíîìåò-

ðè÷åñêèõ ñóìì, êîðîòêèå (âèíîãðàäîâñêèå) ïðîìåæóòêè.

1. Ââåäåíèå. Â 1940 ãîäó È.Ì. Âèíîãðàäîâ â [1℄ ìåòîäîì òðèãîíîìåòðè÷åñêèõ ñóìì

ïîëó÷èë àñèìïòîòè÷åñêóþ �îðìóëó äëÿ ÷èñëà ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ x è

ëåæàùèõ â ïðîìåæóòêàõ âèäà [(2m)2, (2m + 1)2), m ∈ N . Â 1986 ãîäó Ñ.À. �ðèöåíêî

â [2℄ âûâåë àñèìïòîòè÷åñêóþ �îðìóëó äëÿ ÷èñëà ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ x è
ëåæàùèõ â ïðîìåæóòêàõ âèäà

[(2m)c, (2m+ 1)c) , (1)

ãäå m ∈ N, è c ∈ (1, 2]. Òàêèå ïðîìåæóòêè ïðèíÿòî íàçûâàòü êîðîòêèìè èëè ¾âèíî-

ãðàäîâñêèìè¿. Â 1988 ãîäó Ñ.À. �ðèöåíêî ðåøèë ðÿä àääèòèâíûõ çàäà÷ ñ ïðîñòûìè

÷èñëàìè, ëåæàùèìè â ïðîìåæóòêàõ (1) (ñì. [3℄, [4℄). Ïîçäíåå, çàäà÷è ïîäîáíîãî âèäà

ðàññìàòðèâàëèñü â [5℄ À. Áàëîãîì è Äæ. Ôðèäëåíäåðîì. Îòìåòèì, ÷òî â ðàáîòàõ [3℄- [5℄

àääèòèâíûå çàäà÷è ÿâëÿþòñÿ òåðíàðíûìè, èëè ðåøàþòñÿ ïî ñõåìå òåðíàðíîé çàäà÷è.

Åñòåñòâåííî çàäàòüñÿ âîïðîñîì î ðàçðåøèìîñòè áèíàðíûõ àääèòèâíûõ çàäà÷ ñ ïðî-

ñòûìè ÷èñëàìè èç ïðîìåæóòêîâ âèäà (1). Â ñâÿçè ñ òåì, ÷òî íå ñóùåñòâóåò âàðèàíòîâ

òåîðåìû Áîìáüåðè-Âèíîãðàäîâà äëÿ ïðîñòûõ ÷èñåë èç ïðîìåæóòêîâ âèäà (1), ñîïî-

ñòàâèìûõ ïî ñèëå ñ êëàññè÷åñêîé òåîðåìîé Áîìáüåðè-Âèíîãðàäîâà, ðåøàòü áèíàðíûå

àääèòèâíûå çàäà÷è ñ ïðîñòûìè ÷èñëàìè èç (1) â íàñòîÿùåå âðåìÿ íå óäàåòñÿ. Àâòî-

ðîì áûëè ðåøåíû íåêîòîðûå áèíàðíûå àääèòèâíûå çàäà÷è ñ ïîëóïðîñòûìè ÷èñëàìè èç

¾âèíîãðàäîâñêèõ¿ ïðîìåæóòêîâ ( [6℄, [7℄, [8℄). Â äàííîé ñòàòüå âûâîäèòñÿ àñèìïòîòè-

÷åñêàÿ �îðìóëà äëÿ ÷èñëà ðåøåíèé íåêîòîðîãî äèî�àíòîâà óðàâíåíèÿ, êîòîðàÿ áûëà

ñ�îðìóëèðîâàíà â ðàáîòå [7℄ áåç äîêàçàòåëüñòâà.

Òåîðåìà. Ïóñòü c � ïðîèçâîëüíîå ÷èñëî èç ïîëóèíòåðâàëà (1, 2], p1, p2 � ïðîñòûå

÷èñëà,

J(n) =
∑

p1p2+xy=n:

pi>exp(
√
lnn )

1 , J1(n) =
∑

p1p2+xy=n:

pi>exp(
√
lnn ) ,

{ 1
2
(p1p2)1/c}< 1

2

1 , i = 1, 2 .
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Òîãäà ñïðàâåäëèâà �îðìóëà

J1(n) =
1

2
J(n)

(
1 +O

( ln ln lnn

ln lnn

))
, J(n) ∼ c0n ln lnn , c0 =

∞∑

r=1

µ2(r)

rϕ(r)
.

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ.

Ëåììà 1 (òåîðåìà Áðóíà-Òèò÷ìàðøà) ( [9℄, ñ. 20). Äëÿ íàòóðàëüíûõ ÷èñåë a è k,
óäîâëåòâîðÿþùèõ óñëîâèÿì (a, k) = 1 è k 6 x èìååì:

π(x, a, k) =
∑

p6x, p≡amod k

1 <
(2 + η)x

ϕ(k) ln(2x
k

)
,

ãäå η > 0 è x > x0(η).

Ëåììà 2. Ïóñòü X > 2 è ϕ(m) � çíà÷åíèå �óíêöèè Ýéëåðà (÷èñëî íàòóðàëüíûõ

÷èñåë, íå ïðåâîñõîäÿùèõ m è âçàèìíî ïðîñòûõ ñ m). Òîãäà ñïðàâåäëèâî ðàâåíñòâî

∑

m6X

1

ϕ(m)
= c0 lnX +O(1) , c0 =

∞∑

r=1

µ2(r)

rϕ(r)
.

Ëåììà 3 ( [12℄, ñ. 136). Ïðè N > 2 è öåëîì ïîëîæèòåëüíîì l äëÿ τ(m) (÷èñëî

íàòóðàëüíûõ äåëèòåëåé m)

∑

0<m6N

(τ(m))l ≪ N(lnN)2l−1 .

Ëåììà 4 ( [10℄, ñ. 476) (òåîðåìà Áîìáüåðè-Âèíîãðàäîâà). Ïóñòü Li x =

x∫

2

du

lnu
è ïðè

a ≤ k, (a, k) = 1

π(x, a, k) =
∑

p≤x
p≡amod k

1 .

Òîãäà äëÿ âñÿêîãî A > 0 íàéäåòñÿ òàêîå B, ÷òî

∑

k6
√
x(lnx)−B

max
(l,k)=1

∣∣∣π(x, l, k) − Li x

ϕ(k)

∣∣∣ = O
( x

lnA x

)
.

Ëåììà 5 ( [11℄, ñ. 30). Ïóñòü x � áîëüøîå ÷èñëî, D 6 x1−α
, ãäå

0 < α <
1

2
, (l, D) = 1 , x1 < x , x− x1 > x1−

α
2 .
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Òîãäà ∑

x16Dm+l6x

(τ(Dm+ l))k = O
(x− x1

D
(ln x)a(k)

)
,

ãäå a(k) � êîíñòàíòà, çàâèñÿùàÿ òîëüêî îò k.

3. Äîêàçàòåëüñòâî òåîðåìû 1. Äîêàçàòåëüñòâî òåîðåìû ðàçîáüåì íà íåñêîëüêî

ýòàïîâ.

1. Ñíà÷àëà ïðåîáðàçóåì ñóììó J1(n). Ïðåæäå âñåãî çàìåòèì, ÷òî

J1(n) = J̄1(n) +O
( n

lnn

)
, (2)

ãäå

J̄1(n) =
∑

p1p2+xy=n:

pi>exp(
√
lnn ),

{ 1
2
(p1p2)

1
c }< 1

2
,

p1∤n, p2∤n

1.

Äàëåå, ïðè ñóììèðîâàíèè ïî pi (i = 1, 2) áóäåì ïîäðàçóìåâàòü, ÷òî pi íå äåëèò n.
Îáîçíà÷èì ÷åðåç χ(y) õàðàêòåðèñòè÷åñêóþ �óíêöèþ ïðîìåæóòêà [0, 1/2), ïðîäîëæåí-
íóþ ïåðèîäè÷åñêè ñ ïåðèîäîì 1 íà âñþ ÷èñëîâóþ îñü. Òîãäà

J̄1(n) =
∑

p1p2+xy=n:

p1>exp(
√
lnn ), p2>exp(

√
lnn )

χ
(1

2
(p1p2)

1
c

)
.

Âåçäå äàëåå áóäåì èìåòü â âèäó, ÷òî pi > exp(
√

lnn), i = 1, 2. Îãðàíè÷èâàÿ ïðîìå-

æóòêè èçìåíåíèÿ ïî ïåðåìåííûì x è y, ïîëó÷èì:

J̄1(n) = 2J11(n) − J12(n) , (3)

ãäå

J11(n) =
∑

p1p2+xy=n:

x6
√
n

χ
(1

2
(p1p2)

1
c

)
, J12(n) =

∑

p1p2+xy=n:

x6
√
n, y6

√
n

χ
(1

2
(p1p2)

1
c

)
.

�àññìîòðèì ñíà÷àëà J11(n). Îãðàíè÷èì äîïîëíèòåëüíî ïðîìåæóòîê èçìåíåíèÿ ïåðå-

ìåííîé x, âûäåëèâ ñëó÷àé x 6
√
nP −10

, ãäå P = n
1

(ln lnn)2
, è îöåíèì ñîîòâåòñòâóþùóþ

îøèáêó. Â ðåçóëüòàòå, ïîëó÷èì

J11(n) = J ′
11(n) +O(R11(n)) , (4)

ãäå

J ′
11(n) =

∑

p1p2+xy=n:

x6
√
nP−10

χ
(1

2
(p1p2)

1
c

)
, R11(n) =

∑

p1p2+xy=n:√
nP−10<x6

√
n,

p16
√
n

1.
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Îöåíèì ñâåðõó R11(n). Òàê êàê ñóììà R11(n) ñîîòâåòñòâóåò ñëàãàåìûì, äëÿ êîòîðûõ
p1 ∤ n, òî èç óðàâíåíèÿ p1p2+xy = n, ñëåäóåò, ÷òî â ýòîé ñóììå áóäóò ñîáðàíû ñëàãàåìûå,

äëÿ êîòîðûõ p1 ∤ x, òî åñòü (p1, x) = 1. Ïîýòîìó

R11(n) =
∑

p16
√
n

∑
√
nP−10<x6

√
n ,

(x,p1)=1

∑

p26
n
p1

,

p2≡p∗1nmodx

1 6
∑

√
nP−10<x6

√
n

∑

p1≤
√
n

∑

p26
n
p1

,

p2≡p∗1nmodx

1 ,

ãäå p∗1 � ðåøåíèå ñðàâíåíèÿ p1y ≡ 1 (mod x).
Òàê êàê

n
p1

>
√
n è x 6

√
n, òî x 6 n

p1
. Ïîýòîìó äëÿ îöåíêè âíóòðåííåé ñóììû ïî p2

ìîæíî âîñïîëüçîâàòüñÿ òåîðåìîé Áðóíà-Òèò÷ìàðøà (ëåììà 1). Â ðåçóëüòàòå, ïîëó÷èì

R11(n) ≪ n
∑

√
nP−10<x6

√
n

1

ϕ(x)

∑

p16
√
n

1

p1 ln 2n
p1x

.

Îöåíèâàÿ âíóòðåííþþ ñóììó â ïîëó÷åííîì íåðàâåíñòâå, ðàññìîòðèì îòäåëüíî ñëó-

÷àè, êîãäà p1 6 4
√
n è

4
√
n < p1 6

√
n:

∑

p16
√
n

1

p1 ln 2n
p1x

= σ1(x, n) + σ2(x, n) ,

ãäå

σ1(x, n) =
∑

p16 4
√
n

1

p1 ln 2n
p1x

, σ2(x, n) =
∑

4
√
n<p16

√
n

1

p1 ln 2n
p1x

.

Äëÿ îöåíêè σ1(x, n) âîñïîëüçóåìñÿ òåì, ÷òî x 6
√
n, p 6 4

√
n. Â ðåçóëüòàòå, ïîëó÷èì

σ1(x, n) 6
∑

p16 4
√
n

1

p1 ln 2 4
√
n
≪ 1

lnn

∑

p16 4
√
n

1

p1
≪ ln lnn

lnn
.

Ïðèìåíÿÿ äëÿ îöåíêè σ2(x, n) �îðìóëó ÷àñòíîãî ñóììèðîâàíèÿ (ïðåîáðàçîâàíèå Àáåëÿ
[12, ñ. 29℄), ïîëó÷èì:

σ2(x, n) =

√
n∫

4
√
n

du

u lnu ln 2n
xu

+O
( ln lnn

lnn

)
≪ ln lnn

lnn
.

Ñëåäîâàòåëüíî, ∑

p16
√
n

1

p1 ln 2n
p1x

≪ ln lnn

lnn
. (5)

Äàëåå, ïîëüçóÿñü ëåììîé 2, ïîëó÷èì, ÷òî

∑
√
nP−10<x6

√
n

1

ϕ(x)
≪ ln

√
n√

nP−10
≪ lnn

(ln lnn)2
.



ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2014. �12(183). Âûï. 35 53

Îòñþäà è èç (5) èìååì

R11(n) ≪ n ln lnn

lnn
· lnn

(ln lnn)2
=

n

ln lnn
.

Ñëåäîâàòåëüíî, èç (4) ñëåäóåò, ÷òî

J11(n) = J ′
11(n) +O

( n

ln lnn

)
. (6)

Àíàëîãè÷íî ðàññóæäàÿ, ïðèõîäèì ê ðàâåíñòâó

J12(n) =
∑

p1p2+xy=n

χ
(1

2
(p1p2)

1
c

)
= J ′

12(n) +O
( n

ln lnn

)
,

ïðè÷åì ñóììèðîâàíèå âåäåòñÿ ïî x 6
√
nP−10

è y 6
√
n, à ïðîñòûå ÷èñëà p1 è p2 áîëüøå,

÷åì exp(
√

lnn).

2. �àññìîòðèì J ′
11(n) è J ′

12(n) è âûäåëèì ñëó÷àè, êîãäà p1 îãðàíè÷åíî ñâåðõó âåëè-

÷èíîé P , îöåíèâ ïðè ýòîì ïîãðåøíîñòü ïðèáëèæåíèÿ. Äëÿ J ′
11(n) èìååì:

J ′
11(n) = J ′′

11(n) +O(r11(n)) , (7)

ãäå

J ′′
11(n) =

∑

x6
√
nP−10

∑

p16P

∑

p26
n
p1

,

p1p2≡nmodx

χ
(1

2
(p1p2)

1
c

)
,

r11(n) =
∑

P<p16
√
n

∑

x6
√
nP−10

∑

p26
n
p1

,

p1p2≡nmodx

1.

Îöåíèì r11(n) ñâåðõó. Çàìåòèì, ÷òî, òàê êàê (p1, n) = 1, òî èìåþò ðåøåíèÿ òîëüêî

òå èç ñðàâíåíèé p1y ≡ n (mod x), â êîòîðûõ (p1, x) = 1. Äëÿ âñåõ îñòàëüíûõ x ñîîòâåò-
ñòâåííûå ñëàãàåìûå áóäóò ðàâíû íóëþ, è ïîýòîìó

r11(n) =
∑

P<p16
√
n

∑

x6
√
nP−10 ,

(x,p1)=1

∑

p26
n
p1

,

p2≡p∗1nmodx

1 =
∑

P<p16
√
n

∑

x6
√
nP−10,

(x,p1)=1

π
( n
p1
, np∗1, x

)
,

ãäå p1p
∗
1 ≡ 1 (mod x).

Òàê êàê

n
p1

>
√
n > x, òî äëÿ îöåíêè π( n

p1
, np∗1, x) ìîæíî âîñïîëüçîâàòüñÿ òåîðåìîé

Áðóíà-Òèò÷ìàðøà (ëåììà 1). Ïîëó÷àåì

r11(n) ≪ n
∑

x6
√
nP−10

1

ϕ(x)

∑

P<p16
√
n

1

p1 ln 2n
xp1

.
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Â ðàáîòå [6℄ áûëà ïîëó÷åíà îöåíêà äëÿ âíóòðåííåé ñóììû:

∑

P<p16
√
n

1

p1 ln 2n
xp1

≪ ln ln lnn

lnn
.

Îòñþäà è èç ëåììû 2 ñëåäóåò, ÷òî r11(n) ≪ n ln ln lnn. Ïîýòîìó èç (6) ñëåäóåò, ÷òî

J11(n) = J ′′
11(n) +O(n ln ln lnn) . (8)

Àíàëîãè÷íî, ïîëó÷àåì ðàâåíñòâî:

J12(n) = J ′′
12(n) +O(n ln ln lnn) , (9)

ãäå

J ′′
12(n) =

∑

p1p2+xy=n:

exp(
√
lnn)< p16P ,

x6
√
nP−10, y6

√
n

χ
(1

2
(p1p2)

1
c

)
.

Èç (3), (8) è (9) ñëåäóåò,÷òî

J̄1(n) = 2J ′′
11(n) − J ′′

12(n) +O(n ln ln lnn) . (10)

3. Îöåíèì J ′′
12(n):

J ′′
12(n) 6

∑

x6
√
nP−10 ,

y6
√
n

∑

p1p2=n−xy

1 6
∑

m6
√
nP−10

τ(m)
∑

p1p2=n−m

1 .

Çàìåòèì, ÷òî ÷èñëî ðåøåíèé óðàâíåíèÿ p1p2 = n−m, òî åñòü
∑

p1p2=n−m 1 � âåëè÷èíà

îãðàíè÷åííàÿ. Äåéñòâèòåëüíî, îáîçíà÷èâ ðàçíîñòü n−m ÷åðåç n1, ëåãêî ïðîâåðèòü, ÷òî

÷èñëî ðåøåíèé âûøå óïîìÿíóòîãî óðàâíåíèÿ íå ïðåâîñõîäèò 2. Äëÿ ýòîãî ðàññìîòðèì
òðè ñëó÷àÿ:

1) åñëè n1 = p2, òî óðàâíåíèå p1p2 = n1 èìååò 1 ðåøåíèå: p1 = p, p2 = p;
2) åñëè n1 = q1q2, òî óðàâíåíèå p1p2 = n1 èìååò 2 ðåøåíèÿ: p1 = q1, p2 = q2 è p1 = q2,

p2 = q1;
3) åñëè n1 6= q1q2 è n1 6= p2, òî óðàâíåíèå p1p2 = n1 íå èìååò ðåøåíèé.

Îòñþäà è èç ëåììû 3 ñëåäóåò, ÷òî

J ′′
12(n) ≪

∑

m6
√
nP−10

τ(m) ≪ nP−10 lnn ≤ nP−9 ≤ n

ln lnn
.

Ó÷èòûâàÿ ýòó îöåíêó, èç (10) è (39) ïîëó÷èì:

J1(n) = 2J ′′
11(n) +O(n ln ln lnn) . (11)
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Àíàëîãè÷íûìè ðàññóæäåíèÿìè ïîëó÷àåòñÿ �îðìóëà äëÿ J(n):

J(n) =
∑

p1p2+xy=n

1 = 2K11(n) +O(n ln ln lnn), (12)

ãäå

K11(n) =
∑

x6
√
nP−10

∑

p16P ,
(p1, n)=1

∑

p26
n
p1

,

p1p2≡nmodx

1 .

Äëÿ äîêàçàòåëüñòâà òåîðåìû íàì ïîíàäîáèòñÿ àñèìïòîòè÷åñêàÿ �îðìóëà äëÿK11(n).
Îæèäàåìûé ãëàâíûé ÷ëåí ýòîé �îðìóëû ïî ïîðÿäêó äîëæåí áûòü ðàâåí n ln lnn.

Çàìåòèì, ÷òî èç âçàèìíîé ïðîñòîòû ÷èñåë p1 è n, óäîâëåòâîðÿþùèõ óðàâíåíèþ p1p2+
xy = n, ñëåäóåò âçàèìíàÿ ïðîñòîòà ÷èñåë p1 è x. Ïîýòîìó èìååì:

K11(n) =
∑

p16P

∑

x6
√
nP−10 ,

(x,p1)=1

∑

p26
n
p1

,

p2≡p∗1nmodx

1 =

=
∑

p16P

∑

x6
√
nP−10 ,

(x,p1)=1

π
( n
p1
, np∗1, x

)
,

ãäå p∗1 � ðåøåíèå ñðàâíåíèÿ p1y ≡ 1 (mod x).
Äàëåå, ïðåäñòàâèì ýòó ñóììó â âèäå:

K11(n) =
∑

p1≤P

∑

x6
√
nP−10

(x,p1)=1

Li ( n
p1

)

ϕ(x)
+ k1(n) ,

ãäå

k1(n) =
∑

p16P

∑

x6
√
nP−10 ,

(x,p1)=1


π
( n
p1
, np∗1, x

)
−
Li

( n
p1

)

ϕ(x)


 .

Âîñïîëüçîâàâøèñü òåîðåìîé Áîìáüåðè-Âèíîãðàäîâà (ëåììà 4), ïîëó÷èì:

k1(n) ≪ n

lnn

∑

p16P

1

p1
≪ n ln lnn

lnn
.

Èñïîëüçóÿ ëåììó 2, äåëàåì çàêëþ÷åíèå:

∑

p16P

∑

x6
√
nP−10 ,

(x,p1)=1

Li

( n
p1

)

ϕ(x)
= n

∑

p16P

1

p1 ln n
p1

∑

x6
√
nP−10 ,

(x,p1)=1

1

ϕ(x)
+O

(n ln lnn

lnn

)
,
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ïîýòîìó

K11(n) = n
∑

exp(
√
lnn)<p16P

1

p1 ln n
p1

∑

x6
√
nP−10 ,

(x,p1)=1

1

ϕ(x)
+O

(n ln lnn

lnn

)
. (13)

Ïðåîáðàçóåì âíóòðåííþþ ñóììó â ïåðâîì ñëàãàåìîì ïîëó÷åííîãî ðàâåíñòâà:

∑

x≤√
nP−10 ,

(x,p1)=1

1

ϕ(x)
=

∑

x6
√
nP−10

1

ϕ(x)
−

∑

x6
√
nP−10 ,
p1|x

1

ϕ(x)
.

Âîñïîëüçóåìñÿ òåïåðü ëåììîé 2:

∑

x≤√
nP−10 ,

1

ϕ(x)
= c0 ln

√
nP−10 +O(1) =

c0
2

lnn +O
( lnn

(ln ln n)2

)
.

Âîñïîëüçîâàâøèñü òåì, ÷òî äëÿ �óíêöèè Ýéëåðà ϕ(a · b) ≥ ϕ(a) · ϕ(b), ϕ(p) = p−1
è ó÷èòûâàÿ, ÷òî p1 > exp(

√
lnn), ïîëó÷èì:

∑

x6
√
nP−10 ,
p1|x

1

ϕ(x)
=

∑

x16
√
nP−10p−1

1

1

ϕ(x1p1)
6

∑

x16
√
nP−10p−1

1

1

ϕ(x1)ϕ(p1)
= o(1) .

Ñëåäîâàòåëüíî, ∑

x≤√
nP−10 ,

(x,p1)=1

1

ϕ(x)
=
c0
2

lnn+O
( lnn

(ln lnn)2

)
.

Ïðèìåíÿÿ ñóììèðîâàíèå ïî Àáåëþ è èíòåãðèðîâàíèå ïî ÷àñòÿì, ïîëó÷àåì �îðìóëó:

∑

exp(
√
lnn)<p16P

1

p1 ln n
p1

=
ln lnn

2 lnn
+O

( 1

(lnn)
3
2

)
.

Ïîäñòàâëÿÿ ïîëó÷åííûå �îðìóëû â (13), èìååì:

K11(n) =
c0
4
n ln lnn+ O

( n√
lnn

)
. (14)

Î÷åâèäíî, ÷òî �îðìóëà (14) ÿâëÿåòñÿ àñèìïòîòè÷åñêîé.

4. Çàéìåìñÿ ïîëó÷åíèåì àñèìïòîòè÷åñêîé �îðìóëû äëÿ J ′′
11(n). Äëÿ ýòîãî âîñïîëü-

çóåìñÿ ëåììîé î ¾ñòàêàí÷èêàõ¿ È.Ì. Âèíîãðàäîâà ( [13℄, . 23) è âûáåðåì ïàðàìåòðû

r, ∆, α, β äâóìÿ ñïîñîáàìè.

Ñíà÷àëà îïðåäåëèì ýòè ïàðàìåòðû òàê: r = [lnn], ∆ = 1
ln2 n

, α = ∆, β = 1
2

− ∆.

Îáîçíà÷èì ÷åðåç χ1(x) �óíêöèþ, ñóùåñòâîâàíèå êîòîðîé ñëåäóåò èç ëåììû î ¾ñòà-

êàí÷èêàõ¿. Çàòåì, ïðè òåõ æå r è ∆, ïîëîæèì α = −∆, β = 1
2

+ ∆, à ñîîòâåòñòâó-

þùóþ �óíêöèþ îáîçíà÷èì êàê χ2(x). Òîãäà èç ëåììû î ¾ñòàêàí÷èêàõ¿ ñëåäóåò, ÷òî

χ1(x) ≤ χ(x) ≤ χ2(x) , è
I1(n) ≤ J ′′

11(n) ≤ I2(n) , (15)
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ãäå

Ii(n) =
∑

p1p2+xy=n:
p16P, x6

√
nP−10

χi

(
1

2
(p1p2)

1
c

)
, i = 1, 2 .

Eñëè áóäóò ïîëó÷åíû àñèìïòîòè÷åñêèå �îðìóëû äëÿ I1(n) è I2(n) ñ ñîâïàäàþùèìè
ãëàâíûìè ÷ëåíàìè, òî èç íåðàâåíñòâà (15) ñëåäóåò, ÷òî �îðìóëà ñ òàêèì æå ãëàâíûì

÷ëåíîì áóäåò âåðíà è äëÿ J ′′
11(n).

Âûâåäåì àñèìïòîòè÷åñêóþ �îðìóëó äëÿ I1(n). �àñêëàäûâàÿ �óíêöèþ χ1(
1
2
(p1p2)

1
c )

â ðÿä Ôóðüå, ïîëó÷èì:

I1(n) =
(1

2
+O(∆)

)
K11(n) + R̃1(n) +O(lnn) , (16)

ãäå

K11(n) =
∑

p1p2+xy=n: p16P ,
x6

√
nP−10

1, R̃1(n) =
∑

0<|m|6ln3 n

|gm||Sm(n)| ,

Sm(n) =
∑

p1p26n ,
p16P

t′(n− p1p2)e
πim(p1p2)

1
c , t′(k) =

∑

xy=k ,
x6

√
nP−10

1 ,

gm � êîý��èöèåíò Ôóðüå ñ íîìåðîì m äëÿ �óíêöèè χ1(n).
Îöåíèì ñóììó Sm(n). Äëÿ ýòîãî ðàçîáúåì ïðîìåæóòîê ñóììèðîâàíèÿ ïî p1 íà

O(lnP ) ïðîìåæóòêîâ âèäà (P1, P2], ãäå P1 < P2 6 2P1, exp (
√

ln n) < P1 6 P .
Òîãäà

|Sm(n)| ≪ lnP |Sm(P1, P2)| , Sm(P1, P2) =
∑

p1p26n ,
P1<p16P2

t′(n− p1p2)e
πim(p1p2)

1
c . (17)

Äàëåå, îöåíèì Sm(P1, P2):

|Sm(P1, P2)| 6
∑

k6 n
P1

∣∣∣
∑

P1<p16P2 ,
kp1<n

t′(n− kp1)e
πim(kp1)

1
c

∣∣∣ .

Âîçâåäåì îáå ÷àñòè íåðàâåíñòâà â êâàäðàò è ïðèìåíèì íåðàâåíñòâî Êîøè. Èñïîëüçóÿ

ëåììó 5, ïîëó÷èì:

|Sm(P1, P2)|2 6
n

P1

∑

k6 n
P1

∣∣∣
∑

P1<p16P2 ,
kp1<n

t′(n− kp1)e
πim(kp1)

1
c

∣∣∣
2

6

6
n

P1

∑

P1<p16P2

∑

P1<p26P2
p1 6=p2

V (m; p1, p2) +
n

P1

∑

P1<p16P2

∑

k6 n
P1

τ 2(n− kp1) =
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=
n

P1

∑

P1<p16P2

∑

P1<p2≤P2 ,
p1 6=p2

V (m; p1, p2) +O
(
n2 exp

(
− 1

2

√
lnn
))

, (18)

V (m; p1, p2) =
∑

k6 n
P1

t′(n− kp1)t
′(n− kp2)e

πim(p
1
c
1 −p

1
c
2 )k

1
c .

Ïóñòü P1 < p2 < p1 ≤ P2. Îöåíèì ñóììó V (m; p1, p2):

V (m; p1, p2) =
∑

x16
√
nP−10

∑

x2≤
√
nP−10

∑

k6 n
p1

,

kp1≡nmodx1 ,
kp2≡nmodx2

eπim(p
1
c
1 −p

1
c
2 )k

1
c . (19)

�àññìîòðèì ñèñòåìó ñðàâíåíèé

{
kp1 ≡ n (mod x1) ,
kp2 ≡ n (mod x2) .

îòíîñèòåëüíî ïåðåìåííîé k. Åñëè îíà íåðàçðåøèìà, òî V (m; p1, p2) = 0. Eñëè æå

ñèñòåìà ñðàâíåíèé ðàçðåøèìà, òî, îíà ýêâèâàëåíòíà ñðàâíåíèþ k ≡ k0 (mod x3), ãäå
x3 = [x1, x2] è 0 6 k0 < x3.

�àññìîòðèì âíóòðåííþþ ñóììó â (19). Îáîçíà÷èâ åå ÷åðåç vm(p1, p2), èìååì:

vm(p1, p2) =
∑

k≤ n
p1

,

k≡k0modx3

eπim(p
1
c
1 −p

1
c
2 )k

1
c =

∑

t6
(

n
p1

−k0
)

1
x3

eπim(p
1
c
1 −p

1
c
2 )x

1
c
3 (t+ξ0)

1
c ,

ãäå ξ0 = k0
x3
, 0 ≤ ξ0 < 1.

Â ðàáîòå [6℄ äëÿ ñóììû vm(p1, p2) ïîëó÷åíà îöåíêà âèäà

vm(p1, p2) ≪
n

p1x3
exp

(
− γ

lnn

(ln lnn)6

)
, γ > 0 .

Îòñþäà, èç (19) è (18) ïîëó÷àåì, ÷òî |Sm(P1, P2)| ≪ n exp(−
√

lnn) è, ñëåäîâàòåëüíî, èç
(17) ñëåäóåò îöåíêà:

|Sm(n)| ≪ n exp
(
− 1

4

√
lnn
)
.

Èñïîëüçóÿ ýòó îöåíêó è (18), ïðèõîäèì ê �îðìóëå:

I1(n) =
(1

2
+O(∆)

)
K11(n) +O

(
n exp

(
− 1

4

√
lnn
))

.

Àíàëîãè÷íàÿ àñèìïòîòè÷åñêàÿ �îðìóëà ïîëó÷àåòñÿ è äëÿ I2(n). Ïîýòîìó, èç (15)
ñëåäóåò, ÷òî äëÿ J ′′

11(n) âåðíà àñèìïòîòè÷åñêàÿ �îðìóëà:

J ′′
11(n) =

(1

2
+O(∆)

)
K11(n) +O

(
n exp

(
− 1

4

√
lnn
))
.
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Äàëåå, èç (11) ïîëó÷àåì, ÷òî

J11(n) =
(1

2
+O(∆)

)
K11(n) +O(n ln ln lnn) =

1

2
K11(n) +O(n ln ln lnn) .

Òåïåðü óòâåðæäåíèå òåîðåìû 1 ñëåäóåò èç ðàâåíñòâà:

J(n) = 2K11(n) +O(n ln ln lnn).

Íà ýòîì äîêàçàòåëüñòâî òåîðåìû 1 çàâåðøåíî.

Çàêëþ÷åíèå. Áèíàðíàÿ àääèòèâíàÿ çàäà÷à, ðàññìîòðåííàÿ â ñòàòüå, ðåøåíà ñ ïî-

ìîùüþ ìåòîäà òðèãîíîìåòðè÷åñêèõ ñóìì È.Ì. Âèíîãðàäîâà [12℄. Èñïîëüçîâàíà èäåÿ

È.Ì. Âèíîãðàäîâà ñãëàæèâàíèÿ äâîéíîé òðèãîíîìåòðè÷åñêîé ñóììû (ïîëó÷åíèå îöåí-

êè (18)). Ñóùåñòâåííóþ ðîëü â äîêàçàòåëüñòâå Òåîðåìû 1 èãðàåò îöåíêà òðèãîíîìåò-

ðè÷åñêîé ñóììû âèäà ∑

k6K,k≡k0modx

exp(2πiκk1/c) ,

äîêàçàòåëüñòâî êîòîðîé ïðîâîäèòñÿ ñ èñïîëüçîâàíèåì êàê òåîðåìû î ñðåäíåì çíà÷åíèè,

òàê è îöåíîê âàí äåð Êîðïóòà ïî s-é ïðîèçâîäíîé. �àññìîòðåííàÿ çàäà÷à ðåøåíà ñ ïî-
ëóïðîñòûìè ÷èñëàìè p1p2 èç ïðîìåæóòêîâ (1). Ìåòîä Âèíîãðàäîâà ïîçâîëÿåò ðåøàòü

áèíàðíûå àääèòèâíûå çàäà÷è è äëÿ íåêîòîðûõ äðóãèõ ¾ðåäêèõ¿ ïîñëåäîâàòåëüíîñòåé,

¾áëèçêèõ¿ ê ïîñëåäîâàòåëüíîñòè ïðîñòûõ ÷èñåë, íàïðèìåð, âèäà p1p
a
2 èç âèíîãðàäîâ-

ñêèõ ïðîìåæóòêîâ.
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Abstrat. The asymptoti formula of the solutions number of Diophantine's equations

xy + p1p2 = n is proved where p1 and p2 are primes, pi > exp(
√
lnn ) i = 1, 2; x, y are natural

numbers suh that p1p2 are in the [(2m)c, (2m+ 1)c) and m ∈ N, c ∈ (1, 2].

Keywords: binary additive problem, semisimple number, trigonometri sum, short (Vinogradov)

intervals.



ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2014. �12(183). Âûï. 35 61

MSC 35K45, 65M32

Î ÍÅÊÎÒÎ�ÛÕ ÊËÀÑÑÀÕ ËÈÍÅÉÍÛÕ ÎÁ�ÀÒÍÛÕ ÇÀÄÀ×

ÄËß ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ Ó�ÀÂÍÅÍÈÉ

Ñ.�. Ïÿòêîâ, Å.È. Ñà�îíîâ

Þãîðñêèé �îñóäàðñòâåííûé Óíèâåðñèòåò,

óë. ×åõîâà, 16, Õàíòû-Ìàíñèéñê, 628012, �îññèÿ, e-mail: s_pyatkov�ugrasu.ru;

d.gerz.hd�gmail.om

Àííîòàöèÿ. Â ðàáîòå ðàññìîòðåíû âîïðîñû êîððåêòíîñòè ëèíåéíûõ îáðàòíûõ çàäà÷ äëÿ

ïàðàáîëè÷åñêèõ óðàâíåíèé è ñèñòåì. Ïî èíòåãðàëüíûì óñëîâèÿì ïåðåîïðåäåëåíèÿ âìåñòå ñ ðå-

øåíèåì âîññòàíàâëèâàåòñÿ ïðàâàÿ ÷àñòü ñèñòåìû. Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèí-

ñòâåííîñòè ðåøåíèé â êëàññàõ Ñîáîëåâà. Ïîêàçàíî, ÷òî ïîäõîäÿùåì âûáîðå èíòåãðàëüíûõ

óñëîâèé ïåðåîïðåäåëåíèÿ âîçìîæåí ïðåäåëüíûé ïåðåõîä ïî ïàðàìåòðó è ïðåäåëüíîå ðåøåíèå

� ðåøåíèå îáðàòíîé çàäà÷è, ãäå óñëîâèÿ ïåðåîïðåäåëåíèÿ � çíà÷åíèÿ ðåøåíèÿ â îòäåëüíûõ

òî÷êàõ.

Êëþ÷åâûå ñëîâà: ïàðàáîëè÷åñêàÿ ñèñòåìà, îáðàòíàÿ çàäà÷à, çàäà÷à óïðàâëåíèÿ, êðàåâàÿ

çàäà÷à, êîððåêòíîñòü.

Ââåäåíèå

Ìû ðàññìàòðèâàåì âîïðîñ îá îïðåäåëåíèè âìåñòå ñ ðåøåíèåì ïðàâîé ÷àñòè ñïå-

öèàëüíîãî âèäà â ïàðàáîëè÷åñêèõ óðàâíåíèÿõ è ñèñòåìàõ. Ïóñòü G � îáëàñòü â Rn
ñ

ãðàíèöåé Γ êëàññà C2m
è Q = G× (0, T ). Ïàðàáîëè÷åñêîå óðàâíåíèå èìååò âèä

ut + A(t, x,D)u =
r∑

i=1

bi(t, x)qi(t) + f , (t, x) ∈ Q ,
(1)

ãäå A � ìàòðè÷íûé ýëëèïòè÷åñêèé îïåðàòîð ïîðÿäêà 2m  ìàòðè÷íûìè êîý��èöèåí-

òàìè ðàçìåðíîñòè h× h, ïðåäñòàâèìûé â âèäå

A(t, x,D) =
∑

|α|≤2m

aα(t, x)Dα , D = (∂x1, ∂x2 , . . . , ∂xn) .

Óðàâíåíèå (1) äîïîëíÿåòñÿ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

u|t=0 = u0, Bju|S =
∑

|β|≤mj

bjβ(t, x)Dβu|S = gj(t, x) , (2)

ãäå mj < 2m, j = 1, 2, . . . , m è S = (0, T )×Γ. Íåèçâåñòíûìè â (1), (2) ÿâëÿþòñÿ ðåøåíèå
u è �óíêöèè qi(t) (i = 1, 2, . . . , r), âõîäÿùèå â ïðàâóþ ÷àñòü (1). Ìû ðàññìàòðèâàåì 2

âèäà óñëîâèé ïåðåîïðåäåëåíèÿ. Â ïåðâîì ñëó÷àå óñëîâèÿ ïåðåîïðåäåëåíèÿ èìåþò âèä

∫

Gi

uϕi(x)dx = ψi(t) , i = 1, 2, . . . , s , (3)
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ãäå ϕi(x), ψi(t) � íåêîòîðûå ãëàäêèå �óíêöèè, óñëîâèÿ íà êîòîðûå ìû óòî÷íèì íèæå, è

Gi ⊂ G íåêîòîðûå îáëàñòè. Âî âòîðîì ñëó÷àå ðàññìàòðèâàåì óñëîâèÿ âèäà

u(xi, t) = ψi(t) , xi ∈ G , i = 1, 2 . . . , s . (4)

Ïàðàìåòðû s, r ñâÿçàíû ðàâåíñòâîì r = sh. Çàäà÷à î íàõîæäåíèè �óíêöèé u, qi ñ èñ-
ïîëüçîâàíèåì êðàåâûõ óñëîâèé è óñëîâèé ïåðåîïðåäåëåíèÿ ìîæåò áûòü ñ�îðìóëèðîâà-

íà è êàê íåêîòîðàÿ çàäà÷à óïðàâëåíèÿ. Îáðàòíûå çàäà÷è ïîäîáíîãî âèäà âîçíèêàþò ïðè

îïèñàíèè ïðîöåññîâ òåïëîìàññîïåðåíîñà, äè��óçèîííûõ ïðîöåññîâ, ïðîöåññîâ �èëü-

òðàöèè è âî ìíîãèõ äðóãèõ îáëàñòÿõ ( [1℄- [4℄). Îäíîé èç ìîäåëåé, âîçíèêàþùåé ïðè

îïèñàíèè ïðîöåññîâ òåïëîìàññîïåðåíîñà, ÿâëÿåòñÿ ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà,

äîïîëíåííàÿ óðàâíåíèÿìè äëÿ òåìïåðàòóðû è êîíöåíòðàöèé ïåðåíîñèìûõ âåùåñòâ. Ïî

äàííûì èçìåðåíèé íà ñå÷åíèÿõ êàíàëà èëè íåêîòîðûì äðóãèì õàðàêòåðèñòèêàì îïðåäå-

ëÿþòñÿ òå èëè èíûå ïàðàìåòðû â çàäà÷å. Ýòî èëè êîý��èöèåíòû óðàâíåíèé èëè ïëîò-

íîñòè èñòî÷íèêîâ (ïðàâàÿ ÷àñòü) (ñì., íàïðèìåð, [1℄, [4℄- [9℄). Â ïðîñòåéøèõ ñëó÷àÿõ

ïðè îïèñàíèè ïðîöåññîâ òåïëîìàññîïåðåíîñà èñïîëüçóþòñÿ ïàðàáîëè÷åñêèå óðàâíåíèÿ

è ñèñòåìû. Â ëèòåðàòóðå ðàññìàòðèâàëèñü êàê óñëîâèÿ ïåðåîïðåäåëåíèÿ âèäà (3) òàê è

óñëîâèÿ ïåðåîïðåäåëåíèÿ (4). Â ÷àñòíîñòè îáðàòíûå çàäà÷è îá îïðåäåëåíèè êîý��èöè-

åíòîâ óðàâíåíèÿ (1), çàâèñÿùèõ îò ïåðåìåííîé t, ñ óñëîâèåì ïåðåîïðåäåëåíèÿ (3), ãäå

r = 1 è Gi = G, ðàññìàòðèâàëèñü â [10℄- [16℄. Ñîîòâåòñòâåííî ëèíåéíûå îáðàòíûå çàäà-
÷è îá îïðåäåëåíèè ïðàâîé ÷àñòè èññëåäîâàëèñü â [9,17℄. Àíàëîãè÷íî, êàê ëèíåéíûå òàê

è êîý��èöèåíòíûå îáðàòíûå çàäà÷è ñ óñëîâèåì ïåðåîïðåäåëåíèÿ (4) ðàññìàòðèâàëèñü

â [8,18℄ è â ( [19℄- [21℄) ñîîòâåòñòâåííî. Îäíàêî, îòìåòèì, ÷òî áîëüøèíñòâî ðàáîò ïîñâÿ-

ùåíî ìîäåëüíûì óðàâíåíèÿì è ñëó÷àþ n = 1. Ìîæíî îòìåòèòü ðàáîòû [22,23℄ îäíîãî èç

àâòîðîâ, ãäå áûëè ðàññìîòðåíû çàäà÷è âèäà (1), (2), (4) â îáùåé ïîñòàíîâêå. Ìû òàêæå

ñîøëåìñÿ íà ìîíîãðà�èè [2, 10, 18, 24, 25℄, ãäå èìååòñÿ áîëüøîå êîëè÷åñòâî ïîñòàíîâîê

îáðàòíûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé è ñèñòåì, è ðÿä ðåçóëüòàòîâ.

Â íàñòîÿùåé ðàáîòå, ïðè îïðåäåëåííûõ åñòåñòâåííûõ óñëîâèÿõ íà äàííûå çàäà÷è

ìû ïîêàçûâàåì, ÷òî çàäà÷à (1)-(3) èìååò åäèíñòâåííîå ðåøåíèå. Äàëåå, âûáèðàÿ ïîä-

õîäÿùèì îáðàçîì �óíêöèè ϕi = ϕi(x, ε), çàâèñÿùåå îò ïàðàìåòðà ε > 0 (�àêòè÷åñêè

ìû ñòðîèì ïðèáëèæåíèå δ-�óíêöèè Äèðàêà, ñì. íèæå), ìû ïîêàçûâàåì, ÷òî ðåøåíèå

uε çàäà÷è (1)-(3) ñõîäèòñÿ ê ðåøåíèþ çàäà÷è (1), (2), (4) ïðè ε→ 0. Òåîðåìû ïîäîáíîãî

ðîäà âàæíû ïðè ïîñòðîåíèè ÷èñëåííûõ àëãîðèòìîâ ïîñòðîåíèÿ ðåøåíèé çàäà÷ âèäà

(1), (2), (4), ïîñêîëüêó äëÿ ýòèõ çàäà÷ ïðèõîäèòñÿ âû÷èñëÿòü ïðîèçâîäíûå âûñîêîãî

ïîðÿäêà äëÿ ïðèáëèæåííûõ ðåøåíèé, ÷òî ÿâëÿåòñÿ íåêîððåêòíîé çàäà÷åé, è ïî ýòèì

ïðè÷èíàì èíîãäà âîçíèêàþò è èçëèøíèå óñëîâèÿ íà êîý��èöèåíòû óðàâíåíèÿ (ñì.,

íàïðèìåð, [8℄). Îïèøåì ñîäåðæàíèå ðàáîòû. Â ñëåäóþùåì ïàðàãðà�å ìû ïðèâîäèì

âñïîìîãàòåëüíûå óòâåðæäåíèÿ è óñëîâèÿ íà äàííûå. Â ïàðàãðà�å 2 ìû �îðìóëèðóåì

è äîêàçûâàåì íàøè îñíîâíûå óòâåðæäåíèÿ � òåîðåìû 2.1, 2.2, 2.4.

1. Îïðåäåëåíèÿ è âñïîìîãàòåëüíûå ðåçóëüòàòû

Ïóñòü E � áàíàõîâî ïðîñòðàíñòâî. ×åðåç Lp(G;E) (G � îáëàñòü â Rn
) îáîçíà÷à-

åòñÿ ïðîñòðàíñòâî ñèëüíî èçìåðèìûõ �óíêöèé, îïðåäåëåííûõ íà G ñî çíà÷åíèÿìè â
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E è êîíå÷íîé íîðìîé ‖‖u(x)‖E‖Lp(G) [26℄. Ìû òàêæå èñïîëüçóåì ïðîñòðàíñòâà Ck(G),
ñîñòîÿùèå èç �óíêöèé, èìåþùèõ â G âñå ïðîèçâîäíûå äî ïîðÿäêà k âêëþ÷èòåëüíî,

íåïðåðûâíûå â G è äîïóñêàþùèå íåïðåðûâíîå ïðîäîëæåíèå íà çàìûêàíèå G. Îáîçíà-
÷åíèÿ äëÿ ïðîñòðàíñòâ Ñîáîëåâà W s

p (G;E), W s
p (Q;E) è ò.ä. ñòàíäàðòíûå (ñì. [26, 27℄).

Åñëè E = C èëè E = Cn
, òî âìåñòî W s

p (G;E) èëè Ck(G;E) èñïîëüçóåì îáîçíà÷åíèÿ

W s
p (G) èëè Ck(G). Òàêèì îáðàçîì, âêëþ÷åíèå u ∈ W s

p (G) (èëè u ∈ Ck(G)) äëÿ äàííîé
âåêòîð-�óíêöèè u = (u1, u2, . . . , uk) îçíà÷àåò, ÷òî êàæäàÿ èç êîìïîíåíò ui ïðèíàäëåæèò
ïðîñòðàíñòâó W s

p (G) (èëè Ck(G)). Â ýòîì ñëó÷àå ïîä íîðìîé âåêòîðà ïîíèìàåì ñóììó

íîðì êîîðäèíàò. Áóäåì ñ÷èòàòü, ÷òî àíàëîãè÷íîå ñîãëàøåíèå ñïðàâåäëèâî è äëÿ ìàò-

ðèö, ò.å. âêëþ÷åíèå a ∈ W s
p (G) äëÿ äàííîé ìàòðèöû-�óíêöèè a = {aij}kj,i=1 îçíà÷àåò,

÷òî aij(x) ∈ W s
p (G) äëÿ âñåõ i, j. Äëÿ äàííîãî èíòåðâàëà J = (0, T ), ïîëîæèì W s,r

p (Q) =
W s

p (J ;Lp(G)) ∩ Lp(J ;W r
p (G)), Ñîîòâåòñòâåííî, W s,r

p (S) = W s
p (J ;Lp(Γ)) ∩ Lp(J ;W r

p (Γ)).
×åðåç ρ(x,M) îáîçíà÷àåì ðàññòîÿíèå îò òî÷êè x äî ìíîæåñòâà M . Óñëîâèå Γ ∈ Cα

(α ≥ 1 îçíà÷àåò, ÷òî äëÿ ëþáîé òî÷êè x0 ∈ Γ íàéäåòñÿ îêðåñòíîñòü U (êîîðäèíàòíàÿ

îêðåñòíîñòü) è ñèñòåìà êîîðäèíàò y (ëîêàëüíàÿ ñèñòåìà êîîðäèíàò), ïîëó÷åííàÿ ïóòåì
ïîâîðîòà è ïåðåíîñà íà÷àëà êîîðäèíàò èç èñõîäíîé, â êîòîðîé

U ∩G = {y ∈ Rn : y′ ∈ Br, ω(y′) < yn ≤ ω(y′) + δ} ,

U ∩ (Rn \G) = {y ∈ Rn : ω(y′) − δ ≤ yn < ω(y′)} ,
Γ ∩ U = {y ∈ Rn : y′ ∈ Br, yn = ω(y′)} ,

ãäå y′ = (y1, y2, . . . , yn−1), Br = {y′ : |y′| < r}, δ > 0 � íåêîòîðàÿ ïîñòîÿííàÿ è ω ∈
Cα(Br). Áåç îãðàíè÷åíèÿ îáùíîñòè, ñ÷èòàåì, ÷òî äëÿ ëîêàëüíîé ñèñòåìû êîîðäèíàò

îñü yn íàïðàâëåíà ïî íîðìàëè ê Γ â òî÷êå x0.
Óñëîâèÿ ñîãëàñîâàíèÿ è ãëàäêîñòè. Ôèêñèðóåì p > n + 2m. Ïðèâåäåì, èñïîëüçóåìûå

íèæå óñëîâèÿ íà äàííûå çàäà÷è.

u0(x) ∈ W 2m−2m/p
p (G), gj(x, t) ∈ W kj ,2mkj

p (S), kj = 1 − mj

2m
− 1

2pm
, (5)

ãäå j = 1, 2, . . . , m.
f ∈ Lp(Q), (6)

gj(x, 0) = Bj(x, 0)u0(x)|∂G, j = 1, 2, . . . , m. (7)

ψi(t) ∈ W 1
p (0, T ), ψi(0) =

∫

Gi

u0(x)ϕi(x)dx, i = 1, 2, . . . , s, (8)

ψi(t) ∈ W 1
p (0, T ), ψi(0) = u0(xi), i = 1, 2, . . . , s. (9)

Óñëîâèÿ íà êîý��èöèåíòû îïåðàòîðîâ A,Bj áîëåå èëè ìåíåå ñòàíäàðòíûå. Áîëåå

òîãî, äëÿ ïðîñòîòû âûêëàäîê ìû áóäåì èñïîëüçîâàòü íå ñàìûå òî÷íûå óñëîâèÿ íà êî-

ý��èöèåíòû. Ìû ñ÷èòàåì, ÷òî

aα(t, x) ∈ L∞(Q) (|α| < 2m), aα ∈ C(Q) (|α| = 2m),

bjβ ∈ C2m−mj (S) (j = 1, . . . , m, |β| ≤ mj) ,
(10)
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bi(x, t) ∈ L∞(0, T ;Lp(G)), i = 1, 2, . . . , r, (11)

Ïóñòü {Gj} � íàáîð îáëàñòåé ñ ãðàíèöåé êëàññà C1
âëîæåííûõ â G. Ìû áóäåì èñïîëü-

çîâàòü äâà âèäà óñëîâèé íà âåñîâûå �óíêöèè {ϕj(x)}:

suppϕj ⊂ Gj, ϕj ∈ W 1
q (Gj)

(1

q
+

1

p
= 1
)
, j = 1, 2, . . . , s,

(12)

suppϕj ⊂ Gj , ϕj ∈ L1(G), j = 1, 2, . . . , s.
(13)

Ïðè âûïîëíåíèè ìèíèìàëüíûõ òðåáîâàíèé (13) íàì ïîíàäîáÿòñÿ äîïîëíèòåëüíûå óñëî-

âèÿ íà äàííûå çàäà÷è Ïóñòü G0 =
⋃s

j=1Gj, Q0 = G0 × (0, T ).

∇f ∈ Lp(Q0), ∇bj ∈ L∞(0, T, Lp(G0)), (14)

∇u0 ∈ W
2m− 2m

p
p (G0), ∇aα(x, t) ∈ W 1

∞(Q0), (|α| ≤ 2m). (15)

Ïóñòü Bρ(x) - øàð ðàäèóñà ρ ñ öåíòðîì â òî÷êå x. Íàéäåòñÿ δ0 > 0 òàêîå, ÷òî

Bδ0(xi) ∩ Bδ0(xj) = ∅ ïðè i 6= j è Bδ0(xi) ∩ ∂G = ∅ äëÿ âñåõ i, j = 1, 2, . . . , r. Ïîëîæèì
Gδ =

⋃
iBδ(xi). Â ñëó÷àå çàäà÷è (1)-(3) îïðåäåëèì ìàòðèöó B(t) ðàçìåðà r × r, ñòðîêè

êîòîðîé ñ íîìåðàìè (k − 1)h + 1, kh, (k = 1, 2, ..., s) çàíèìàþò ìàòðèöû ðàçìåðà h× r
ñî ñòîëáöàìè

∫
G

b1ϕkdx, ...,
∫
G

brϕkdx. Ìîæíî ïîêàçàòü, èñïîëüçóÿ óñëîâèÿ (11)-(12) (ñîîò-

âåòñòâåííî, (13), (14)) è òåîðåìû âëîæåíèÿ, ÷òî ýëåìåíòû ýòîé ìàòðèöû ïðèíàäëåæèò

L∞(0, T ). Â ñëó÷àå çàäà÷è (1)-(2), (4) ìû áóäåì äîïîëíèòåëüíî òðåáîâàòü, ÷òî âûïîë-

íåíû óñëîâèÿ (13), (10), ãäå â êà÷åñòâå îáëàñòè G0 áåðåòñÿ δ-îêðåñòíîñòü G
δ
ìíîæåñòâà

{xj}sj=1  δ < δ0. Â êà÷åñòâå ìàòðèöû B âîçüìåì ìàòðèöó, ñòðîêè êîòîðîé ñ íîìåðà-

ìè (k − 1)h + 1, kh, (k = 1, 2, ..., s) çàíèìàþò ìàòðèöû ðàçìåðà h × r ñî ñòîëáöàìè

b1(xk, t), ..., br(xk, t). Îïÿòü ïðè âûïîëíåíèè óñëîâèé (13), (10) ýëåìåíòû ýòîé ìàòðèöû

ïðèíàäëåæèò L∞(0, T ). Â îáîèõ ñëó÷àÿõ ìû òðåáóåì, ÷òîáû ñóùåñòâîâàëà ïîñòîÿííàÿ

δ0 > 0 òàêàÿ, ÷òî

| det B(t)| ≥ δ0, äëÿ ï.â. t ∈ [0, T ] . (16)

�àññìîòðèì îïåðàòîð: A0(t, x,D) =
∑

|α|=2m aα(x, t)Dα
è ïðåäïîëîæèì, ÷òî îïåðà-

òîð ∂t + A0 ïàðàáîëè÷åí, ò.å. íàéäåòñÿ ïîñòîÿííàÿ δ1 > 0 òàêàÿ, ÷òî ëþáîé êîðåíü p
ìíîãî÷ëåíà

det (A0(t, x, iξ) + pE) = 0,

(E � åäèíè÷íàÿ ìàòðèöà) óäîâëåòâîðÿåò íåðàâåíñòâó:

Re p ≤ −δ1|ξ|2m, ∀ξ ∈ Rn, ∀(x, t) ∈ Q. (17)

Óñëîâèå Ëîïàòèíñêîãî çàïèøåòñÿ â âèäå: äëÿ ëþáîé òî÷êè (t0, x0) ∈ S çàïèøåì îïå-

ðàòîðû A0, Bj0 (Bj0 =
∑

|β|=mj
bjβD

β) â ëîêàëüíîé ñèñòåìå êîîðäèíàò y è ïðåäïîëîæèì,
÷òî ñèñòåìà

(
λE + A0(iξ

′, ∂yn)
)
v(z) = 0, Bj0(t0, x0)(iξ

′, ∂yn)v(0) = hj , (18)
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(ξ′ = (ξ1, . . . , ξn−1), yn ∈ R+
, j = 1, 2, . . . , m) èìååò åäèíñòâåííîå ðåøåíèå èç C(R+;E)

óáûâàþùåå íà áåñêîíå÷íîñòè äëÿ âñåõ ξ′ ∈ Rn−1
, |arg λ| ≤ π/2 è hj ∈ E òàêèõ ÷òî

|ξ′| + |λ| 6= 0.
Àëãåáðàè÷åñêèå óñëîâèÿ, ãàðàíòèðóþùèå âûïîëíåíèå (18) ìîãóò áûòü íàéäåíû, íà-

ïðèìåð, â [28℄. Ïîëîæèì Gδ,i = {x ∈ Gi : ρ(x, ∂Gi) > δ}, Qγ
δ,i = Gδ,i×(0, γ), Gδ =

⋃s
i=1Gδ,i

è Qδ = Gδ × (0, T ), Qγ
δ = Gδ × (0, γ) (δ ≥ 0), Qγ = G× (0, γ).

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà

Òåîðåìà 1.1. Ïóñòü G � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C2m
, âûïîëíåíû

óñëîâèÿ (5), (10), (17), (18) è kj 6= 1/p äëÿ âñåõ j = 1, 2, . . . , m. Òîãäà åñëè g ∈ Lp(Q), òî
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ W 1,2m

p (Q) çàäà÷è

ut + A(t, x,Dx)u = g , u|t=0 = u0(x) , Bju|S = gj , (19)

óäîâëåòâîðÿþùåå îöåíêå

‖u‖W 1,2m
p (Q) ≤ c

[
‖g‖Lp(Q) +

m∑

j=1

‖gj‖
W

kj,2mkj
p (S)

+ ‖u0‖W 2m−2m/p
p (G)

]
, (20)

ãäå c � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò äàííûõ çàäà÷è g, gj, u0 è ðåøåíèÿ u. Åñëè äîïîë-

íèòåëüíî âûïîëíåíî óñëîâèå (15) è ∇g ∈ Lp(Q0), òî ðåøåíèå u îáëàäàåò ñâîéñòâîì

∇u ∈ W 1,2m
p (Qδ), ∀δ > 0.

� Ïåðâîå óòâåðæäåíèå � ñëåäñòâèå èç òåîðåìû 10.4 â [28℄. Ïîëó÷èì âòîðîå óòâåðæäå-

íèå. Ïîêàæåì, ÷òî ïîëó÷åííîå ðåøåíèå îáëàäàåò áîëüøåé ãëàäêîñòüþ â îáëàñòÿõ Qδ,j.

Ôèêñèðóåì δ2 > δ1 > δ (ñ÷èòàåì, ÷òî δ2 äîñòàòî÷íî ìàëî è òàêèì îáðàçîì Gδ2,j 6= ∅).
Ïîñòðîèì �óíêöèþ ψ0(x) ∈ C∞

0 (Rn); ψ0 ≡ 1 â Gδ2,j è ψ0 ≡ 0 â G \ Gδ1,j. Ïîëîæèì

∆iu = (u(x + eiη) − u(x))/η (ei � i-é êîîðäèíàòíûé âåêòîð), ãäå |η| < δ − δ1. Òîãäà
�óíêöèÿ ṽ = ψ0(x)∆iu åñòü ðåøåíèå çàäà÷è

ṽt + A0(t, x,D)ṽ = ψ0[A0,∆i]u+ ψ0∆ig + [A0, ψ0]∆iu +

+ ψ0∆i((A0 − A)(u+ Φ)),

Brṽ|S = 0 (r = 1, 2, . . . , m), ṽ|t=0 = ψ0(x)∆iu0.

(21)

ãäå [A0,∆i] = A0∆i−∆iA0, [A0, ψ] = A0ψ−ψA0 è ò.ä. (ò.å. êâàäðàòíûå ñêîáêè îáîçíà÷àþò

ñîîòâåòñòâóþùèé êîììóòàòîð). Òîãäà �óíêöèÿ ṽ óäîâëåòâîðÿåò îöåíêå (20), ãäå ïðà-

âàÿ ÷àñòü, ãðàíè÷íûå �óíêöèè gj è �óíêöèÿ u0 çàìåíÿþòñÿ íà âûðàæåíèÿ, âõîäÿùèå â
ïðàâûå ÷àñòè â (21), ñîîòâåòñòâóþùèå íîðìû êîòîðûõ îöåíèâàþòñÿ ïîñòîÿííîé íå çà-

âèñÿùåé îò ïàðàìåòðà h. Èñïîëüçóÿ ëåììó 4.6 ãëàâû 2 â [29℄, ïîëó÷èì, ÷òî îáîáùåííàÿ

ïðîèçâîäíàÿ ∂xi
v ïðèíàäëåæèò W 1,2m

p (Qδ2,j) è óäîâëåòâîðÿåò îöåíêå

‖vxi
‖W 1,2m

p (Qδ2,j
) ≤ c0

[
‖∇g‖Lp(Q0) + ‖∇u0‖W 2m−2m/p

p (G0)
+ ‖u‖W 1,2m

p (Q)

]
. (22)

Â ñèëó ïðîèçâîëüíîñòè δ2, δ1 è i, j çàêëþ÷àåì, ÷òî ∇v ∈ W 1,2m
p (Qδ1) äëÿ âñåõ δ1 > 0. �
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Êàê ñëåäñòâèå òåîðåìû 1.1 èìååì

Òåîðåìà 1.2. Ïóñòü G � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C2m
, âûïîëíåíû

óñëîâèÿ (10), (17), (18), kj 6= 1/p äëÿ âñåõ j = 1, 2, . . . , m è g ∈ Lp(Q
γ) (γ ∈ (0, T ]). Òîãäà

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ W 1,2m
p (Qγ) çàäà÷è

ut + A(t, x,Dx)u = g, u|t=0 = 0, Bju|S = 0 (j = 1, 2, . . . , m) , (23)

óäîâëåòâîðÿþùåå îöåíêå

‖u‖W 1,2m
p (Qγ) ≤ c‖g‖Lp(Qγ) , (24)

ãäå c � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò γ.

Òåîðåìà 1.3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.2 è óñëîâèÿ (15) íà êîý��èöè-

åíòû aα. Òîãäà ðåøåíèå u çàäà÷è (23) ïðè �èêñèðîâàííîì δ1 > 0 óäîâëåòâîðÿåò îöåíêå

‖∇u‖W 1,2m
p (Qγ

δ1
) ≤ c(‖g‖Lp(Qγ) + ‖∇g‖Lp(Q

γ
0 )

) , (25)

ãäå ïîñòîÿííàÿ c íå çàâèñèò îò γ.

2. Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 2.1. Ïóñòü âûïîëíåíû óñëîâèÿ (5)-(8), (10)-(12), (16)-(18). Òîãäà ñóùå-

ñòâóåò åäèíñòâåííîå ðåøåíèå (u, q1, .., qr) çàäà÷è (1)-(3) òàêîå, ÷òî

u ∈ W 1,2m
p (Q), qi(t) ∈ Lp(0, T ) , i = 1, 2, ..., r.

�åøåíèå óäîâëåòâîðÿåò îöåíêå

‖u‖W 1,2m
p (Q) +

r∑

i=1

‖qi(t)‖Lp(0,T ) ≤

c(‖f‖Lp(Q) +

m∑

j=1

‖gj‖
W

kj,2mkj
p (S)

+ ‖u0‖W 2m−2m/p
p (G)

+

s∑

j=1

‖ψi‖W 1
p (0,T )) .

� Ïðîäîëæèì ãðàíè÷íûå äàííûå âíóòðü îáëàñòè, ïîñòðîèâ �óíêöèþ Φ ∈ W 1,2m
p (Q)

òàêóþ, ÷òî Φ|t=0 = u0(x), BjΦ|S = gj (j = 1, 2, . . . , m). Â êà÷åñòâå �óíêöèè Φ âîçüìåì

ðåøåíèå çàäà÷è (19) (ñì. òåîðåìó 1.1), ãäå g = f . Òîãäà, åñëè u ðåøåíèå çàäà÷è (1)-(3),
òî �óíêöèÿ v = u− Φ åñòü ðåøåíèå çàäà÷è

vt + Av =
r∑

i=1

fi(t, x)qi(t) , v|t=0 = 0, Bjv|S = 0 , j = 1, 2, ..., m , (26)

∫

G

vϕidx = ψi −
∫

G

Φϕidx = ψ̃i ∈ W 1
p (0, T ) . (27)
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Èíòåãðèðóåì (26) ñ âåñîì ϕi è èñïîëüçóåì (27). Èìååì

∫

G

ϕi(x)vtdx =
∂

∂t

∫

G

ϕi(x)v(x, t)dx = ψ̃it ,

ψ̃it +

∫

G

ϕiAvdx =

r∑

j=1

qj

∫

G

ϕifj(t, x)dx , i = 1, 2, . . . , s . (28)

Íà ðàâåíñòâî ìîæíî ñìîòðåòü êàê íà óðàâíåíèå äëÿ íàõîæäåíèÿ �óíêöèé qi(t). Äåé-
ñòâèòåëüíî, ïóñòü B � ìàòðèöà, îïðåäåëåííàÿ ïîñëå �îðìóëû (15). Ïðàâàÿ ÷àñòü (28)

çàïèñûâàåòñÿ â âèäå B~q, ~q = (q1, q2, . . . , qr). �àâåíñòâî (28) ïåðåïèøåòñÿ â âèäå

B~q = ~ψ +R(~q) , (29)

ãäå êîìïîíåíòû âåêòîðîâ R(~q), ~ψ ñ íîìåðàìè (k− 1)h+ 1, kh, (k = 1, 2, ..., s) çàíèìàþò
ñòîëáöû

∫
G
ϕkAvdx è ψ̃kt, ñîîòâåòñòâåííî, ïðè÷åì v ðåøåíèå çàäà÷è (26) è çíà÷èò

v = (∂t + A)−1
( r∑

j=1

fiqi(t)
)

èëè

~q = B−1 ~ψ +B−1R(q) = ~ψ0 +R0(~q) . (30)

Ïîêàæåì, ÷òî óðàâíåíèå (30) ðàçðåøèìî â Lp(0, T ). Ïîëó÷èì îöåíêè. Îöåíèì

‖R0~q‖Lp(0,γ). Ïî óñëîâèþ ìàòðèöà B îáðàòèìà, è â ñèëó óñëîâèÿ (16) èìååì

‖R0(~q)‖Lp(0,γ) ≤ c0‖R(q)‖Lp(0,γ) ≤
s∑

i=1

c0‖
∫

G

Avϕidx‖Lp(0,γ) . (31)

Èìååì Au = A0v +A1v, ãäå A0v =
∑

|α|=2m

aαD
αv è A1v =

∑
|α|<2m

aαD
αv. Ïðè |α| ≤ 2m− 1,

ïîëó÷èì

∣∣∣
∫

G

aαD
αuϕi

∣∣∣ ≤M
( ∫

G

|Dαv|pdx
) 1

p
(∫

G

|ϕi|qdx
) 1

q ≤ c‖u‖W 2m−1
p (G) ,

c = M max
i

(∫

G

|ϕi|qdx
) 1

q
, M = max

|α|<2m
‖aα(x, t)‖L∞(Q) .

Òàêèì îáðàçîì, ∣∣∣
∫

G

A1vϕidx
∣∣∣ ≤ c1‖v‖W 2m−1

p
. (32)

�àññìîòðèì âûðàæåíèå

∫
G
A0vϕidx. Ñþäà âõîäÿò ñëàãàåìûå

∫

G

aα(x, t)Dαvϕidxdt =

∫

Γi

aα(x, t)Dα′
vϕinkdΓ −

∫

Gi

(aαϕi)xk
Dα′

vdx ,
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ãäå Dαv =
∂

∂xk
Dα′

v, nk � êîîðäèíàòû åäèíè÷íîé âíåøíåé íîðìàëè ê Γi = ∂Gi. Âòîðîé

èíòåãðàë îöåíèâàåòñÿ ñâåðõó

∫

Gi

|aα| |Dα′
v| |ϕixk

|dx+

∫

G0

|aαxk
| |Dα′

v| |ϕi|dx ≤

≤M

(∫

Gi

|Dα′
v|pdx

) 1
p
(∫

Gi

|ϕixk
|qdx

) 1
q

+M1

(∫

Gi

(Dα′
v)pdx

) 1
p
(∫

Gi

ϕq
idx

) 1
q

.

Òàêèì îáðàçîì, âòîðîé èíòåãðàë îöåíèâàåòñÿ âåëè÷èíîé c2‖v‖W 2m−1
p (G). Îöåíèì ïåðâûé

èíòåãðàë ñ èñïîëüçîâàíèåì òåîðåì î ñëåäàõ (ñì., íàïðèìåð, [26, 28, 29℄)

∣∣∣
∫

Γi

aαD
α′
vϕinkdΓ

∣∣∣ ≤M

∫

Γi

|Dα′
v||ϕink|dΓ ≤M

(∫

Γi

|Dα′
v|pdΓ

) 1
p
(∫

Γi

ϕq
idΓ

) 1
q

≤

c3‖Dα′
v‖Lp(Γi) ≤ c4‖Dα′

v‖W β
p (Gi)

≤ c5‖v‖W β+2m−1
p (Gi)

, 1 > β >
1

p
.

Èç ïîñëåäíèõ äâóõ íåðàâåíñòâ âûòåêàåò, ÷òî íàéäåòñÿ ïîñòîÿííàÿ c6 òàêàÿ, ÷òî

∣∣∣
∫

G

A0vϕidx
∣∣∣ ≤ c6‖v‖W β+2m−1

p (G) . (33)

Ôèêñèðóåì β. Òîãäà èç (32), (33) è èíòåðïîëÿöèîííûõ íåðàâåíñòâ (ñì. [26℄) ñëåäóåò, ÷òî

‖R0(q)‖Lp(0,γ) ≤ c7‖‖v‖W 2m−1+β
p (G)‖Lp(0,γ) ≤ c8‖v‖θLp(0,γ;W 2m

p (G))‖v‖1−θ
Lp(0,γ;Lp(G)) ,

ãäå 2mθ + (1 − θ) = (2m− 1 + β). Ïî òåîðåìå 1.2

‖v‖W 1,2m
p (Qγ) ≤ c9

∥∥∥
r∑

i=1

qifi

∥∥∥
Lp(Qγ)

. (34)

Ïðàâàÿ ÷àñòü îöåíèâàåòñÿ òàê:

‖qifi‖pLp(Qγ) =
(∫ γ

0

∫

G

|qi|p|fi|pdxdt
)

=

∫ γ

0

|qi|p
∫

G

|fi|pdxdt ≤ ‖fi‖L∞(0,T ;Lp(G))

∫ γ

0

|qi|pdt ≤ c10‖qi‖pLp(0,γ)
. (35)

Êðîìå òîãî,

v(x, t) =

t∫

0

vτ (x, τ)dτ ,
1

p
+

1

q
= 1 ,

‖v‖Lp(G) ≤
t∫

0

‖vτ (x, τ)‖Lp(G)dτ ≤ γ
1
q

( t∫

0

‖vτ (x, τ)‖pLp(G)dτ
) 1

p
.
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Îòñþäà ïîëó÷èì, ÷òî

‖v‖Lp(Qγ) ≤ γ‖vt‖Lp(Qγ) . (36)

Èñïîëüçóÿ (34)-(36) è ïðèâåäåííîå âûøå íåðàâåíñòâî äëÿ ‖R0(q)‖, ïîëó÷èì

‖R0(~q )‖Lp(0,γ) ≤ c11‖~q ‖Lp(0,γ)γ
1−θ . (37)

Òàêèì îáðàçîì, åñëè c11γ
1−θ ≤ q0 < 1, òî óðàâíåíèå (30) èìååò åäèíñòâåííîå ðåøåíèå ~q

èç Lp(0, γ) ∀~ψ0 ∈ Lp(0, γ). Âîçüìåì

~q0 =

{
~q, t ∈ (0, γ) ,
0, t ∈ [γ, 2γ]

è ñäåëàåì çàìåíó ~q = ~q1 + ~q0 â (24). Òîãäà

~q1 = R0(~q1) + c0 − ~q0 +R0(q0) . (38)

Åñëè q1 åñòü ðåøåíèå óðàâíåíèÿ (38) íà [0, 2γ], òî q1−R0(~q1) = 0 íà (0, γ) è ïî äîêàçàí-
íîìó q1 = 0 íà (0, γ). Èìååì q1|[γ,2γ] ∈ Lp(γ, 2γ). Îöåíèì ‖R0(~q1)‖Lp(γ,2γ). Êàê è ðàíåå,

ïîëó÷èì îöåíêó

‖R0(~q1)‖Lp(γ,2γ) ≤ c‖~q1‖Lp(γ,2γ)γ
1−θ ,

ãäå áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî ïîñòîÿííàÿ c ñîâïàäàåò ñ ïîñòîÿííîé c11
èç (37). Òîãäà óðàâíåíèå (38) èìååò åäèíñòâåííîå ðåøåíèå èç Lp(γ, 2γ). Ôóíêöèÿ ~q =
~q1 + ~q0 åñòü ðåøåíèå (30) íà ïðîìåæóòêå [0, 2γ]. Ïîâòîðÿÿ ðàññóæäåíèÿ çà êîíå÷íîå

÷èñëî øàãîâ äîêàæåì, ÷òî óðàâíåíèå (30) èìååò åäèíñòâåííîå ðåøåíèå èç Lp(0, T ).
Âîññòàíîâèì �óíêöèþ v êàê ðåøåíèå óðàâíåíèÿ (26). Ïîêàæåì, ÷òî �óíêöèÿ v åñòü

ðåøåíèå íàøåé çàäà÷è. Ïî ïîñòðîåíèå v|t=0 = 0, Biv|S = 0 (i = 1, 2, . . . , m). Äîêàæåì,
÷òî

∫
G
ϕivdx = ψ̃i(t). Èíòåãðèðóåì óðàâíåíèå â (26) ïî G ñ âåñîì ϕi. Èìååì

∂

∂t

∫

G

ϕivdx+

∫

G

Avϕidx =

r∑

j=1

qj

∫

G

fjϕidx .

Ôóíêöèè qj óäîâëåòâîðÿþò ñèñòåìå (28), âû÷èòàÿ i-å óðàâíåíèå êîòîðîé èç ïðåäûäóùåãî

ðàâåíñòâà ïîëó÷èì, ÷òî

(∫
G

ϕivdx− ψ̃i

)

t
= 0 èëè

∫

G

ϕivdx− ψ̃i = (

∫

G

ϕivdx− ψ̃i)|t=0 = 0 ,

â ñèëó óñëîâèé ñîãëàñîâàíèÿ. Òàêèì îáðàçîì �óíêöèÿ v åñòü ðåøåíèå íàøåé çàäà÷è. �

Îöåíêà èç óòâåðæäåíèÿ òåîðåìû �àêòè÷åñêè áûëà ïîëó÷åíà â ïðîöåññå äîêàçàòåëü-

ñòâà ðàçðåøèìîñòè îáðàòíîé çàäà÷è.
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Òåîðåìà 2.2. Ïóñòü âûïîëíåíû óñëîâèÿ (5)-(8), (10)-(11), (13)-(18). Òîãäà ñóùåñòâó-

åò åäèíñòâåííîå ðåøåíèå (u, q1, .., qr) çàäà÷è (1)-(3) òàêîå, ÷òî

u ∈ W 1,2m
p (Q), qi(t) ∈ Lp(0, T ), i = 1, 2, ..., r, ∇xu ∈ W 1,2m

p (Qδ)

äëÿ âñåõ δ > 0. Ïðè �èêñèðîâàííîì δ > 0 ðåøåíèå óäîâëåòâîðÿåò îöåíêå

‖u‖W 1,2m
p (Q) + ‖∇xu‖W 1,2m

p (Qδ)
+

r∑

i=1

‖qi(t)‖Lp(0,T ) ≤

c
(
‖f‖Lp(Q) + ‖∇xf‖Lp(Q0) +

m∑

j=1

‖gj‖
W

kj,2mkj
p (S)

+

+ ‖u0‖
W

2m− 2m
p

p (G)
+ ‖∇xu0‖

W
2m− 2m

p
p (G0)

+

s∑

j=1

‖ψi‖W 1
p (0,T )

)
.

� Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî òîé æå ñõåìå, ÷òî è äîêàçàòåëüñòâî ïðåäûäóùåé

òåîðåìû. Åäèíñòâåííîå îòëè÷èå â äîêàçàòåëüñòâå - ñïîñîá ïîëó÷åíèÿ îöåíêè äëÿ íîðìû

îïåðàòîðà R0. Ïðèâåäåì åãî. Îöåíèì ‖R0~q‖Lp(0,γ). Êàê è ðàíåå èìååì

‖R0(~q)‖Lp(0,γ) ≤ c0‖R(q)‖Lp(0,γ) ≤
s∑

i=1

c0

∥∥∥
∫

G

Avϕidx
∥∥∥
Lp(0,γ)

.

Â ñèëó êîìïàêòíîñòè ìíîæåñòâ suppϕj, íàéäåòñÿ δ0 > 0 òàêîå, ÷òî suppϕj ⊂ Gδ,j äëÿ

âñåõ δ ≥ δ0 è äëÿ âñåõ j. Â ñèëó óñëîâèé íà êîý��èöèåíòû è òåîðåì âëîæåíèÿ [26℄,

∣∣∣
∫

G

Avϕidx
∣∣∣ =

∣∣∣
∫

Gδ0,j

Avϕidx
∣∣∣ ≤M

∑

|α|≤2m

‖Dαv‖L∞(Gδ0,j
)‖ϕj‖L1(G) ≤

M1

∑

|α|≤2m

‖Dαv‖W β
p (Gδ0,j

) ≤M2‖v‖W 2m+β
p (Gδ0,j

) , β ∈ (n/p, 1).

Äàëåå, èñïîëüçóÿ èíòåðïîëÿöèîííûå íåðàâåíñòâà [26℄, ïîëó÷èì îöåíêó äëÿ ïîñëåäíåé

íîðìû

M3‖v‖θW 2m+1
p (Gδ0,j

))
‖v‖1−θ

Lp(G), (2m+ 1)θ = 2m+ β .

Íåðàâåíñòâî ñïðàâåäëèâî äëÿ âñåõ j. Òîãäà

‖R0(q)‖Lp(0,γ) ≤M4‖v‖θLp(0,γ;W
2m+1
p (Gδ0

))
‖v‖1−θ

Lp(0,γ;Lp(G)) ,

Â ñèëó îöåíêè (36), èìååì

‖R0(q)‖Lp(0,γ) ≤M5‖v‖θLp(0,γ;W
2m+1
p (Gδ0

))
‖vt‖1−θ

Lp(0,γ;Lp(G))γ
1−θ,
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Äàëåå, â ñèëó îöåíêè èç òåîðåì 1.2, 1.3,

‖v‖Lp(0,γ;W
2m+1
p (Gδ0

)) ≤ c
r∑

i=1

(
‖qi∇xfi‖pLp(Q

γ
0 )

+ ‖qifi‖pLp(Qγ)

)
,

ãäå c � ïîñòîÿííàÿ íå çàâèñÿùàÿ îò γ. Èñïîëüçóÿ óñëîâèÿ íà �óíêöèè fi, ∇xfi, êàê è

ïðè äîêàçàòåëüñòâå òåîðåìû 2.1, ïîëó÷èì îöåíêó

‖R0(~q)‖Lp(0,γ) ≤M4‖~q‖Lp(0,γ)γ
1−θ . (39)

Ýòî êàê ðàç è åñòü íóæíàÿ íàì îöåíêà. Îñòàëüíûå ðàññóæäåíèÿ ñîâïàäàþò ñ ðàññóæ-

äåíèÿìè èç ïðåäûäóùåé òåîðåìû. �

�àññìîòðèì çàäà÷ó (1), (2), (4). Ôèêñèðóåì δ1 < δ0 (ïîñòîÿííàÿ δ0 áûëà îïðåäåëåíà
ïîñëå �îðìóëû (15)) è âîçüìåì â êà÷åñòâå îáëàñòåé Gj øàðû Bδ1(xj). Êàê è ðàíåå,

G0 =
⋃s

i=1Gj . Ìû âîñïîëüçóåìñÿ òåîðåìîé 2.3 èç [30℄ â ñîîòâåòñòâèè ñ êîòîðîé:

Òåîðåìà 2.3. Ïðè âûïîëíåíèè óñëîâèé (5)-(7), (9)-(11), (14)-(18) ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå çàäà÷è (1), (2), (4) òàêîå, ÷òî ~q ∈ Lp(0, T ), u ∈ W 1,2m
p (Q),∇u ∈

W 1,2m
p (Qδ), ∀δ > 0.

� Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 2.3. Ïóñòü ε > 0. �àññìîòðèì
�óíêöèþ ϕ(x) ∈ C∞

0 (B1) (B1) = {x ∈ Rn : |x| < 1} òàêóþ, ÷òî

∫
Rn ϕ(x)dx = 1 è

ϕ(x) ≥ 0 äëÿ âñåõ x. Îïðåäåëèì ϕjε(x) = ε−nϕ([x− xj ]/ε). Èìååì

‖ϕj‖L1(G) =

∫

Rn

ϕjε(x)dx =
1

εn

∫

Rn

ϕ
(x− xj

ε

)
dx = 1 .

Ââåäåì rjε =
∫
G
ϕjε(x)u0(x) dx−u0(xj). Â ñèëó òåîðåì âëîæåíèÿ è óñëîâèé íà �óíêöèþ

u0, ëåãêî óâèäåòü, ÷òî íàéäåòñÿ ïîñòîÿííàÿ M > 0 òàêàÿ, ÷òî |rjε| ≤ Mε äëÿ âñåõ j.
�àññìîòðèì çàäà÷ó (1)-(3), ãäå ϕj = ϕjε, ε < δ1, Gj = Bδ1(xj), à â êà÷åñòâå �óíêöèé ψj

âîçüìåì �óíêöèè ψjε = ψj(t) + rjε. Ïî ïîñòðîåíèþ è â ñèëó óñëîâèé (9),

ψjε(0) =

∫

G

ϕjεu0(x) dx .

�åøåíèå ýòîé çàäà÷è (1)-(3) (îíî ñóùåñòâóåò è îáëàäàåò ñâîéñòâàìè óêàçàííûìè â

òåîðåìå 2.2) îáîçíà÷èì ÷åðåç uε, ~qε = (qε1, ..., q
ε
r), à ðåøåíèå çàäà÷è (1), (2), (4) ÷åðåç

u, ~q = (q1, ..., qr). �

Òåîðåìà 2.4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.3. Òîãäà

‖uε − u‖W 1,2m
p (Q) → 0 ïðè ε→ 0.

� Ââåäåì �óíêöèè v = u − Φ è vε = uε − Φ (�óíêöèÿ Φ áûëà ïîñòðîåíà â äîêàçà-

òåëüñòâå òåîðåìû 2.1). Ôóíêöèè v è vε åñòü ðåøåíèÿ çàäà÷

vεt + Avε =

r∑

i=1

qεi fi , vε|t=0 = 0 , Bjvε|S = 0, j = 1, 2, ..., m , (40)
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vt + Av =
r∑

i=1

qifi , v|t=0 = 0 , Bjv|S = 0 , j = 1, 2, ..., m . (41)

Âûïîëíåíû óñëîâèÿ

v(xj, t) = ψj − Φ(xj , t) , (42)

∫

G

vεϕjεdx = ψjε −
∫

G

Φϕjε(x)dx . (43)

Â ñèëó òåîðåìû 1.1, ∇Φ ∈ W 1,2m
q (Qδ), ∀δ > 0. Ôèêñèðóåì δ ∈ (0, δ1) è ñ÷èòàåì, ÷òî

ε < δ1 − δ. Îáîçíà÷èì ωε = v− vε è a
ε
i = qi − qεi . Âû÷èòàÿ (40) è (41), à òàêæå (42), (43),

ïîëó÷èì

ωεt + Aωε =

r∑

i=1

aεifi , vε|t=0 = 0 , Bjvε|S = 0 , j = 1, 2, ..., m,

∫

G

ωεϕjεdx =

∫

G

(v(x, t) − v(xj, t))ϕjεdx+

∫

G

(Φ − Φ(xj , t))ϕjε(x)dx− rjε .

Ïî òåîðåìå 2.2 ñïðàâåäëèâà îöåíêà

‖ωε‖W 1,2m
p (Q) +

r∑

i=1

‖aεi‖Lp(0,T ) ≤ c
( s∑

j=1

∥∥∥
∫

G

(v − v(xj , t))ϕjεdx
∥∥∥
W 1

p (0,T )
+

s∑

j=1

∥∥∥
∫

G

(Φ − Φ(xj , t))ϕjε(x)dx
∥∥∥
W 1

p (0,T )

)
+ M1ε .

(44)

�àññìîòðèì âòîðîå ñëàãàåìîå

s∑

j=1

∥∥∥
∫

G

(Φ − Φ(xj , t))ϕjε(x)dx
∥∥∥
W 1

p (0,T )
.

Èñïîëüçóÿ òåîðåìû âëîæåíèÿ, îöåíèì, íàïðèìåð,

Jj =
∥∥∥
∫

G

(Φt(x, t) − Φt(xj , t))ϕjε(x)dx
∥∥∥
Lp(0,T )

.

Ïðè α = 1 − n/p ñïðàâåäëèâû îöåíêè

∣∣∣
∫

Gj

(Φt(x, t) − Φt(xj , t))ϕjε(x)dx
∣∣∣ ≤ sup

x∈Bε(xj)

|Φt(x, t) − Φt(xj , t)| ·
∫

Gj

|ϕjε(x)|dx ≤

εα sup
x∈Bε(xj)

|Φt(x, t) − Φt(xj , t)|
|x− xj |α

≤ εα sup
x,y∈Gδ

|Φt(x, t) − Φt(xj , t)|
|x− xj |α

≤ εα‖Φt‖Cα(Gδ) .

Òàê êàê ‖Φt‖Cα(Gδ) ≤ c‖Φt‖W 1
p (Gδ), òî îêîí÷àòåëüíàÿ îöåíêà áóäåò èìåòü âèä

Jj ≤ c1ε
α‖Φt‖Lp(0,T ;W 1

p (Gδ)) ,
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ãäå ïîñòîÿííàÿ c1 íå çàâèñèò îò ε, j. Àíàëîãè÷íî îöåíèâàåì âûðàæåíèå ‖
∫
G

(Φ(x, t) −
Φ(xj , t))ϕjε(x)dx‖Lp(0,T ). Òîãäà ñïðàâåäëèâà îöåíêà

∥∥∥
∫

G

(Φ − Φ(xj , t))ϕjεdx
∥∥∥
W 1

p (0,T )
≤ c2ε

α
(
‖Φt‖Lp(0,T ;W 1

p (Gδ)) + ‖Φ‖Lp(0,T ;W 1
p (Gδ))

)
,

�àññìîòðèì âòîðîå ñëàãàåìîå

∫
G

(v−v(xj , t))ϕjεdx . Ñîâåðøåííî àíàëîãè÷íî èìååì îöåí-

êó:

∥∥∥
∫

G

(v − v(xj, t))ϕjεdx
∥∥∥
W 1

p (0,T )
≤ c3ε

α(‖vt‖Lp(0,T ;W 1
p (Gδ)) + ‖v‖Lp(0,T ;W 1

p (Gδ))) ,

ãäå ïîñòîÿííàÿ c3 íå çàâèñèò îò ε, j. Ââèäó (44), îêîí÷àòåëüíàÿ îöåíêà èìååò âèä

‖ωε‖W 1,2m
p (Q) +

r∑

i=1

‖aεi‖Lp(0,T ) ≤ c4ε
α ,

ãäå ïîñòîÿííàÿ c4 íå çàâèñèò îò ε. �

Çàêëþ÷åíèå. Ïðèâåäåííûå âûøå ðàññóæäåíèÿ äîñòàòî÷íî êîíñòðóêòèâíû è ïîëó-

÷åííûå ðåçóëüòàòû è ñïîñîáû íàõîæäåíèÿ ðåøåíèé ìîãóò áûòü èñïîëüçîâàíû ïðè ïî-

ñòðîåíèè ÷èñëåííûõ àëãîðèòìîâ ðåøåíèé êàê çàäà÷è (1)-(3) òàê è çàäà÷è (1), (2), (4).

Ïî ñóòè â òåîðåìå 2.1 ïîêàçàíî, ÷òî ïðè ëþáîé íà÷àëüíîé �óíêöèè ìåòîä ïîñëåäîâà-

òåëüíûõ ïðèáëèæåíèé, ïðèìåíåííûé ïðè ïîñòðîåíèè ðåøåíèé ñèñòåìû (30), ñõîäèòñÿ.
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ON SOME CLASSES OF LINEAR INVERSE PROBLEMS
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Abstrat. Some questions that onerned the well-posedness of some linear inverse problems

onneted with paraboli equations and systems are examined. Both solutions and right-hand sides

of systems are reovered under some integral overdetermination onditions. Uniqueness and existene

theorems are proved in the Sobolev lasses. It is demonstrated that for an appropriate hoie of

integral overdetermination onditions it is possible to pass to the limit on a parameter and the

limit solution is the solution to the inverse problem with the overdetermination onditions whih

are represented by values of the solution at some �xed points.

Key words: paraboli system, inverse problem, ontrol problem, boundary value problem, well-

posedness.
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Àííîòàöèÿ. Ïðåäëîæåí ìåòîä ïîèñêà ÷àñòíûõ ðåøåíèé îáûêíîâåííûõ äè��åðåíöèàëü-

íûõ óðàâíåíèé (ÎÄÓ), ñîäåðæàùèõ îäíîðîäíûå �óíêöèè îò íåêîòîðûõ äè��åðåíöèàëüíûõ

âûðàæåíèé. Ââåäåíî ïîíÿòèå àññîöèèðîâàííîé ñèñòåìû, ðåøåíèÿ êîòîðîé ïðè îïðåäåëåííûõ

óñëîâèÿõ ñîâïàäàþò ñ ðåøåíèÿìè èñõîäíîãî óðàâíåíèÿ, è èññëåäîâàíû åå ñâîéñòâà. Ïðåäëàãà-

åìûé ìåòîä ïðîèëëþñòðèðîâàí äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ.

Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíîå óðàâíåíèå, îäíîðîäíàÿ �óíêöèÿ, àññîöèèðîâàííàÿ

ñèñòåìà, óñëîâèÿ ñîâìåñòíîñòè.

1. Ââåäåíèå. Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò äîñòàòî÷íî ìíîãî ìåòîäîâ ðåøåíèÿ

íåëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé [1-3℄. Â ýòèõ ìåòîäàõ èñïîëüçóþòñÿ, êàê

ïðàâèëî, ñâîéñòâà ñèììåòðèè èëè íåêîòîðûå ñïåöèàëüíûå ñâîéñòâà óðàâíåíèÿ. Ýòî îò-

íîñèòñÿ, íàïðèìåð, ê îäíîðîäíûì è îáîáùåííî-îäíîðîäíûì îáûêíîâåííûì äè��åðåí-

öèàëüíûì óðàâíåíèÿì (ÎÄÓ) [1,2℄. Òàêæå ïîëó÷åíû ðåøåíèÿ ðÿäà óðàâíåíèé â ÷àñòíûõ

ïðîèçâîäíûõ, ñîäåðæàùèõ îäíîðîäíûå �óíêöèè îò ïðîèçâîäíûõ [4℄. Â ðàáîòå ñäåëàíà

ïîïûòêà îáîáùåíèÿ èçâåñòíûõ ðåçóëüòàòîâ äëÿ ÎÄÓ, ñîäåðæàùèõ îäíîðîäíûå �óíêöèè

îò ïðîèçâîäíûõ. Ïðåäëîæåí ìåòîä ïîèñêà ÷àñòíûõ ðåøåíèé íåëèíåéíûõ ÎÄÓ, ñîäåð-

æàùèõ îäíîðîäíûå �óíêöèè îò íåêîòîðûõ äè��åðåíöèàëüíûõ âûðàæåíèé.

2. Ïîíÿòèå àññîöèèðîâàííîé ñèñòåìû è åå ñâîéñòâà. Ïóñòü y(x) � êîìïëåêñ-
íîçíà÷íàÿ �óíêöèÿ äåéñòâèòåëüíîãî àðãóìåíòà. �àññìîòðèì ÎÄÓ ñëåäóþùåãî âèäà

îòíîñèòåëüíî �óíêöèè y(x):

F
(
ψ0(x, y, y

′, . . . , y(M)), ψ1(x, y, y
′, . . . , y(M)), . . . , ψN(x, y, y′, . . . , y(M))

)
= 0 , (1)

ãäå F, ψ0, ψ1, . . . , ψN � íåêîòîðûå çàäàííûå �óíêöèè. Ïóñòü F ÿâëÿåòñÿ îäíîðîäíîé

�óíêöèåé ñ ïîêàçàòåëåì îäíîðîäíîñòè r, ò.å. äëÿ ïðîèçâîëüíûõ êîìïëåêñíûõ α, u0, u1, . . . , uN
è íåêîòîðîãî äåéñòâèòåëüíîãî r âûïîëíÿåòñÿ ñîîòíîøåíèå [5℄:

F (αu0, αu1, . . . , αuN) = αrF (u0, u1, . . . , uN) . (2)

Îïðåäåëåíèå 1. Ïóñòü Φ(x) = {ϕ0(x), ϕ1(x), . . . , ϕN(x)} � âåêòîð-�óíêöèÿ, óäîâëå-
òâîðÿþùàÿ �óíêöèîíàëüíîìó óðàâíåíèþ:

F (ϕ0(x), ϕ1(x), . . . , ϕN(x)) = 0 . (3)
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Àññîöèèðîâàííîé ñèñòåìîé (ÀÑ) äëÿ óðàâíåíèÿ (1), ñîîòâåòñòâóþùåé âåêòîð-�óíê-

öèè Φ(x), áóäåì íàçûâàòü ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé ñëåäóþùåãî âèäà:

ψ0(x, y, y
′, . . . , y(M))

ϕ0(x)
=
ψ1(x, y, y

′, . . . , y(M))

ϕ1(x)
= . . . =

ψN (x, y, y′, . . . , y(M))

ϕN(x)
. (4)

Åñëè ââåñòè íåêîòîðóþ ïðîèçâîëüíóþ �óíêöèþ q(x), òî ÀÑ ìîæíî çàïèñàòü â àëü-

òåðíàòèâíîé �îðìå:

ψn(x, y, y′, . . . , y(M))

ϕn(x)
= q(x) . (5)

(n = 0, 1, . . . , N).
Îòìåòèì, ÷òî â îáùåì ñëó÷àå ÀÑ ÿâëÿåòñÿ ïåðåîïðåäåëåííîé, òàê êàê îäíà íåèçâåñò-

íàÿ �óíêöèÿ y = y(x) äîëæíà óäîâëåòâîðÿòü îäíîâðåìåííî N óðàâíåíèÿì, âõîäÿùèì

â ñèñòåìó (4).

Òåîðåìà 1 (î ðåøåíèÿõ àññîöèèðîâàííîé ñèñòåìû). Ïóñòü y = y(x) � íåêîòîðàÿ

�óíêöèÿ, äè��åðåíöèðóåìàÿ äî ïîðÿäêà M âêëþ÷èòåëüíî, è ïóñòü àññîöèèðîâàííàÿ

ñèñòåìà (4) ñîâìåñòíà. Òîãäà äëÿ òîãî, ÷òîáû �óíêöèÿ y = y(x) áûëà ðåøåíèåì óðàâíå-

íèÿ (1), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ýòà �óíêöèÿ áûëà ðåøåíèåì àññîöèèðîâàííîé

ñèñòåìû (4).

� Íåîáõîäèìîñòü. Ïóñòü y = y(x) óäîâëåòâîðÿåò óðàâíåíèþ (1). Òîãäà â êà÷åñòâå

�óíêöèé ϕn(x) ìîæíî âûáðàòü ϕn(x) = ψn(x, y, y′, . . . , y(M)). Ïðè ýòîì y = y(x) óäîâëå-
òâîðÿåò ñèñòåìå (4), òàê êàê ψn(x, y, y′, . . . , y(M))/ϕn(x) = 1 äëÿ âñåõ n = 0, 1, . . . , N .

Äîñòàòî÷íîñòü. Ïóñòü ïðè íåêîòîðûõ ϕ0(x), ϕ1(x), . . . , ϕN(x) óäîâëåòâîðÿþùèõ óðàâ-
íåíèþ (3), y = y(x) ÿâëÿåòñÿ ðåøåíèåì ÀÑ. Ïîäñòàâèì ýòó �óíêöèþ â óðàâíåíèå (1) è

èñïîëüçóåì ÀÑ â âèäå (5). Òîãäà óðàâíåíèå (1) ìîæíî çàïèñàòü â âèäå:

F (q(x)ϕ0(x), q(x)ϕ1(x), . . . , q(x)ϕN(x)) = 0 .

Â ñèëó ñâîéñòâà îäíîðîäíîñòè (2) �óíêöèè F ïîñëåäíåå óðàâíåíèå ìîæåò áûòü ïðåîá-

ðàçîâàíî ê âèäó:

(q(x))r F (ϕ0(x), ϕ1(x), . . . , ϕN(x)) = 0 . (6)

Óðàâíåíèå (6) óäîâëåòâîðÿåòñÿ, òàê êàê �óíêöèè ϕ0(x), ϕ1(x), . . . , ϕN(x) óäîâëåòâîðÿþò
óðàâíåíèþ (3). Îòñþäà âûòåêàåò, ÷òî y = y(x) óäîâëåòâîðÿåò óðàâíåíèþ (1). �

Èñïîëüçóÿ äîêàçàííóþ òåîðåìó, ìîæíî íàõîäèòü ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (1),

ðåøàÿ ñèñòåìó (4), êîòîðàÿ, êàê ïðàâèëî, ÿâëÿåòñÿ áîëåå ïðîñòîé, ÷åì èñõîäíîå óðàâ-

íåíèå. Íèæå ïðèâåäåíû íåêîòîðûå êëàññû òàêèõ óðàâíåíèé.

2. Íåêîòîðûå óðàâíåíèÿ N-ãî ïîðÿäêà, ðåøàåìûå ìåòîäîì ÀÑ. �àññìîòðèì
óðàâíåíèå âèäà

F
(
ξ0(x)y, ξ1(x)y′, . . . , ξN(x)y(N)

)
= 0 . (7)

Â äàííîì ñëó÷àå M = N , �óíêöèè ψn(x, y, y′, . . . , y(N)) = ξn(x)y(n) ÿâëÿþòñÿ ëèíåé-

íûìè ïî y è åå ïðîèçâîäíûì, ïðè÷åì êàæäàÿ èç íèõ çàâèñèò òîëüêî îò ïðîèçâîäíîé
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òîãî æå ïîðÿäêà îò íåèçâåñòíîé �óíêöèè. Äëÿ óðàâíåíèÿ (7) ÀÑ èìååò âèä:

η0(x)y = η1(x)y′ = . . . = ηN (x)y(N) , (8)

ãäå ηn(x) = ξn(x)/ϕn(x) äëÿ âñåõ n = 0, 1, . . . , N .

Íàéäåì óñëîâèÿ ñîâìåñòíîñòè ñèñòåìû (8). Ïåðâîå óðàâíåíèå ñèñòåìû (8) èìååò

ñëåäóþùåå ðåøåíèå:

y(x) = C exp

(∫
ω(x)dx

)
, (9)

ãäå ω(x) = η0(x)/η1(x), C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Èç îñòàëüíûõ óðàâíåíèé ñèñòåìû

(8) âûðàçèì �óíêöèè ηn(x) (n = 1, . . . , N):

ηn(x) = η0(x)
y(x)

y(n)(x)
. (10)

Ïîäñòàâèì �óíêöèþ y(x), îïðåäåëÿåìóþ �îðìóëîé (9), â âûðàæåíèå (10), è ïîñëå ïðå-

îáðàçîâàíèé ïîëó÷èì:

ηn(x) =
η0(x)

ζn(x)
, (11)

ãäå �óíêöèè ζn(x) îïðåäåëÿþòñÿ ðåêóððåíòíîé �îðìóëîé:

ζn(x) = ζ ′n−1(x) − ω(x)ζn−1(x) , ζ0(x) = 1 . (12)

Ñîîòíîøåíèÿ (11) ïðåäñòàâëÿþò ñîáîé óñëîâèÿ ñîâìåñòíîñòè àññîöèèðîâàííîé ñèñòåìû

äëÿ óðàâíåíèÿ (7). Äëÿ íàõîæäåíèÿ íåèçâåñòíîé �óíêöèè ω(x) íåîáõîäèìî ïîäñòàâèòü
âûðàæåíèå (9) â óðàâíåíèå (7), è ó÷åñòü (11) è (12), â ðåçóëüòàòå ÷åãî ìîæíî ïîëó÷èòü

óðàâíåíèå ïîðÿäêà (N − 1) îòíîñèòåëüíî ω(x).

Àíàëîãè÷íûé ðåçóëüòàò ïðèâåäåí â ðàáîòå [2, ñ. 90℄, ãäå ðàññìàòðèâàåòñÿ ïîíèæåíèå

ïîðÿäêà óðàâíåíèÿ F
(
x, y, y′, . . . , y(N)

)
= 0 îñíîâàííîå íà çàìåíå ïåðåìåííîé, ñ òî÷-

íîñòüþ äî îáîçíà÷åíèé ñîâïàäàþùåé ñ âûðàæåíèåì (9). Â ïðîñòåéøåì ÷àñòíîì ñëó÷àå

óðàâíåíèÿ F
(
y, y′, . . . , y(N)

)
= 0, êîãäà óðàâíåíèå ÿâíî íå ñîäåðæèò x, ÷àñòíûì ðåøåíè-

åì ÿâëÿåòñÿ �óíêöèÿ y = exp(λx), ïðè÷åì ïîñòîÿííàÿ λ äîëæíà áûòü êîðíåì óðàâíåíèÿ

F
(
1, λ, . . . , λN

)
= 0. Òàêèì îáðàçîì, ïðèìåíåíèå ìåòîäà ÀÑ ê óðàâíåíèþ (7) ïðèâîäèò

ê èçâåñòíîé çàìåíå ïåðåìåííîé, ïîçâîëÿþùåé ïîíèçèòü ïîðÿäîê èñõîäíîãî óðàâíåíèÿ.

Ïóñòü òåïåðü ψn(x, y, y′, . . .) = y(mn)(x) ãäå {mn} (n = 1, . . . , N) � ìíîæåñòâî çíà÷åíèé
èíäåêñà, îïðåäåëÿþùåãî ïîðÿäêè ïðîèçâîäíûõ, âõîäÿùèõ â óðàâíåíèå (1). Ïóñòü òàêæå

m0 = 0 (ýòîãî âñåãäà ìîæíî äîáèòüñÿ ñ ïîìîùüþ çàìåíû ïåðåìåííîé z = y(m0)
). Ïðè

ýòîì óðàâíåíèå (1) ïðèíèìàåò âèä:

F
(
y, y(m1), y(m2) . . . , y(mN )

)
= 0 . (13)
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Ïðåäïîëàãàåì òàêæå, ÷òî óðàâíåíèþ (3) óäîâëåòâîðÿþò �óíêöèè ϕn(x) = bn. Òîãäà
çàïèøåì ÀÑ äëÿ óðàâíåíèÿ (13):

y

b0
=
y(m1)

b1
= . . . =

y(mN )

bN
. (14)

(14) ïðåäñòàâëÿåò ñîáîé ïåðåîïðåäåëåííóþ ñèñòåìó ÎÄÓ ñ ïîñòîÿííûìè êîý��èöèåí-

òàìè. Ïåðâîå óðàâíåíèå ýòîé ñèñòåìû y(m1) − a1y = 0 (a1 = b1/b0) èìååò ñëåäóþùåå

ðåøåíèå:

y =

m1−1∑

s=0

Cs exp(λsx) , (15)

ãäå

λs = |a1|1/m1 exp[i(2πs+ θ)/m1] (16)

� êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ λm1 − a1 = 0, θ = arg a1, Cs � ïðîèçâîëüíûå

ïîñòîÿííûå, s = 0, 1, . . . , m1 − 1. Äëÿ íàõîæäåíèÿ óñëîâèé ñîâìåñòíîñòè ÀÑ çàïèøåì

n-å óðàâíåíèå ýòîé ñèñòåìû y(mn) − any = 0 (an = bn/b0) è ïîäñòàâèì â íåãî ðåøåíèå

(15). Òîãäà ïðèõîäèì ê ñëåäóþùåìó ñîîòíîøåíèþ:

an =

(
m1−1∑

s=0

Csλ
mn
s exp(λsx)

)/(
m1−1∑

s=0

Cs exp(λsx)

)
. (17)

Ó÷èòûâàÿ (16), íåòðóäíî âèäåòü, ÷òî ñîîòíîøåíèå (17) ìîæåò áûòü óäîâëåòâîðåíî, åñëè

ïðè êàæäîì �èêñèðîâàííîì n (1 ≤ n ≤ N) äëÿ ëþáîãî s = 0, 1, . . . , m1−1 âûïîëíÿåòñÿ
õîòÿ áû îäíî èç óñëîâèé:

à) smn/m1 � öåëîå ÷èñëî;

á) Cs = 0 .

Â ýòîì ñëó÷àå èç (16) è (17) ñëåäóåò, ÷òî an = a
mn/m1

1 . Â ÷àñòíîñòè, åñëè âñå mn êðàòíû

m1, òî óñëîâèå à) óäîâëåòâîðÿåòñÿ ïðè êàæäîì �èêñèðîâàííîì n (1 6 n 6 N) äëÿ âñåõ
s = 0, 1, . . . , m1 − 1.

Òîãäà èç (3) ñ ó÷åòîì îäíîðîäíîñòè �óíêöèè F ëåãêî ïîëó÷èòü àëãåáðàè÷åñêîå óðàâ-

íåíèå äëÿ îïðåäåëåíèÿ âåëè÷èíû a1:

F
(

1, a1, a
m2/m1

1 , . . . , a
mN/m1

1

)
= 0 . (18)

Èòàê, óðàâíåíèå (13) èìååò ÷àñòíîå ðåøåíèå âèäà (15), â êîòîðîì ïîñòîÿííûå Cs ìîãóò

áûòü îòëè÷íû îò 0, åñëè ïðè êàæäîì n (1 6 n 6 N) smn/m1 � öåëîå ÷èñëî, ïðè÷åì

âåëè÷èíà a1 äîëæíà óäîâëåòâîðÿòü àëãåáðàè÷åñêîìó óðàâíåíèþ (18).

Ïðèìåð. �àññìîòðèì ñëåäóþùåå óðàâíåíèå:

F
(
y, y(2), y(4), y(8)

)
≡ p1y

(8)(y(4))2 + p2y
(4)(y(2))2 + p3y

3 = 0 .
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Ñîãëàñíî èçëîæåííîìó âûøå, èç (14) ïîëó÷àåì ÀÑ äëÿ äàííîãî óðàâíåíèÿ:

y

b0
=
y(2)

b1
=
y(4)

b2
=
y(8)

b3
.

�åøåíèå ïåðâîãî óðàâíåíèÿ ýòîé ñèñòåìû:

y = C1 exp(λ1x) + C2 exp(λ2x) ,

ãäå λ1,2 = ±√
a1. Äëÿ îïðåäåëåíèÿ âåëè÷èíû a1 èñïîëüçóåì óðàâíåíèå (18), êîòîðîå â

äàííîì ñëó÷àå ñâîäèòñÿ ê âèäó:

F
(
1, a1, a

2
1, a

4
1

)
≡ p1a

8
1 + p2a

4
1 + p3 = 0 ,

îòêóäà ïîëó÷àåì �îðìóëó äëÿ âîçìîæíûõ çíà÷åíèé a1:

a41 =
−p2 ± (p22 − 4p1p3)

1/2

2p1
.

�àññìîòðèì ñëó÷àé, êîãäà â óðàâíåíèå (1) âõîäÿò íåêîòîðûå ñòåïåíè îò íåèçâåñòíîé

�óíêöèè è åå ïðîèçâîäíûõ:

F
(
yβ0, (y′)β1 , . . . , (y(N))βN

)
= 0 , (19)

ãäå β0, β1, . . . , βN � íåêîòîðûå äåéñòâèòåëüíûå ÷èñëà, ïðè÷åì ïðåäïîëàãàåì, ÷òî βn 6= 0
äëÿ âñåõ n = 0, 1, . . . , N . Ïóñòü òàê æå, êàê â ïðåäûäóùåé çàäà÷å, ϕn(x) = bn � íåêîòîðûå
ïîñòîÿííûå. Òîãäà ÀÑ äëÿ óðàâíåíèÿ (19) ìîæíî çàïèñàòü â âèäå:

yβ0

b0
=

(y′)β1

b1
= . . . =

(y(N))βN

bN
. (20)

1). Ïóñòü β1 6= β0 . �åøàÿ ïåðâîå óðàâíåíèå ñèñòåìû (20) y′ = k1y
σ1
íàõîäèì:

y = A0(x + C)ν1 , (21)

ãäå A0 = ((1 − σ1)k1)
ν1
, ν1 = 1/(1 − σ1), σ1 = β0/β1, k1 = (b1/b0)

1/β1
; C � ïðîèçâîëüíàÿ

ïîñòîÿííàÿ. Äëÿ íàõîæäåíèÿ óñëîâèé ñîâìåñòíîñòè ñèñòåìû (20) ïðîäè��åðåíöèðó-

åì �óíêöèþ (21) N ðàç è ïîäñòàâèì ïîëó÷åííûå ïðîèçâîäíûå â îñòàëüíûå óðàâíåíèÿ

ñèñòåìû. Òîãäà ïîëó÷èì èñêîìûå óñëîâèÿ ñîâìåñòíîñòè:

β0/βn = 1 − n(1 − β0/β1) , bn/b0 = Aβn
n /A

β0

0 , (22)

ãäå An = A0ν1(ν1 − 1) . . . (ν1 − n+ 1) ; n = 1, . . . , N .
Ïîäñòàâèâ �óíêöèþ èç (21) è å¼ ïðîèçâîäíûå â óðàâíåíèå (19) , ó÷èòûâàÿ óñëîâèÿ

(22) è ñâîéñòâî îäíîðîäíîñòè �óíêöèè F , ïîëó÷èì óðàâíåíèå, êîòîðîìó äîëæíû óäî-

âëåòâîðÿòü ïàðàìåòðû β0, β1, k1:

F
(

1, Aβ1

1 /A
β0

0 , . . . , A
βN

N /Aβ0

0

)
= 0 . (23)
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2). Ïóñòü β1 = β0 . Òîãäà èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (20) y′ = k1y íàõîäèì

ðåøåíèå y = C exp(k1x), ãäå, òàê æå êàê è âûøå, k1 = (b1/b0)
1/β1

. Äàëåå, èñïîëüçóÿ

îñòàëüíûå óðàâíåíèÿ ÀÑ, íåòðóäíî ïîëó÷èòü óñëîâèÿ åå ñîâìåñòíîñòè: βn = β0, bn/b0 =
(b1/b0)

n
äëÿ âñåõ n = 1, . . . , N . Òîãäà èç óðàâíåíèÿ (19) ñëåäóåò, ÷òî âåëè÷èíà k1 äîëæíà

óäîâëåòâîðÿòü óðàâíåíèþ:

F
(
1, k1, . . . , k

N
1

)
= 0 . (24)

Òàêèì îáðàçîì, ïðè β1 6= β0 óðàâíåíèå (19) èìååò ðåøåíèå (21) ïðè óñëîâèè, ÷òî âõî-

äÿùèå â íåãî ïàðàìåòðû óäîâëåòâîðÿþò óðàâíåíèþ (23). Â ñëó÷àå β1 = β0 ðåøåíèåì
óðàâíåíèÿ (19) ÿâëÿåòñÿ ýêñïîíåíöèàëüíàÿ �óíêöèÿ y = C exp(k1x), ïðè÷åì âåëè÷èíà

k1 äîëæíà óäîâëåòâîðÿòü óðàâíåíèþ (24).

3. �åøåíèå íåêîòîðûõ óðàâíåíèé 2-ãî ïîðÿäêà ìåòîäîì ÀÑ. �àññìîòðèì

óðàâíåíèå 2-ãî ïîðÿäêà:

F (y, y′, y′′) = 0 . (25)

Áóäåì ïðåäïîëàãàòü, ÷òî óðàâíåíèå (3) ðàçðåøèìî îòíîñèòåëüíî îäíîé èç �óíêöèé

ϕn(x) (â îòëè÷èå îò çàäà÷, ðàññìîòðåííûõ â ï. 2, ýòè �óíêöèè, âîîáùå ãîâîðÿ, íå ïðåä-
ïîëàãàþòñÿ ïîñòîÿííûìè).

1). Ïóñòü F (u0, u1, u2) = F0 (u0, u1) + u2F1 (u0, u1, ), ãäå F0 (u0, u1), F1 (u0, u1) � îä-

íîðîäíûå �óíêöèè ñ ïîêàçàòåëÿìè îäíîðîäíîñòè r, (r − 1) ñîîòâåòñòâåííî. Òîãäà èç

óðàâíåíèÿ (3) ìîæíî ïîëó÷èòü:

ϕ2(x)

ϕ0(x)
= −F0 (1, ϕ1(x)/ϕ0(x))

F1 (1, ϕ1(x)/ϕ0(x))
. (26)

Çàïèøåì ÀÑ äëÿ óðàâíåíèÿ (25):

y

ϕ0(x)
=

y′

ϕ1(x)
=

y′′

ϕ2(x)
. (27)

�åøåíèå ïåðâîãî óðàâíåíèÿ ñèñòåìû (27) âûðàæàåòñÿ �îðìóëîé (9), ãäå

ω(x) = ϕ1(x)/ϕ0(x). Äëÿ ïîëó÷åíèÿ óñëîâèÿ ñîâìåñòíîñòè ÀÑ èñïîëüçóåì âòîðîå óðàâ-

íåíèå ýòîé ñèñòåìû, êîòîðîå çàïèøåì â âèäå:

y′′

y
=
ϕ2(x)

ϕ0(x)
.

Ïîäñòàâèâ â ýòî óðàâíåíèå �óíêöèþ y(x), îïðåäåëÿåìóþ �îðìóëîé (9), è ó÷èòûâàÿ

ñîîòíîøåíèå (26), ïîëó÷èì óðàâíåíèå îòíîñèòåëüíî �óíêöèè ω(x):

ω′(x) = −ω2(x) + g (ω(x)) , (28)

ãäå g (ω(x)) = F0 (1, ω(x)) /F1 (1, ω(x)). Ïîñêîëüêó (28) ïðåäñòàâëÿåò ñîáîé óðàâíåíèå

1-ãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, òî åãî ðåøåíèå çàïèøåì â âèäå:

∫
dω

ω2 + g (ω)
= −x + A , (29)
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ãäå A � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ñîîòíîøåíèå (29) îïðåäåëÿåò â íåÿâíîì âèäå �óíê-

öèþ ω(x) = ϕ1(x)/ϕ0(x), ïðè êîòîðîé ñèñòåìà (27) ÿâëÿåòñÿ ñîâìåñòíîé. Òàêèì îáðàçîì,

äëÿ ðàññìîòðåííîãî ñëó÷àÿ ðåøåíèå óðàâíåíèÿ (25) îïðåäåëÿåòñÿ �îðìóëàìè (9) è (29).

2). Ïóñòü òåïåðü F (u0, u1, u2) = F0 (u1, u2) + u0F1 (u1, u2, ) ãäå F0 (u1, u2), F1 (u1, u2) �
îäíîðîäíûå �óíêöèè ñ ïîêàçàòåëÿìè îäíîðîäíîñòè r, (r − 1) ñîîòâåòñòâåííî. Òîãäà

óðàâíåíèå (3) ðàçðåøèìî îòíîñèòåëüíî �óíêöèè ω(x):

ω(x) ≡ ϕ1(x)

ϕ0(x)
= −F1 (1, ϕ2(x)/ϕ1(x))

F0 (1, ϕ2(x)/ϕ1(x))
(30)

èëè

ω(x) = −g (χ(x)) , χ(x) =
ϕ2(x)

ϕ1(x)
, g (χ) =

F1 (1, χ)

F0 (1, χ)
. (31)

Òàê æå, êàê è â ïðåäûäóùåì ñëó÷àå, ÀÑ èìååò âèä (27), à ðåøåíèå óðàâíåíèÿ (25)

îïðåäåëÿåòñÿ �îðìóëîé (9). Äëÿ ïîëó÷åíèÿ óñëîâèÿ ñîâìåñòíîñòè ÀÑ âòîðîå óðàâíåíèå

ýòîé ñèñòåìû çàïèøåì â âèäå:

y′′

y′
=
ϕ2(x)

ϕ1(x)
≡ χ(x) . (32)

Ïîäñòàâëÿÿ â óðàâíåíèå (32) �óíêöèþ y(x), îïðåäåëÿåìóþ �îðìóëîé (9), è ó÷èòûâàÿ,

÷òî ω′(x) = −g′ (χ(x))χ′(x), ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷àåì óðàâíåíèå îò-

íîñèòåëüíî �óíêöèè χ(x) :

χ′(x) =
g (χ(x)) + χ(x)

h (χ(x))
, (33)

ãäå h(χ) = −g′ (χ) /g (χ). �åøåíèå óðàâíåíèÿ (33) â íåÿâíîé �îðìå:

∫
h(χ)dχ

g (χ) + χ
= x + A , (34)

Ñîîòíîøåíèå (34) îïðåäåëÿåò â íåÿâíîì âèäå �óíêöèþ χ(x), ïðè êîòîðîé ñèñòåìà (27)
äëÿ ðàññìàòðèâàåìîãî ñëó÷àÿ ÿâëÿåòñÿ ñîâìåñòíîé. Èñïîëüçóÿ (31), ìîæíî âûðàçèòü

÷åðåç ýòó �óíêöèþ ðåøåíèå óðàâíåíèÿ (25):

y(x) = C exp

(
−
∫
g (χ(x)) dx

)
. (35)

Òàêèì îáðàçîì, äëÿ ðàññìîòðåííîãî ñëó÷àÿ ðåøåíèå óðàâíåíèÿ (25) îïðåäåëÿåòñÿ �îð-

ìóëàìè (34), (35).

4. Çàêëþ÷åíèå. Ìåòîä àññîöèèðîâàííûõ ñèñòåì, ïðåäëîæåííûé â äàííîé ðàáîòå,

ÿâëÿåòñÿ ý��åêòèâíûì ñðåäñòâîì ðåøåíèÿ îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíå-

íèé, ñîäåðæàùèõ îäíîðîäíûå �óíêöèè îò äè��åðåíöèàëüíûõ âûðàæåíèé ïðîèçâîëü-

íîãî âèäà. Â ïðîöåññå ïðèìåíåíèÿ ìåòîäà çàäà÷à ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ (1)

ðàçáèâàåòñÿ íà äâå áîëåå ïðîñòûå çàäà÷è:
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1) ðåøåíèå �óíêöèîíàëüíîãî óðàâíåíèÿ (3);

2) ðåøåíèå àññîöèèðîâàííîé ñèñòåìû âèäà (4) è íàõîæäåíèå óñëîâèé åå ñîâìåñòíî-

ñòè.

Â ïðèìåðàõ, ðàññìîòðåííûõ â íàñòîÿùåé ðàáîòå, ñ ïîìîùüþ ïðåäñòàâëåííîãî ìåòî-

äà ïîëó÷åíû ðåøåíèÿ óðàâíåíèé âòîðîãî ïîðÿäêà â íåÿâíîé �îðìå äëÿ ñëó÷àÿ, êîãäà

óðàâíåíèå ðàçðåøèìî îòíîñèòåëüíî èñêîìîé �óíêöèè èëè îäíîé èç åå ïðîèçâîäíûõ.

Òàêæå íàéäåíû íåêîòîðûå ÷àñòíûå ðåøåíèÿ óðàâíåíèé ïðîèçâîëüíîãî ïîðÿäêà, äëÿ

êîòîðûõ ÀÑ ïðåäñòàâëÿåò ñîáîé ïåðåîïðåäåëåííóþ ñèñòåìó ÎÄÓ ñ ïîñòîÿííûìè êîý�-

�èöèåíòàìè, è èññëåäîâàíû óñëîâèÿ å¼ ñîâìåñòíîñòè. Ïðåäëîæåííûé ìåòîä ÿâëÿåòñÿ

ïåðñïåêòèâíûì äëÿ ðåøåíèÿ äè��åðåíöèàëüíûõ óðàâíåíèé ñëîæíîãî âèäà.
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Àííîòàöèÿ. Èññëåäóåòñÿ çàäà÷à ïîñòðîåíèÿ ñîâåðøåííûõ øè�ðîâ ïî �èêñèðîâàííîìó

íàáîðó ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: êðèïòîãðà�èÿ, èí�îðìàöèÿ, øè�ð, ñîâåðøåííûé øè�ð.

Ê. Øåííîí â 40-õ ãîäàõ 20-ãî âåêà ââåë ïîíÿòèå ñîâåðøåííîãî øè�ðà, îáåñïå÷è-

âàþùåãî íàèëó÷øóþ çàùèòó îòêðûòûõ òåêñòîâ. Òàêîé øè�ð íå äàåò êðèïòîàíàëèòè-

êó íèêàêîé äîïîëíèòåëüíîé èí�îðìàöèè îá îòêðûòîì òåêñòå íà îñíîâå ïåðåõâà÷åííîé

êðèïòîãðàììû. Äàííûå øè�ðû èñïîëüçóþòñÿ â òåõ ñëó÷àÿõ, êîãäà íàèáîëåå âàæíà

ñåêðåòíîñòü ïåðåäàâàåìîé èí�îðìàöèè. Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ çàäà÷à ïî-

ñòðîåíèÿ ñîâåðøåííûõ øè�ðîâ çàìåíû ñ íåîãðàíè÷åííûì êëþ÷îì ïî �èêñèðîâàííîìó

íàáîðó ïàðàìåòðîâ.

Âñå íåîáõîäèìûå îïðåäåëåíèÿ ìîæíî íàéòè â ðàáîòàõ [1, 2℄. Ïóñòü U � êîíå÷íîå

ìíîæåñòâî âîçìîæíûõ ¾øè�ðâåëè÷èí¿, V � êîíå÷íîå ìíîæåñòâî âîçìîæíûõ ¾øè�-

ðîáîçíà÷åíèé¿. Ïóñòü òàêæå èìåþòñÿ r (r > 1) èíúåêòèâíûõ îòîáðàæåíèé èç U â V .
Ïðîíóìåðóåì äàííûå îòîáðàæåíèÿ: E1, E2,..., Er. Äàííûå îòîáðàæåíèÿ íàçûâàþòñÿ

ïðîñòûìè çàìåíàìè. Îáîçíà÷èì Nr = {1, 2, ..., r}. Îïîðíûì øè�ðîì çàìåíû íàçîâåì

ñîâîêóïíîñòü Σ = (U,Nr, V, E,D), äëÿ êîòîðîé âûïîëíåíû ñëåäóþùèå ñâîéñòâà:

1) äëÿ ëþáûõ u ∈ U è j ∈ Nr âûïîëíåíî ðàâåíñòâî Dj(Ej(u)) = u;
2) V =

⋃
j∈Nr

Ej(U).

Ïðè ýòîì E = {E1, ..., Er}, D = {D1, ..., Dr}, Dj : Ej(U) → U , j ∈ Nr.

l-îé ñòåïåíüþ îïîðíîãî øè�ðà Σ íàçîâåì ñîâîêóïíîñòü

Σl = (U l,Nl
r, V

l, E(l), D(l)) ,

ãäå U l,Nl
r, V

l
� äåêàðòîâû ñòåïåíè ñîîòâåòñòâóþùèõ ìíîæåñòâ U , Nr, V . Ìíîæåñòâî

E(l)
ñîñòîèò èç îòîáðàæåíèé E : U l → V l

,  ∈ Nl
r, òàêèõ ÷òî äëÿ ëþáûõ u = u1...ul ∈ U l

,

 = j1...jl ∈ Nl
r âûïîëíåíî ðàâåíñòâî

E(u) = Ej1(u1)...Ejl(ul) = v1...vl ∈ V l ,

à ìíîæåñòâî D(l)
ñîñòîèò èç îòîáðàæåíèé D : E(U

l) → U l
,  ∈ Nl

r, òàêèõ ÷òî äëÿ

ëþáûõ v = v1...vl ∈ V l
,  = j1...jl ∈ Nl

r âûïîëíåíî ðàâåíñòâî

D(v) = Dj1(v1)...Djl(vl) = u1...ul ∈ U l .
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Îòìåòèì òàêîé âàæíûé ìîìåíò. Â ðÿäå ñëó÷àåâ íå âñÿêîå ñëîâî äëèíû l â àë�àâèòå
U ìîæåò ïîÿâèòüñÿ â îòêðûòîì òåêñòå. Ïîýòîìó îáîçíà÷èì ÷åðåç U (l)

ïîäìíîæåñòâî âñåõ

òàêèõ ñëîâ âî ìíîæåñòâå U l
, ïîÿâëåíèå êîòîðûõ â îòêðûòîì òåêñòå èìååò íåíóëåâóþ

âåðîÿòíîñòü:

U (l) = {u ∈ U l | PU l(u) > 0} .
Òîãäà

V (l) =
⋃

∈Nl
r

E(U
(l)) .

Ïóñòü ψc � ñëó÷àéíûé ãåíåðàòîð êëþ÷åâîãî ïîòîêà, êîòîðûé äëÿ ëþáîãî íàòóðàëü-

íîãî ÷èñëà l âûðàáàòûâàåò ñëó÷àéíûé êëþ÷åâîé ïîòîê j1...jl, ãäå âñå ji ∈ Nr. Îáîçíà÷èì

÷åðåç Σl
H ñëåäóþùóþ ñîâîêóïíîñòü âåëè÷èí:

Σl
H = (U (l),Nl

r, V
(l), E(l), D(l), P (U (l)), P (Nl

r)) .

Øè�ðîì çàìåíû ñ íåîãðàíè÷åííûì êëþ÷îì íàçîâåì ñåìåéñòâî

ΣH = (Σl
H , l ∈ N; ψc) .

Ïðè ýòîì íåçàâèñèìûå è íå ñîäåðæàùèå íóëåâûõ âåðîÿòíîñòåé ðàñïðåäåëåíèÿ P (U (l))
è P (Nl

r) èíäóöèðóþò ðàñïðåäåëåíèÿ âåðîÿòíîñòåé íà ìíîæåñòâå V (l)
:

PV (l)(v) =
∑

(u,)∈U(l)×Nlr
E(u)=v

PU (l)(u) · PNl
r
().

Òàêæå îïðåäåëèì óñëîâíûå âåðîÿòíîñòè PU (l)|V (l)(u|v) è PV (l)|U (l)(v|u):

PV (l)|U (l)(v|u) =
∑

∈Nl
r(u,v)

PNl
r
(), PU (l)|V (l)(u|v) =

PU (l)(u) · PV (l)|U (l)(v|u)

PV (l)(v)
,

ãäå Nl
r(u, v) = { ∈ Nl

r | E(u) = v}.
�îâîðÿò, ÷òî øè�ð ΣH ÿâëÿåòñÿ ñîâåðøåííûì, åñëè äëÿ ëþáîãî íàòóðàëüíîãî l è

äëÿ ëþáûõ u ∈ U (l)
, v ∈ V (l)

âûïîëíåíî ðàâåíñòâî PU (l)|V (l)(u|v) = PU (l)(u).

Ïðåäëîæåíèå 1 [2℄. Äëÿ øè�ðà ΣH ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(i) äëÿ ëþáîãî l ∈ N è ëþáûõ u ∈ U (l)
, v ∈ V (l)

âûïîëíåíî ðàâåíñòâî

PU (l)|V (l)(u|v) = PU (l)(u);

(ii) äëÿ ëþáîãî l ∈ N è ëþáûõ u ∈ U (l)
, v ∈ V (l)

âûïîëíåíî ðàâåíñòâî

PV (l)|U (l)(v|u) = PV (l)(v);

(iii) äëÿ ëþáîãî l ∈ N è ëþáûõ u1, u2 ∈ U (l)
, v ∈ V (l)

âûïîëíåíî ðàâåíñòâî

PV (l)|U (l)(v|u1) = PV (l)|U (l)(v|u2).
Ïðåäëîæåíèå 2 [2℄. Ïóñòü øè�ð çàìåíû ñ íåîãðàíè÷åííûì êëþ÷îì ΣH ÿâëÿåòñÿ

ñîâåðøåííûì. Òîãäà äëÿ äàííîãî øè�ðà áóäóò âûïîëíåíû ñëåäóþùèå ñâîéñòâà:
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(i) äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà l è ëþáûõ u ∈ U (l)
, v ∈ V (l)

íàéäåòñÿ òàêîé

êëþ÷åâîé ïîòîê  ∈ Nl
r, ÷òî E(u) = v;

(ii) äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà l ñïðàâåäëèâî äâîéíîå íåðàâåíñòâî

|U (l)| ≤ |V (l)| ≤ |Nl
r| = rl.

Òåîðåìà 1 (äîñòàòî÷íûå óñëîâèÿ ñîâåðøåííîñòè øè�ðà ΣH [3℄). Ïóñòü øè�ð çà-

ìåíû ΣH îáëàäàåò ñëåäóþùèìè óñëîâèÿìè:

(i) ïðàâèëà çàøè�ðîâàíèÿ E1, E2,..., Er øè�ðà ΣH îáëàäàþò òåì ñâîéñòâîì, ÷òî

äëÿ ëþáûõ u ∈ U , v ∈ V íàéäåòñÿ, è ïðèòîì åäèíñòâåííûé, ýëåìåíò j = j(u, v) ∈ Nr,

òàêîé ÷òî Ej(u) = v;
(ii) ðàñïðåäåëåíèå âåðîÿòíîñòåé P (Nr) ÿâëÿåòñÿ ðàâíîìåðíûì.

Òîãäà øè�ð ΣH ÿâëÿåòñÿ ñîâåðøåííûì, ïðè÷åì äëÿ ëþáîãî l ∈ N âûïîëíåíî ðàâåí-

ñòâî |V (l)| = rl è ðàñïðåäåëåíèå âåðîÿòíîñòåé P (V (l)) áóäåò ÿâëÿòüñÿ ðàâíîìåðíûì.

Òåîðåìà 2 [2℄. Ïóñòü äëÿ øè�ðà ΣH âûïîëíåíî ðàâåíñòâî: |U | = |Nr| = |V |. Øè�ð

ΣH ÿâëÿåòñÿ ñîâåðøåííûì òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(i) ïðàâèëà çàøè�ðîâàíèÿ E1, E2,..., Er øè�ðà ΣH îáëàäàþò òåì ñâîéñòâîì, ÷òî

äëÿ ëþáûõ u ∈ U , v ∈ V íàéäåòñÿ, è ïðèòîì åäèíñòâåííûé, ýëåìåíò j = j(u, v) ∈ Nr,

òàêîé ÷òî Ej(u) = v;
(ii) ðàñïðåäåëåíèå âåðîÿòíîñòåé P (Nr) ÿâëÿåòñÿ ðàâíîìåðíûì.

Ïðèâåäåì òàêæå êðèòåðèé ñîâåðøåííûõ øè�ðîâ çàìåíû ñ íåîãðàíè÷åííûì êëþ÷îì

â êëàññå øè�ðîâ ñ ðàâíîìåðíûì ðàñïðåäåëåíèåì âåðîÿòíîñòåé íà ìíîæåñòâå Nr.

Òåîðåìà 3 [4℄. Ïóñòü äëÿ øè�ðà ΣH âûïîëíåíû íåðàâåíñòâà |U | ≤ |V | ≤ |Nr| è
ðàñïðåäåëåíèå âåðîÿòíîñòåé P (Nr) ÿâëÿåòñÿ ðàâíîìåðíûì. Øè�ð ΣH ÿâëÿåòñÿ ñîâåð-

øåííûì òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(i) äëÿ ëþáûõ u ∈ U è v ∈ V íàéäåòñÿ òàêîå j ∈ Nr, ÷òî Ej(u) = v;
(ii) äëÿ ëþáûõ u1, u2 ∈ U , v ∈ V âûïîëíåíî ðàâåíñòâî |Nr(u1, v)| = |Nr(u2, v)|.
�àññìîòðèì çàäà÷ó ïîñòðîåíèÿ ñîâåðøåííîãî øè�ðà ΣH ïî çàäàííîìó ìíîæåñòâó

¾øè�ðâåëè÷èí¿ U è ìíîæåñòâó Nr ñ ðàñïðåäåëåíèåì âåðîÿòíîñòåé P (Nr): ïî çàäàííûì
U , Nr, P (Nr) òðåáóåòñÿ îïðåäåëèòü, íàéäóòñÿ ëè òàêèå V , E, D, äëÿ êîòîðûõ øè�ð ΣH

ÿâëÿëñÿ áû ñîâåðøåííûì.

Òåîðåìà 4. Äëÿ çàäàííûõ U , |U | = n, Nr, P (Nr) ñóùåñòâóåò ñîâåðøåííûé øè�ð

ΣH òîãäà è òîëüêî òîãäà, êîãäà íàéäåòñÿ òàêîå íàòóðàëüíîå ÷èñëî s è n ðàçáèåíèé

ìíîæåñòâà Nr

Nr = K11 ∪K12 ∪ ... ∪K1s, K1i ∩K1j = ∅, 1 ≤ i < j ≤ s,

Nr = K21 ∪K22 ∪ ... ∪K2s, K2i ∩K2j = ∅, 1 ≤ i < j ≤ s, (1)

...

Nr = Kn1 ∪Kn2 ∪ ... ∪Kns, Kni ∩Knj = ∅, 1 ≤ i < j ≤ s,
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äëÿ êîòîðûõ âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) Kit ∩Kjt = ø, 1 ≤ i < j ≤ n, t = 1, ..., s;
2) äëÿ ëþáûõ 1 ≤ i < j ≤ n, t = 1, ..., s âûïîëíåíî ðàâåíñòâî

∑

k∈Kit

PNr(k) =
∑

k∈Kjt

PNr(k).

� Äîñòàòî÷íîñòü. Ïóñòü äëÿ U , Nr, P (Nr), íàéäåòñÿ òàêîå s è n òàêèõ ðàçáèåíèé

(1), äëÿ êîòîðûõ âûïîëíåíû óñëîâèÿ 1), 2). Ïóñòü V = {v1, ..., vs} � íåêîòîðîå ìíî-

æåñòâî ¾øè�ðîáîçíà÷åíèé¿, ãäå s � ÷èñëî íåïóñòûõ ÷àñòåé èç (1). Ñîñòàâèì ìàòðèöó

çàøè�ðîâàíèÿ ðàçìåðà r× n äëÿ îïîðíîãî øè�ðà, ãäå ñòðîêè ïðîíóìåðîâàíû ýëåìåí-

òàìè ìíîæåñòâà Nr, à ñòîëáöû � ýëåìåíòàìè ìíîæåñòâà U , ñëåäóþùèì îáðàçîì. Â i-ì
ñòîëáöå (i = 1, ..., n) äàííîé ìàòðèöû â ñòðîêàõ, ïðîíóìåðîâàííûõ ýëåìåíòàìè ìíîæå-

ñòâà Kij , ïîñòàâèì ýëåìåíò vj, j = 1, ..., s. Óñëîâèå 1) â ýòîì ñëó÷àå ãàðàíòèðóåò, ÷òî

âñå ïðîñòûå çàìåíû Ej , j ∈ Nr, ïîëó÷åííîãî øè�ðà ÿâëÿþòñÿ èíúåêòèâíûìè îòîáðà-

æåíèÿìè. À èç óñëîâèÿ 2) ñëåäóåò, ÷òî äëÿ ëþáîãî t = 1, ..., s è ëþáûõ 1 ≤ i < j ≤ n
áóäóò âûïîëíåíû ðàâåíñòâà

PV |U(vt|ui) =
∑

k∈Kit

PNr(k) =
∑

k∈Kjt

PNr(k) = PV |U(vt|uj) .

Ïîýòîìó, ó÷èòûâàÿ ïðåäëîæåíèå 1, ïîëó÷åííûé îïîðíûé øè�ð Σ áóäåò ÿâëÿòüñÿ ñî-

âåðøåííûì ïî Øåííîíó.

Ïîêàæåì, ÷òî äëÿ ëþáîãî l ∈ N øè�ð Σl
H ÿâëÿåòñÿ ñîâåðøåííûì ïî Øåííîíó.

Çà�èêñèðóåì íåêîòîðîå íàòóðàëüíîå l. Ïóñòü a = a1...al ∈ U (l)
, b = b1...bl ∈ U (l)

, v =
v1...vl ∈ V (l)

. Òîãäà

PV (l)|U (l)(v|a) =
l∏

i=1

PV |U(vi|ai) =
l∏

i=1

PV |U(vi|bi) = PV (l)|U (l)(v|b) .

Ïîýòîìó èç ïðåäëîæåíèÿ 1 ñëåäóåò, ÷òî øè�ð Σl
H ÿâëÿåòñÿ ñîâåðøåííûì ïî Øåííîíó.

Íåîáõîäèìîñòü. Ïóñòü äëÿ çàäàííûõ U , Nr, P (Nr) ñóùåñòâóåò ñîâåðøåííûé øè�ð ΣH

ñî ìíîæåñòâîì ¾øè�ðîáîçíà÷åíèé¿ V = {v1, ..., vs}. Îáîçíà÷èì äëÿ äàííîãî øè�ðà

Kit = {j ∈ Nr | Ej(ui) = vt} , i = 1, ..., n, t = 1, ..., s .

Ïîíÿòíî, ÷òî

PV |U(vt|ui) =
∑

j∈Kit

PNr(j) .

Èç ïðåäëîæåíèé 1 è 2 ñëåäóåò, ÷òî äëÿ ìíîæåñòâ Kit áóäóò âûïîëíåíû ðàâåíñòâà (1) è

óñëîâèÿ 1), 2). �

Ñëåäñòâèå 1. Ïóñòü äëÿ çàäàííûõ U , Nr, P (Nr) ñóùåñòâóåò ñîâåðøåííûé øè�ð.

Òîãäà äëÿ ëþáîãî ìíîæåñòâà ¾øè�ðâåëè÷èí¿ Ũ , |Ũ | ≤ |U |, è äëÿ çàäàííûõ Nr, P (Nr)
ñóùåñòâóåò ñîâåðøåííûé øè�ð ΣH .
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Ñëåäñòâèå 2. Äëÿ çàäàííûõ U , |U | = n, Nr, P (Nr), V , |V | = s, ñóùåñòâóåò ñîâåð-

øåííûé øè�ð ΣH òîãäà è òîëüêî òîãäà, êîãäà íàéäåòñÿ n òàêèõ ðàçáèåíèé (1), äëÿ
êîòîðûõ âûïîëíåíû óñëîâèÿ 1 è 2 ïðåäûäóùåé òåîðåìû.

Ñëåäñòâèå 3. Äëÿ çàäàííûõ V , |V | = s, Nr, P (Nr) ñóùåñòâóåò ñîâåðøåííûé øè�ð

ΣH òîãäà è òîëüêî òîãäà, êîãäà íàéäåòñÿ òàêîå n è òàêèå ðàçáèåíèÿ (1), äëÿ êîòîðûõ

âûïîëíåíû óñëîâèÿ 1 è 2 ïðåäûäóùåé òåîðåìû.

Ñëåäñòâèå 4. Äëÿ çàäàííûõ Nr, P (Nr) ñóùåñòâóåò ñîâåðøåííûé øè�ð ΣH òîãäà è

òîëüêî òîãäà, êîãäà íàéäóòñÿ òàêèå n è s, n ≤ s, è òàêèå ðàçáèåíèÿ (1), äëÿ êîòîðûõ

âûïîëíåíû óñëîâèÿ 1 è 2 ïðåäûäóùåé òåîðåìû.

Ïðèìåð. Ïóñòü U = {u1, u2}, N4 = {1, 2, 3, 4} è ðàñïðåäåëåíèå âåðîÿòíîñòåé íà

ìíîæåñòâå N4 èìååò âèä

N4 1 2 3 4
P (N4) 2/7 1/7 3/7 1/7

Â ýòîì ñëó÷àå ìîæíî ïîñòðîèòü äâà ðàçáèåíèÿ ìíîæåñòâà N4 âèäà

N4 = {1, 2} ∪ {3} ∪ {4},
N4 = {3} ∪ {1, 4} ∪ {2}

ñ óñëîâèÿìè

PN4(1) + PN4(2) = PN4(3),

PN4(3) = PN4(1) + PN4(4),

PN4(4) = PN4(2).

Ïî òåîðåìå 4 äëÿ äàííûõ U , N4, P (N4) ìîæíî ïîñòðîèòü ñîâåðøåííûé øè�ð ΣH . Ïóñòü

V = {v1, v2, v3}. Ñîñòàâèì ìàòðèöó çàøè�ðîâàíèÿ ñëåäóþùèì îáðàçîì:

N4�U u1 u2
1 v1 v2
2 v1 v3
3 v2 v1
4 v3 v2

Òîãäà ïîëó÷åííûé øè�ð ΣH áóäåò ÿâëÿòüñÿ ñîâåðøåííûì.

�àññìîòðèì òåïåðü òàêîé íåñëîæíûé êðèòåðèé.

Ïðåäëîæåíèå 3. Äëÿ çàäàííûõ U è V ìîæíî ïîñòðîèòü ñîâåðøåííûé øè�ð ΣH

òîãäà è òîëüêî òîãäà, êîãäà |U | ≤ |V |.
� Åñëè øè�ð ΣH ÿâëÿåòñÿ ñîâåðøåííûì, òî íåðàâåíñòâî |U | ≤ |V | ñëåäóåò èç ïðåä-

ëîæåíèÿ 2.

Îáðàòíî, ïóñòü äëÿ U è V âûïîëíåíî íåðàâåíñòâî |U | ≤ |V |. Îáîçíà÷èì r = |V |,
n = |U |. Ñîñòàâèì ìàòðèöó A ïîðÿäêà r × n íàä ìíîæåñòâîì V ñëåäóþùèì îáðàçîì:
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â êàæäîì ñòîëáöå ìàòðèöû A êàæäûé ýëåìåíò ìíîæåñòâà V âñòðå÷àåòñÿ ðîâíî îäèí

ðàç, à â êàæäîé ñòðîêå íåò ïîâòîðÿþùèõñÿ ýëåìåíòîâ (íàïîìíèì, ÷òî òàêàÿ ìàòðèöà

íàçûâàåòñÿ ëàòèíñêèì ïðÿìîóãîëüíèêîì è ïîñòðîèòü åãî ìîæíî, íàïðèìåð, òàê: êàæ-

äûé ñëåäóþùèé ñòîëáåö ÿâëÿåòñÿ öèêëè÷åñêèì ñäâèãîì íà îäíó ïîçèöèþ ïðåäûäóùåãî

ñòîëáöà). Ïóñòü ìàòðèöà A áóäåò ìàòðèöåé çàøè�ðîâàíèÿ îïîðíîãî øè�ðà äëÿ øè�ðà

ΣH , à ðàñïðåäåëåíèå âåðîÿòíîñòåé íà ìíîæåñòâå Nr ðàâíîìåðíî. Òîãäà èç òåîðåìû 1

ñëåäóåò, ÷òî øè�ð ΣH ÿâëÿåòñÿ ñîâåðøåííûì. �

Ïóñòü (Ω = Nr, FNr , PNr) � âåðîÿòíîñòíîå ïðîñòðàíñòâî. Çà�èêñèðóåì v ∈ V . Îáî-
çíà÷èì ÷åðåç Nr(v) ñëåäóþùåå ìíîæåñòâî:

Nr(v) = {j ∈ Nr | v ∈ Ej(U)} .
Ïîä îáîçíà÷åíèåì Nr(v) áóäåì òàêæå ïîíèìàòü ñîáûòèå (Nr(v) ∈ FNr), çàêëþ÷àþùå-

åñÿ â òîì, ÷òî ïðè ñëó÷àéíîì âûáîðå ýëåìåíòà j ∈ Nr ¾øè�ðîáîçíà÷åíèå¿ v ìîæíî

ðàñøè�ðîâàòü ïðàâèëîì ðàñøè�ðîâàíèÿ Dj: v ∈ Ej(U). Òîãäà ñîáûòèþ Nr(v) áóäóò
áëàãîïðèÿòñòâîâàòü âñå ýëåìåíòû èç ìíîæåñòâà Nr(v), è òîëüêî îíè. Ïîýòîìó

P (Nr(v)) =
∑

j∈Nr(v)

PNr(j) .

Åñëè êàíàë ñâÿçè ãîòîâ ê ðàáîòå è íà ïðèåìå óñòàíîâëåíû äåéñòâóþùèå êëþ÷è, íî

â äàííûé ìîìåíò âðåìåíè íèêàêîãî ñîîáùåíèÿ íå ïåðåäàåòñÿ, òî â ýòîì ñëó÷àå ïðî-

òèâíèêîì ìîæåò áûòü ïðåäïðèíÿòà ïîïûòêà èìèòàöèè ñîîáùåíèÿ. Òîãäà âåðîÿòíîñòü

óñïåõà èìèòàöèè êàæäîãî ñèìâîëà ïåðåäàâàåìîãî ñîîáùåíèÿ îïðåäåëÿåòñÿ ñëåäóþùèì

îáðàçîì:

Pim = max
v∈V

P (Nr(v)) .

Åñëè æå â äàííûé ìîìåíò ïåðåäàåòñÿ íåêîòîðîå ñîîáùåíèå, òî ïðîòèâíèê ìîæåò çà-

ìåíèòü íåêîòîðûå ñèìâîëû ýòîãî ñîîáùåíèÿ, íàïðèìåð íåêîòîðûé ñèìâîë v ∈ V íà

ṽ ∈ V , îòëè÷íûé îò v. Ïðè ýòîì îí áóäåò ðàññ÷èòûâàòü íà òî, ÷òî íà äåéñòâóþùåì

êëþ÷å ¾øè�ðîáîçíà÷åíèå¿ ṽ áóäåò óñïåøíî ðàñøè�ðîâàíî. Ïóñòü ¾Nr(ṽ) | Nr(v)¿ �

ñîáûòèå, çàêëþ÷àþùååñÿ â ïîïûòêå ïîäìåíû ¾øè�ðîáîçíà÷åíèÿ¿ v ¾øè�ðîáîçíà÷å-

íèåì¿ ṽ. Ïðèìåíÿÿ òåîðåìó î ïðîèçâåäåíèè âåðîÿòíîñòåé, ïîëó÷àåì, ÷òî

P (Nr(ṽ) | Nr(v)) =
P (Nr(v) ∩ Nr(ṽ))

P (Nr(v))
=

∑
j∈Nr(v,ṽ)

PNr(j)∑
j∈Nr(v)

PNr(j)
,

ãäå Nr(v, ṽ) = Nr(v) ∩ Nr(ṽ). Òîãäà âåðîÿòíîñòü óñïåõà ïîäìåíû ¾øè�ðîáîçíà÷åíèÿ¿

áóäåò âû÷èñëÿòüñÿ ïî ñëåäóþùåé �îðìóëå:

Ppodm = max
v,ṽ∈V ,
v 6=ṽ

P (Nr(ṽ) | Nr(v)) .

Òåîðåìà 5 [2℄. Äëÿ øè�ðà ΣH ñïðàâåäëèâû íåðàâåíñòâà

Pim ≥ |U |
|V | , Ppodm ≥ |U | − 1

|V | − 1
.
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Ïðè ýòîì Pim = |U |/|V | òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî v ∈ V âûïîëíåíî

ðàâåíñòâî P (K(v)) = |U |/|V |. Òàêæå Ppodm = (|U | − 1)/(|V | − 1) òîãäà è òîëüêî òîãäà,

êîãäà äëÿ ëþáûõ v, ṽ ∈ V , v 6= ṽ, âûïîëíåíî ðàâåíñòâî

P (K(ṽ) | K(v)) = (|U | − 1)/(|V | − 1) .

Äàëåå âåçäå ïðåäïîëàãàåòñÿ, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî l âûïîëíåíû ðàâåíñòâà

U (l) = U l
, V (l) = V l

. Îáîçíà÷èì ÷åðåç P l
im âåðîÿòíîñòü óñïåõà èìèòàöèè ñîîáùåíèÿ äëÿ

øè�ðà Σl
H , à ÷åðåç P

l
podm(s) � âåðîÿòíîñòü óñïåõà ïîäìåíû â ñîîáùåíèè äëèíû l ðîâíî

s ñèìâîëîâ äëÿ øè�ðà Σl
H , ãäå s ≤ l. Èç îïðåäåëåíèÿ âåðîÿòíîñòåé Pim è Ppodm ñëåäóþò

òàêèå ðàâåíñòâà:

P l
im = (Pim)l , P l

podm(s) = (Ppodm)s .

Ïðåäëîæåíèå 4. Ïóñòü äëÿ øè�ðà ΣH (ñ ìàòðèöåé çàøè�ðîâàíèÿ îïîðíîãî øè�-
ðà èç òåîðåìû 4) âûïîëíåíû ðàâåíñòâà (1) è óñëîâèÿ 1 è 2 òåîðåìû 4. Òîãäà

P l
im =

(
n · max

1≤i≤s

∑

k∈K1i

PNr(k)

)l

,

P l
podm(t) =

(
1

n
· max

1≤i,j≤s
i6=j

∑
k∈Ki∩Kj

PNr(k)
∑

k∈K1i
PNr(k)

)t

,

ãäå

Ki =

n⋃

j=1

Kji , i = 1, ..., s .

� Ïóñòü V = {v1, ..., vs}, 1 ≤ i ≤ s. Òîãäà èç óñëîâèé 1 è 2 òåîðåìû 4 ñëåäóþò òàêèå

ðàâåíñòâà:

P (Nr(vi)) =
∑

k∈K1i∪...∪Kni

PNr(k) = n ·
(
∑

k∈K1i

PNr(k)

)
,

ïîýòîìó

Pim = n · max
1≤i≤s

∑

k∈K1i

PNr(k) .

Äàëåå, ïóñòü 1 ≤ i, j ≤ s, i 6= j. Òîãäà

P (Nr(vj) | Nr(vi)) =

∑
k∈Ki∩Kj

PNr(k)
∑

k∈Ki
PNr(k)

=

∑
k∈Ki∩Kj

PNr(k)

n ·
(∑

k∈K1i
PNr(k)

) ,

ïîýòîìó

Ppodm =
1

n
· max
1≤i,j≤s ,

i 6=j

∑
k∈Ki∩Kj

PNr(k)
∑

k∈K1i
PNr(k)

. �
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Ïðåäëîæåíèå 5. Ïóñòü äëÿ øè�ðà ΣH âûïîëíåíû ðàâåíñòâà (1) è óñëîâèÿ 1 è 2
òåîðåìû 4. Äëÿ øè�ðà ΣH äîñòèãàþòñÿ íèæíèå ãðàíèöû äëÿ âåðîÿòíîñòåé èìèòàöèè

è ïîäìåíû

P l
im =

(n
s

)l
, P l

podm(t) =

(
n− 1

s− 1

)t

,

ãäå n = |U |, s = |V |, òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáûõ 1 ≤ i < j ≤ s âûïîëíåíû
ñëåäóþùèå ðàâåíñòâà:

∑

k∈K1i

PNr(k) =
1

s
,

∑

k∈Ki∩Kj

PNr(k) =
n(n− 1)

s(s− 1)
.

� Äîêàçàòåëüñòâî ñëåäóåò èç òåîðåìû 5 è ïðåäëîæåíèÿ 4. �
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öàòåëüíîé ïîëóîñè, äëÿ êîòîðûõ ñóùåñòâóåò ïðåäåë íà áåñêîíå÷íîñòè.

Êëþ÷åâûå ñëîâà: ñèëüíî íåïðåðûâíûå ïîëóãðóïïû îïåðàòîðîâ, óðàâíåíèÿ â ÷àñòíûõ

ïðîèçâîäíûõ, áàíàõîâî ïðîñòðàíñòâî.

1. Ïîñòàíîâêà àáñòðàêòíîé íà÷àëüíî-êðàåâîé çàäà÷è. Â áàíàõîâîì ïðîñòðàí-

ñòâå E ðàññìîòðèì àíàëîã óðàâíåíèÿ òåïëîïðîâîäíîñòè:

BVt = Vyy + F, 0 < t ≤ T < +∞, y ∈ R1
+ = ]0,+∞[ , (1)

â êîòîðîì îïåðàòîð −B ÿâëÿåòñÿ ïðîèçâîäÿùèì îïåðàòîðîì [1, ñ. 58℄ ñèëüíî íåïðå-

ðûâíîé ïîëóãðóïïû êëàññà C0 ñ íåïîëîæèòåëüíûì òèïîì: ‖U (t;−B)‖ ≤ Mexp (−βt),
β ≥ 0, t ≥ 0, à F (y, t) � çàäàííàÿ �óíêöèÿ ñî çíà÷åíèÿìè â E.

�åøåíèå V = V (y, t) óðàâíåíèÿ (1) èùåòñÿ íåïðåðûâíûì ïðè (y, t) ∈ R̄1
+ × [0, T ],

R̄1
+ = [0,+∞[ è íåïðåðûâíî äè��åðåíöèðóåìûì ïðè (y, t) ∈ R1

+× ]0, T ] ïî ïåðåìåííîé t
îäèí ðàç, à ïî ïåðåìåííîé y äâà ðàçà. Êðîìå òîãî, ïîëàãàåì, ÷òî ïðè (x, t) ∈ R1

+× ]0, T ]
çíà÷åíèÿ ðåøåíèÿ V è åå ÷àñòíîé ïðîèçâîäíîé Vt ïðèíàäëåæàò îáëàñòè îïðåäåëåíèÿ

D (B) îïåðàòîðà B.
Ïîä ïåðâîé êðàåâîé (ñìåøàííîé) çàäà÷åé äëÿ óðàâíåíèÿ (1) áóäåì ïîíèìàòü, êàê è

â êëàññè÷åñêîì ñëó÷àå, çàäà÷ó íàõîæäåíèÿ ðåøåíèÿ, óäîâëåòâîðÿþùåãî íà÷àëüíîìó è

êðàåâîìó óñëîâèÿì:

V |t=0 = Φ (y) , y ∈ R̄1
+ , (2)

V |y=0 = M (t) , t ∈ [0, T ] , (3)

ãäå Φ (y) è M (t) � çàäàííûå �óíêöèè ñî çíà÷åíèÿìè â áàíàõîâîì ïðîñòðàíñòâå E,
ïîä÷èíåííûå åñòåñòâåííîìó óñëîâèþ ñîãëàñîâàíèÿ Φ (0) = M (0).

Óðàâíåíèå (1) ÿâëÿåòñÿ ïñåâäîïàðàáîëè÷åñêèì óðàâíåíèåì ñîáîëåâñêîãî òèïà íå

ðàçðåøåííûì îòíîñèòåëüíî ïðîèçâîäíîé ïî âðåìåííîé ïåðåìåííîé t. Èññëåäîâàíèþ

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäîâàíèé,

ïðîåêò � 13-01-00422-à.
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àáñòðàêòíûõ ïñåâäîïàðàáîëè÷åñêèõ óðàâíåíèé BVt + AV = F , ãäå A, B � îïåðàòî-

ðû, äåéñòâóþùèå â áàíàõîâîì ïðîñòðàíñòâå E, ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò

(ñì., íàïðèìåð, îáçîð è ïîäðîáíóþ áèáëèîãðà�èþ, ïðèâåäåííóþ â ìîíîãðà�èè [2℄), â

êîòîðûõ ÷àùå âñåãî ðàññìàòðèâàþòñÿ âîïðîñû ãëîáàëüíîé âî âðåìåíè ðàçðåøèìîñòè è

ðàçðóøåíèÿ ðåøåíèé.

Íàøà öåëü, ïî êëàññè÷åñêîé ñõåìå, ñ ïðèìåíåíèåì îïåðàòîðíîçíà÷íîãî àíàëîãà �óí-

äàìåíòàëüíîãî ðåøåíèÿ, ïîëó÷èòü ÿâíûé âèä ðåøåíèÿ ïåðâîé êðàåâîé çàäà÷è (1)-(3),

ò.å. íàéòè èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ óðàâíåíèÿ (1) ÷åðåç íà÷àëüíóþ (2) è

ãðàíè÷íóþ (3) �óíêöèè.

Â çàâèñèìîñòè îò òîãî îòðèöàòåëüíûé èëè ðàâíûé íóëþ òèï ïîëóãðóïïû U (t;−B),
ïîðîæäàåìîé îïåðàòîðîì −B, áóäåì îáîçíà÷àòü óðàâíåíèå (1) ñîîòâåòñòâåííî (1−) èëè
(10). Âíà÷àëå ðàññìàòðèâàåòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à (1−)-(3) äëÿ ñëó÷àÿ ýêñïîíåíöè-

àëüíîãî óáûâàíèÿ íîðìû ïîëóãðóïïû, ïîðîæäàåìîé îïåðàòîðîì −B. Â ýòîì ñëó÷àå

ñóùåñòâóåò îãðàíè÷åííûé îáðàòíûé îïåðàòîð B−1
è, çíà÷èò, àáñòðàêòíîå äè��åðåí-

öèàëüíîå óðàâíåíèå (1−) äîïóñêàåò ðàçðåøåíèå îòíîñèòåëüíî ïðîèçâîäíîé ïî âðåìåíè.
Äàëåå ïðåäïîëàãàåòñÿ, ÷òî òèï β = 0 è ðàññìàòðèâàåòñÿ óðàâíåíèå (10), íå äîïóñêàþ-
ùåå ðàçðåøåíèå îòíîñèòåëüíî ïðîèçâîäíîé ïî âðåìåíè. �åøåíèå ïåðâîé êðàåâîé çàäà÷è

äëÿ óðàâíåíèÿ (10), â êîòîðîì îïåðàòîð −B ïîðîæäàåò ïîëóãðóïïó ñ íóëåâûì òèïîì,

ñòðîèòñÿ êàê ïðåäåë ïðè δ → 0+ ðåøåíèÿ âñïîìîãàòåëüíîé ïåðâîé êðàåâîé çàäà÷è äëÿ

óðàâíåíèÿ (1) ñ îïåðàòîðîì Bδ = δI +B âìåñòî B.
Âñå ðàññìîòðåíèÿ ñòàòüè èëëþñòðèðóþòñÿ íà ïðèìåðå îïåðàòîðà B = −d/dx äåé-

ñòâóþùåãî â áàíàõîâîì ïðîñòðàíñòâå C [0,+∞] ≡ C
(
R

1

+

)
íåïðåðûâíûõ �óíêöèé ψ (x),

äëÿ êîòîðûõ ñóùåñòâóåò ïðåäåë ïðè x → +∞ è íîðìà êîòîðîãî îïðåäåëÿåòñÿ ïî �îð-

ìóëå ‖ψ (x)‖
C
(
R

1
+

) ≡ ‖ψ (x)‖C = sup
x∈R1

+
|ψ (x)|. Â ïðîñòðàíñòâå C

(
R

1

+

)
äè��åðåíöè-

àëüíûé îïåðàòîð d/dx ñ îáëàñòüþ îïðåäåëåíèÿ

D (d/dx) =
{
ψ (x) ∈ C

(
R

1

+

)
: ψ′ (x) ∈ C

(
R

1

+

)}

ÿâëÿåòñÿ [3, ñ. 670℄ ïðîèçâîäÿùèì îïåðàòîðîì ñæèìàþùåé ñèëüíî íåïðåðûâíîé ïîëó-

ãðóïïû U (t; d/dx) êëàññà C0 ëåâûõ ñäâèãîâ: U (t; d/dx)ψ (x) = ψ (x+ t), t ≥ 0.

2. Ôóíäàìåíòàëüíîå îïåðàòîð - ðåøåíèå ïåðâîé êðàåâîé çàäà÷è. Àáñòðàêò-

íûì �óíäàìåíòàëüíûì îïåðàòîð - ðåøåíèåì ïåðâîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1−)
â îáëàñòè èçìåíåíèÿ ïåðåìåííûõ (η, τ ; y, t) : 0 ≤ τ < t, η, y ∈ R̄1

+, íàçîâåì îïåðàòîð-

íîçíà÷íóþ �óíêöèþ

G (η, τ ; y, t) =
1

2
√
π (t− τ)

[
U

(
(y − η)2

4 (t− τ)
;−B

)
− U

(
(y + η)2

4 (t− τ)
;−B

)]
B1/2, (4)

ãäå ïîëîæèòåëüíûå äðîáíûå ñòåïåíè Bν
, 0 < ν < 1, îïðåäåëÿþòñÿ [1, ñ. 140℄ çàìûêàíèåì

ñâîåãî ñóæåíèÿ íà D (B) ïî �îðìóëå

Bνe =
sin πν

π

∫ +∞

0

sν−1(sI +B)−1Be ds
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èëè [4, ñ. 358℄ ýêâèâàëåíòíîé �îðìóëîé

Bνe =
1

Γ (−ν)

∫ +∞

0

s−(1+ν) [U (s;−B) e− e] ds ,

0 < ν < 1, e ∈ D (B), ãäå Γ (α) � ãàììà-�óíêöèÿ. Åñëè k − 1 ≤ ν < k, k � íàòóðàëüíîå

÷èñëî, òî äëÿ äðîáíûõ ñòåïåíåé Bν
ñïðàâåäëèâî [5℄ ïðåäñòàâëåíèå

Bνe =
1

cν,k

∫ +∞

0

ξ−(1+ν) [I − U (ξ;−B)]
k
e dξ ,

e ∈ D
(
Bk
)
, ãäå

cν,k =

∫ +∞

0

[1 − exp (−ξ)]kξ−(1+ν)dξ .

Íà ïðîòÿæåíèè ñòàòüè áóäåì ïîëüçîâàòüñÿ, âûòåêàþùèìè èç ïðèâåäåííûõ îïðåäå-

ëåíèé ñîîòíîøåíèÿìè

Bk+1/2e = BkB1/2e = (2
√
π)−1

∫ +∞

0

ξ−3/2 [I − U (ξ;−B)]Bke dξ ,

e ∈ D
(
Bk+1

)
, è, â ÷àñòíîñòè, ïðè E = C

(
R

1

+

)
, B = −d/dx, äðîáíàÿ ïðîèçâîäíàÿ

(−d/dx)1/2 ïðåäñòàâëÿåòñÿ [6, ñ. 95-97℄ ÷åðåç ïðàâîñòîðîííþþ äðîáíóþ ïðîèçâîäíóþ

Ìàðøî D

1/2
− íà ïîëóîñè:

(
− d

dx

)1/2

ψ (x) =
1

2
√
π

∫ +∞

0

[ψ (x) − ψ (x + ξ)]
dξ

ξ
√
ξ

= D

1/2
− (ψ (x)) , (5)

äëÿ ψ (x) ∈ D (d/dx).
Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ (4) ñëåäóåò:

1) åñëè e ∈ D
(
B1/2

)
, òî â îáëàñòè τ < t, η, y ∈ R

1

+ ñïðàâåäëèâà îöåíêà íîðìû

‖G (η, τ ; y, t) e‖ ≤ M
∥∥B1/2e

∥∥

2
√
π (t− τ)

[
1 +Mexp

(
−β yη

t − τ

)]
exp

[
−β (y − η)2

4 (t− τ)

]
;

2) G (η, τ ; y, t) e|η=0 = 0 ïðè e ∈ D
(
B1/2

)
;

3) G (η, τ ; y, t) e→ 0 ïðè e ∈ D
(
B1/2

)
, y 6= η è τ → t;

4) åñëè e ∈ D
(
B3/2

)
, òî èìååò ìåñòî ïðåäñòàâëåíèå

G (η, τ ; y, t) e =
1

2
√
π (t− τ)

U

(
(y − η)2

4 (t− τ)
;−B

)∫ yη/(t−τ)

0

U (s;−B)B3/2e ds

è îöåíêà íîðìû
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‖G (η, τ ; y, t) e‖ ≤ M
∥∥B3/2e

∥∥

2β
√
π (t− τ)

[
1 − exp

(
−β yη

t− τ

)]
exp

[
−β (y − η)2

4 (t− τ)

]
,

τ < t , η, y ∈ R̄1
+.

5) �óíêöèÿ Ge = G (η, τ ; y, t) e, ïðè e ∈ D
(
B5/2

)
, ïî ïåðåìåííûì (η, τ) óäîâëåòâîðÿåò

óðàâíåíèþ B∂Ge/∂τ +∂2Ge/∂η2 = 0, à ïî ïåðåìåííûì (y, t) � îäíîðîäíîìó óðàâíåíèþ

ñîîòâåòñòâóþùåìó (1−);
6) äëÿ ëþáîãî ýëåìåíòà e ∈ E âûïîëíÿåòñÿ ðàâåíñòâî

B1/2

∫ +∞

0

G (η, τ ; y, t)B−1/2edη =
1√
π
B1/2

∫ y2/(4(t−τ))

0

U (s;−B)e
ds√
s
, τ < t, y ∈ R1

+,

(6)

ãäå îòðèöàòåëüíûå äðîáíûå ñòåïåíè B−ν
, åñëè òèï ïîëóãðóïïû U (·;−B) � îòðèöàòåëü-

íûé, âû÷èñëÿþòñÿ [7, ñ. 275℄ ïî �îðìóëå

B−ν =
sin νπ

π

∫ +∞

0

s−ν(sI +B)−1ds ,

0 < ν < 1, è äëÿ íèõ ñïðàâåäëèâî èíòåãðàëüíîå ïðåäñòàâëåíèå [7, ñ. 297℄ ÷åðåç ïîëó-

ãðóïïó U (t;−B):

B−ν =
1

Γ (ν)

∫ +∞

0

sν−1U (t;−B) ds , ν > 0. (7)

Èç ðàâåíñòâà (6), â ñèëó �îðìóëû (7), äëÿ ëþáîãî ýëåìåíòà e ∈ E âûòåêàåò ïðå-

äåëüíîå ñîîòíîøåíèå

lim
τ→t−0

B1/2

∫ +∞

0

G (η, τ ; y, t)B−1/2edη = e .

3. Òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è

ñ îïåðàòîðîì B, ïîðîæäàþùèì ïîëóãðóïïó ñ îòðèöàòåëüíûì òèïîì. Ñíà÷àëà
ðàññìîòðèì òåîðåìó åäèíñòâåííîñòè:

Òåîðåìà 1. Ïóñòü ðåøåíèå V (y, t) ïåðâîé êðàåâîé çàäà÷è (1−)-(3) óäîâëåòâîðÿåò
óñëîâèÿì:

‖V (y, t)‖ ≤ λ (t) exp
(
qy2
)
, (y, t) ∈ R̄1

+ × [0, T ] ;

‖Vy (y, t)‖ ≤ λ1 (t)

yδ
√
t

exp
(
qy2
)
, δ < 1, q = const <

β

4T
, (y, t) ∈ R1

+ × ]0, T ] ,

â êîòîðûõ λ (t), λ1 (t), t ∈ [0, T ] � íåïðåðûâíûå �óíêöèè. Òîãäà â êàæäîé òî÷êå (y, t) ∈
R1

+ × ]0, T ] èìååò ìåñòî �îðìóëà
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V (y, t) =
1

2
√
πt
B1/2

∫ +∞

0

U

(
(y − η)2

4t
;−B

)[
I − U

(yη
t

;−B
)]

Φ (η) dη +

+
y

2
√
π
B1/2

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
M (τ)

dτ

(t− τ)3/2
+

+
1

2
√
π
B−1/2

∫ t

0

dτ√
t− τ

∫ +∞

0

U

(
(y − η)2

4 (t− τ)
;−B

)[
I − U

(
yη

t− τ
;−B

)]
F (η, τ) dη . (8)

� Ïóñòü (y, t) � ïðîèçâîëüíàÿ �èêñèðîâàííàÿ òî÷êà ìíîæåñòâà R1
+×]0, T ] ïëîñêîñòè

(η, τ), à s � äîñòàòî÷íî áîëüøîå ÷èñëî, ïðè÷åì 1/s < y < s. Íà ïëîñêîñòè (η, τ) âûäå-
ëèì ïðÿìîóãîëüíèê Qs ñî ñòîðîíàìè {1/s ≤ η ≤ s, τ = 1/s}, {η = s, 1/s ≤ τ ≤ t− 1/s},
{1/s ≤ η ≤ s, τ = t− 1/s}, {η = 1/s, 1/s ≤ τ ≤ t− 1/s} è ðàññìîòðèì â íåì òîæäåñòâî

{BGτ +Gηη}B−3/2V +GB−3/2 {BVτ − Vηη} = GB−3/2F , (9)

ãäå G = G (η, τ ; y, t) � �óíäàìåíòàëüíîå îïåðàòîð - ðåøåíèå (4), à V = V (η, τ) �

ðåøåíèå ñìåøàííîé çàäà÷è (1−)�(3).
Ïðîèíòåãðèðóåì îáå ÷àñòè òîæäåñòâà (9) ïî îáëàñòè Qs, ïðåäâàðèòåëüíî ïðåäñòàâèâ

ëåâóþ ÷àñòü (9) â âèäå äèâåðãåíöèè, òîãäà ïîëó÷èì

{∫ t−1/s

1/s

[
Gη (s, τ ; y, t)B−3/2V (s, τ) −G (s, τ ; y, t)B−3/2Vη (s, τ)

]
dτ+

+

∫ t−1/s

1/s

G

(
1

s
, τ ; y, t

)
B−3/2Vη

(
1

s
, τ

)
dτ

}
+

∫ s

1/s

G

(
η, t− 1

s
; y, t

)
B−1/2V

(
η, t− 1

s

)
dη−

−
{∫ t−1/s

1/s

Gη

(
1

s
, τ ; y, t

)
B−3/2V

(
1

s
, τ

)
dτ +

∫ s

1/s

G

(
η,

1

s
; y, t

)
B−1/2V

(
η,

1

s

)
dη

}
=

=

∫ t−1/s

1/s

∫ s

1/s

G (η, τ ; y, t)B−3/2F (η, τ) dηdτ. (10)

Ñóììà èíòåãðàëîâ â ïåðâîé �èãóðíîé ñêîáêå â ëåâîé ÷àñòè (10) ñòðåìèòñÿ ê íóëþ

ïðè s→ +∞, òàê êàê íîðìà ïåðâîãî èíòåãðàëà ýòîé ñóììû îöåíèâàåòñÿ âûðàæåíèåì

M (1 +M)

2
√
π

Eq (T, y)

∫ t

0

[
λ (τ) + s−2−δM

β

λ1 (τ)√
τ

]
dτ s5/2exp

(
−(sβq (T ) − βy)2

4Tβq (T )

)
,
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ãäå Eq (t, y) =exp (qβy2/βq (t)), βq (t) = β − 4qt, à äëÿ íîðìû âòîðîãî èíòåãðàëà ìàæî-

ðàíòîé áóäåò

sδ−1 yM

(y − 1/s)
√
βt

exp

(
−β (y − 1/s)2

4t

)
max
τ∈[0,t]

λ1 (τ) .

Â èíòåãðàëàõ èç âòîðîé �èãóðíîé ñêîáêè â ëåâîé ÷àñòè (10) ó ïîäûíòåãðàëüíûõ

�óíêöèé åñëè è åñòü îñîáåííîñòè ïðè s→ +∞, òî îíè óñòðàíèìûå, ïîýòîìó

lim
s→+∞

∫ t−1/s

1/s

Gη

(
1

s
, τ ; y, t

)
B−3/2V

(
1

s
, τ

)
dτ =

∫ t

0

Gη (0, τ ; y, t)B−3/2V (0, τ) dτ

è

lim
s→+∞

∫ s

1/s

G

(
η,

1

s
; y, t

)
B−1/2V

(
η,

1

s

)
dη =

∫ +∞

0

G (η, 0; y, t)B−1/2V (η, 0)dη.

Ïðåäåë èíòåãðàëà âíå �èãóðíûõ ñêîáîê â ëåâîé ÷àñòè (10) ðàâåí B−1/2V (y, t). Ýòî
ñëåäóåò, ó÷èòûâàÿ �îðìóëó (6), èç ìàëîñòè äëÿ äîñòàòî÷íî áîëüøèõ s íîðìû ðàçíîñòè:

∥∥∥∥
∫ s

1/s

G

(
η, t− 1

s
; y, t

)
B−1/2V

(
η, t− 1

s

)
dη − B−1/2V (y, t)

∥∥∥∥ ≤

≤ M√
π

{
λ (t) exp

(
qy2
) ∫ +∞

sy2/4

exp (−βr) dr√
r

+

+
M (1 +M)√

β
max
|η|≤η0

∥∥∥∥V
(
y +

2√
s
η, t− 1

s

)
− V (y, t)

∥∥∥∥ +

+ (1 +M)

{
λ

(
t− 1

s

)
exp

(
βqy2

β − 4q/s

)
×

×
(∫ −η0

−∞
+

∫ +∞

η0

)
exp


−
(
η

√
β − 4q

s
− 2qy√

βs− 4q

)2

 dη +

+λ (t) exp
(
qy2
)
(∫ −η0

−∞
+

∫ (1/s−y)
√
s/2

−∞
+

∫ +∞

(s−y)
√
s/2

+

∫ +∞

η0

)
exp

(
−βη2

)
dη

}}
,

ãäå η0 � äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíîå ÷èñëî.

Èòàê, ïåðåõîäÿ â îáåèõ ÷àñòÿõ òîæäåñòâà (10) ê ïðåäåëó ïðè s → +∞, â êàæäîé

òî÷êå (y, t) ∈ R1
+ × ]0, T ], ïîëó÷èì
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B−1/2V (y, t) =

∫ +∞

0

G (η, 0; y, t)B−1/2V (η, 0)dη +

∫ t

0

Gη (0, τ ; y, t)B−3/2V (0, τ) dτ+

+B−1

∫ t

0

∫ +∞

0

G (η, τ ; y, t)B−1/2F (η, τ) dηdτ.

Îòêóäà è ñëåäóåò �îðìóëà (8). �

Òåïåðü âûÿñíèì, êàêèì óñëîâèÿì äîñòàòî÷íî ïîä÷èíèòü íà÷àëüíóþ Φ (y) è ãðàíè÷-
íóþM (t) �óíêöèè è ñâîáîäíûé ÷ëåí F (y, t) ÷òîáû �îðìóëà (8) äàâàëà ðåøåíèå ïåðâîé

êðàåâîé çàäà÷è (1−) -(3).

Òåîðåìà 2. Ïóñòü çíà÷åíèÿ íà÷àëüíîé Φ (y) è ãðàíè÷íîé M (t) �óíêöèé ïðèíàäëå-
æàò ìíîæåñòâó D

(
B5/2

)
, à çíà÷åíèÿ F (y, t) ∈ D

(
B3/2

)
, Fy (y, t) ∈ D

(
B1/2

)
, è ñïðàâåä-

ëèâû îöåíêè íîðì íåïðåðûâíûõ �óíêöèé

∥∥B5/2Φ (y)
∥∥ ≤ Kexp

(
hy2
)
, K = const, y ∈ R̄1

+, h = const < β /4T ;

∥∥B5/2
M (t)

∥∥ ≤ λ (t) , t ∈ [0, T ] ;
∥∥B3/2F (y, t)

∥∥ ,
∥∥B1/2Fy (y, t)

∥∥ ≤ Λ (t) exp
(
hy2
)
, (y, t) ∈ R̄1

+ × [0, T ] ,

â êîòîðûõ λ (t), Λ (t) � íåïðåðûâíûå íà [0, T ] �óíêöèè, òîãäà ðåøåíèå ïåðâîé êðàåâîé

çàäà÷è (1−) - (3) â êàæäîé òî÷êå (y, t) ∈ R1
+ × ]0, T ] äàåòñÿ �îðìóëîé (8) è äëÿ íåãî

ñïðàâåäëèâà îöåíêà íîðìû

‖V (y, t)‖ ≤ M3

β2
√
βh (t)

[
K +

∫ t

0

Λ (τ) dτ

]
Eh (t, y) +

M3

β5/2
λt ≤

≤ M3

β2
√
βh (T )

[
K +

∫ T

0

Λ (τ) dτ

]
Eh (T, y) +

M3

β5/2
λT , (11)

â êîòîðîé λt = maxτ∈[0,t] λ (τ).

� Îöåíêà (15) íîðìû �óíêöèè (8) âûâîäèòñÿ èç íåðàâåíñòâà

‖V (y, t)‖ ≤ M32λt
β2

√
π

∫ +∞

y/(2
√
t)

exp
(
−βτ 2

)
dτ+

+
M2 (1 +M)

β
√
π

exp
(
hy2
) [MK

β
+

∫ t

0

Λ (τ) dτ

] ∫ +∞

−∞
exp

[
− (β − 4th) η2 + 4hy

√
tη
]
dη,

èñïîëüçóÿ çíà÷åíèÿ òàáëè÷íûõ èíòåãðàëîâ [8, ñ. 321℄.

Ïîêàæåì, ÷òî �óíêöèÿ (8) óäîâëåòâîðÿåò óðàâíåíèþ (1−). Äëÿ ýòîãî, â ñèëó ïÿòîãî
ñâîéñòâà â âûøåïðèâåäåííîì ñïèñêå ñâîéñòâ �óíäàìåíòàëüíîãî îïåðàòîð - ðåøåíèÿ (4),

äîñòàòî÷íî ïðîâåðèòü, ÷òî óñëîâèÿ òåîðåìû 2 îáåñïå÷èâàþò âîçìîæíîñòü âû÷èñëåíèÿ
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÷àñòíûõ ïðîèçâîäíûõ �óíêöèè V (y, t) äè��åðåíöèðîâàíèåì ïîä çíàêîì èíòåãðàëà. À

ýòî ñëåäóåò, ïðèìåíÿÿ âñïîìîãàòåëüíóþ îöåíêó

∫ +∞

0

smexp
(
−ar2 + 2br

)
dr ≤ 2m−1

a(m+1)/2

[
Γ

(
m+ 1

2

)
+
√
π

(
b2

a

)m/2
]

exp

(
b2

a

)
, a > 0,

èç ñîîòíîøåíèé

10) äëÿ íîðìû ÷àñòíîé ïðîèçâîäíîé ïî ïåðåìåííîé y

‖Vy (y, t)‖ =

=

∥∥∥∥∥−
1

4
√
πt3/2

∫ +∞

0

(y + η)U

(
(y − η)2

4t
;−B

)[
y − η

y + η
+ U

(yη
t

;−B
)]
B3/2Φ (η) dη+

+
1

2
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B1/2

M (τ)
dτ

(t− τ)3/2
−

− y2

4
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B3/2

M (τ)
dτ

(t− τ)5/2
+

+
1

2
√
π

∫ t

0

dτ

t− τ

∫ +∞

0

dη

∫ (y+η)2

4(t−τ)

(y−η)2

4(t−τ)

[
1

2
√
s
U (s;−B)B1/2F (η, τ)−

−√
sU (s;−B)B3/2F (η, τ)

]
ds

∥∥∥∥ ≤

≤ M2 (1 +M)K

tβ
√
πβh (t)

[
β
√
π√

βh (t)
+

1

2

√
t

]
Eh (T, y)+

M2 (1 +M)

β5/2y
λt+

4M√
πβh (t)

∫ t

0

Λ (τ)
dτ√
t− τ

×

×
{
M

2β

(
1 +

2hy
√
πt√

βh (t)

)
+

4

βh (t)

[
1 +

8h3y3t
√
πt

βh (t)
√
βh (t)

]}
Eh (T, y) ;

20) äëÿ íîðìû ÷àñòíîé ïðîèçâîäíîé âòîðîãî ïîðÿäêà ïî ïåðåìåííîé y

‖Vyy (y, t)‖ =

∥∥∥∥∥−
1

4
√
πt3/2

∫ +∞

0

U

(
(y − η)2

4t
;−B

)[
I − U

(yη
t

)]
B3/2Φ (η) dη +

+
1

8
√
πt5/2

∫ +∞

0

(y + η)2U

(
(y − η)2

4t
;−B

)[
(y − η)2

(y + η)2
I − U

(yη
t

)]
B5/2Φ (η) dη +

+
y3

8
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B5/2

M (τ)
dτ

(t− τ)7/2
−
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− 3y

4
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B3/2

M (τ)
dτ

(t− τ)5/2
+

+
1√
π

∫ t

0

dτ

t− τ

∫ +∞

−y/(2
√
t−τ)

[
U

((
η +

y√
t− τ

)2

;−B
)
B1/2F

(
y + 2

√
t− τη, τ

)
−

− 2

(
η +

y√
t− τ

)2

U

((
η +

y√
t− τ

)2

;−B
)
B3/2F

(
y + 2

√
t− τη, τ

)
]
dη +

+
1√
π

∫ t

0

dτ√
t− τ

∫ +∞

−y/(2
√
t−τ)

[
ηU
(
η2;−B

)
+

+

(
η +

y√
t− τ

)
U

((
η +

y√
t− τ

)2

;−B
)]

B1/2Fy

(
y + 2

√
t− τη, τ

)
dη

∥∥∥∥∥ ≤

≤ M√
βh (t)

{
(1 +M)K

t

{
M

2β
+

1

t

[
y2 +

4y
√
t√

βh (t)

(
1√
π

+
2hy

√
t√

βh (t)

)
+

+
2t

βh (t)

(
1 +

8h2y2t

βh (t)

)]}}
Eh (T, y) +

3M

y

(
1 +

M

βy

)
λt +

+
M

βh (t)

[(
2M

β
√
πy

+ 3

)(
1 +

2hy
√
πt√

βh (t)

)
+

4√
βh (t)y

(
1 +

8h2y2t

βh (t)

)]∫ t

0

Λ (τ)
dτ√
t− τ

Eh (T, y) ;

30) äëÿ íîðìû ÷àñòíîé ïðîèçâîäíîé ïî ïåðåìåííîé t

‖Vt (y, t)‖ =

∥∥∥∥∥−
1

4
√
πt3/2

∫ +∞

0

U

(
(y − η)2

4t
;−B

)[
I − U

(yη
t

)]
B1/2Φ (η) dη +

+
1

8
√
πt5/2

∫ +∞

0

(y + η)2U

(
(y − η)2

4t
;−B

)[
(y − η)2

(y + η)2
I − U

(yη
t

)]
B3/2Φ (η) dη +

+
y3

8
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B3/2

M (τ)
dτ

(t− τ)7/2
−

− 3y

4
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B1/2

M (τ)
dτ

(t− τ)5/2
+
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+
1√
π

∫ +∞

−∞
U
(
η2;−B

)
B

−1/2
F (y, t) dη − y√

π

∫ t

0

dτ

(t− τ)3/2
×

×
∫ +∞

−y/(2
√
t−τ)

(
η +

y√
t− τ

)
U

((
η +

y√
t− τ

)2

;−B
)
B1/2F

(
y + 2

√
t− τη, τ

)
dη +

+
1√
π

∫ t

0

dτ√
t− τ

∫ +∞

−y/(2
√
t−τ)

ηU
(
η2;−B

)
[I −

− U

(
y√
t− τ

(
2η +

y√
t− τ

)
;−B

)]
B−1/2Fy

(
y + 2

√
t− τη, τ

)
dη

∥∥∥∥ ≤

≤ M2Eh (T, y)

β
√
βh (t)

{
(1 +M)K

t

{
M

2β
+

1

t

{
y2
[
1 +

8
√
πht

βh (t)
+

16h2t

β2
h (t)

]
+

4y
√
t√

βh (t)
+

2

βh (t)

}}
+

+
2√

πβh (t)

∫ t

0

Λ (τ)
dτ√
t− τ

×

×
{

8

βh (t)

[
1 +

8
√
πh3y3t3/2

β
3/2
h (t)

]
+ (1 +M)

(
1 +

2
√
πhy

√
t√

βh (t)

)}}
+

3M2

βy

(
1 +

M

βy

)
λt .

Ïåðåïèñûâàÿ âíóòðåííèé èíòåãðàë â ïîñëåäíåì ñëàãàåìîì â ïðåäñòàâëåíèè ïðîèçâîä-

íîé Vyy (y, t) â âèäå

∫ +∞

− y
2
√

t−τ

[
ηU
(
η2;−B

)
+

(
η +

y√
t− τ

)
U

((
η +

y√
t− τ

)2

;−B
)]

×

×B1/2Fy

(
y + 2

√
t− τη, τ

)
dη =

=

∫ +∞

−y/(2
√
t−τ)

η

[
U
(
η2;−B

)
− U

((
η +

y√
t− τ

)2

;−B
)]

B1/2Fy

(
y + 2

√
t− τη, τ

)
dη+

+

∫ +∞

−y/(2
√
t−τ)

(
η +

y

2
√
t− τ

)
U

((
η +

y√
t− τ

)2

;−B
)
B1/2Fη

(
y + 2

√
t− τη, τ

)
dη

è èíòåãðèðóÿ ïî ÷àñòÿì âòîðîé èíòåãðàë â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà, óáåæ-

äàåìñÿ, ÷òî

Vt −
1√
π

∫ +∞

−∞
U
(
η2;−B

)
B

−1/2
F (y, t) dη = Vt − B−1F
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è Vyy îòëè÷àþòñÿ òîëüêî ïîêàçàòåëÿìè ñòåïåíåé îïåðàòîðà B, ïðè÷åì B (Vt − B−1F ) =
Vyy, ò.å. �óíêöèÿ V (y, t), îïðåäåëÿåìàÿ �îðìóëîé (8), ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

(1−).
Îñòàëîñü ïîêàçàòü âûïîëíåíèå íà÷àëüíîãî (2) è êðàåâîãî (3) óñëîâèé.

Îáîçíà÷èì ÷åðåç VΦ (y, t), VM (y, t) è VF (y, t) ñîîòâåòñòâåííî ïåðâîå, âòîðîå è òðåòüå
ñëàãàåìûå â �îðìóëå (8): V (y, t) = VΦ (y, t) + VM (y, t) + VF (y, t).

Òàê êàê

‖VM (y, t) + VF (y, t)‖ ≤ M32

β2
√
π
λt

∫ +∞

y/(2
√
t)

exp
(
−βτ 2

)
dτ +

M2 (1 +M)

β
√
βh (T )

Eh (T, y)

∫ t

0

Λ (τ) dτ,

òî VM (y, t)+VF (y, t) → 0 ïðè t→ 0. Ïîýòîìó, ÷òîáû ïðîâåðèòü âûïîëíåíèå íà÷àëüíîãî

óñëîâèÿ (2) äëÿ �óíêöèè V (y, t), äîñòàòî÷íî óñòàíîâèòü, ÷òî VΦ (y, t) → Φ (y) ïðè t→ 0.
Èñïîëüçóÿ �îðìóëó (6) è òî, ÷òî èíòåãðàë

1√
π

∫ +∞

y2/(4t)

U (s;−B)B1/2Φ (y)
ds√
s

åñòü áåñêîíå÷íî ìàëàÿ âåëè÷èíà o (t) ïðè t→ 0, äëÿ âñåõ äîñòàòî÷íî ìàëûõ çíà÷åíèé t
èìååì

‖VΦ (y, t) − Φ (y)‖ =

∥∥∥∥∥
1√
π

∫ y2/(4t)

0

U (s;−B)B1/2Φ (y)
ds√
s
−

− 1√
π

∫ +∞

0

U (s;−B)B1/2Φ (y)
ds√
s

+

+
1

2
√
πt

∫ +∞

0

[
U

(
(y − η)2

4t
;−B

)
− U

(
(y + η)2

4t
;−B

)]
[
B1/2Φ (η) − B1/2Φ (y)

]
dη

∥∥∥∥∥ ≤

≤ o (t) +
M (1 +M)√

π

∫ +∞

−y/(2
√
t)

exp
(
−βη2

) ∥∥∥B1/2Φ
(
y + 2

√
tη
)
− B1/2Φ (y)

∥∥∥ dη ≤

≤ o (t) +
M3 (1 +M)

β2
√
π

{∫ η0

−η0

exp
(
−βη2

)
dη max

|η|∈η0

∥∥∥B5/2Φ
(
y + 2

√
tη
)
− B5/2Φ (y)

∥∥∥+

+Kexp
(
hy2
)(∫ −η0

−∞
+

∫ +∞

η0

)[
exp

(
−βη2

)
+ exp

(
−βh (T ) η2 + 4hy

√
Tη
)]
dη

}
< ε,

ãäå η0 � äîñòàòî÷íî áîëüøîå, à ε � ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíûå ÷èñëà.
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Ïðîâåðêå âûïîëíåíèÿ äëÿ �óíêöèè V (y, t) êðàåâîãî óñëîâèÿ (3) ïðåäïîøëåì îöåíêó

íîðìû:

‖VΦ (y, t) + VF (y, t)‖ =

∥∥∥∥∥
1

2
√
πt
B1/2

∫ +∞

0

U

(
(y − η)2

4t
;−B

)[
I − U

(yη
t

;−B
)]

Φ (η) dη+

+
1

2
√
π
B−1/2

∫ t

0

dτ√
t− τ

∫ +∞

0

U

(
(y − η)2

4 (t− τ)
;−B

)[
I − U

(
yη

t− τ
;−B

)]
F (η, τ) dη

∥∥∥∥∥ ≤

≤ M2

√
π

exp
(
hy2
)
{[

K√
t

(
2
√
t

∫ y2/(4t)

0

+y

∫ +∞

y2/(4t)

)
+

+

∫ t

0

dτ√
t− τ

(
2
√
t

∫ y2/[4(t−τ)]

0

+y

∫ +∞

y2/[4(t−τ)]

)]
exp

(
−βh (T ) s+ 4hy

√
Ts
)
ds

}
,

èç êîòîðîé ñëåäóåò, ÷òî VΦ (y, t) + VF (y, t) → 0 ïðè y → 0+.
Èñïîëüçóÿ òî, ÷òî èíòåãðàë

2√
π

∫ y/(4
√
t)

0

U
(
s2;−B

)
B1/2

M (t) ds

åñòü áåñêîíå÷íî ìàëàÿ âåëè÷èíà o (y) ïðè y → 0, ïîñëå çàìåíû y/
(
2
√
t− τ

)
= s â

èíòåãðàëå, îïðåäåëÿþùåì VM (y, t), äëÿ âñåõ äîñòàòî÷íî ìàëûõ y > 0, èìååì

‖VM (y, t) −M (t)‖ ≤ o (y)+

∥∥∥∥∥
2√
π

∫ +∞

y/(4
√
t)
U
(
s2;−B

) [
B1/2

M

(
t− y2

4s2

)
−B1/2

M (t)

]
ds

∥∥∥∥∥ ≤

≤ o (y) +
2M3

β2
√
π

{
[λ (t) + λT ]

(∫ 1/s0

y/(4
√
t)

+

∫ +∞

s0

)
exp

(
−βs2

)
ds +

+ max
s∈[1/s0,s0]

∥∥∥∥B
5/2

M

(
t− y2

4s2

)
− B5/2

M (t)

∥∥∥∥
∫ s0

1/s0

exp
(
−βs2

)
ds

}
< ε,

ãäå s0 � äîñòàòî÷íî áîëüøîå, à ε � ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíûå ÷èñëà. �

4. Ïåðâàÿ êðàåâàÿ çàäà÷à ñ îïåðàòîðîì B, ïîðîæäàþùèì ïîëóãðóïïó

ñ íóëåâûì òèïîì. Â �îðìóëå (8) ðåøåíèÿ ïåðâîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1−)
�èãóðèðóþò äðîáíûå ñòåïåíè îïåðàòîðà B. Ïðåäñòàâëåíèå (7) îòðèöàòåëüíîé äðîáíîé
ñòåïåíè B−ν

, 0 < ν < 1, ÷åðåç ïîëóãðóïïó U (·;−B) ñïðàâåäëèâî, åñëè òèï ïîëóãðóïïû
U (·;−B) � îòðèöàòåëüíûé. Âîñïîëüçîâàòüñÿ ýòèì ïðåäñòàâëåíèåì äëÿ îòðèöàòåëüíîé

äðîáíîé ñòåïåíè îïåðàòîðà B, äëÿ êîòîðîãî −B ÿâëÿåòñÿ ïðîèçâîäÿùèì îïåðàòîðîì
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ñèëüíî íåïðåðûâíîé ïîëóãðóïïû U (·;−B) êëàññà C0 ñ íóëåâûì òèïîì, íåëüçÿ, òàê

êàê èíòåãðàë (7) ìîæåò îêàçàòüñÿ ðàñõîäÿùèìñÿ íà áåñêîíå÷íîñòè áåç äîïîëíèòåëüíûõ

ïðåäïîëîæåíèé îòíîñèòåëüíî ïîëóãðóïïû (è, çíà÷èò, å¼ ïðîèçâîäÿùåãî îïåðàòîðà) èëè

áàíàõîâà ïðîñòðàíñòâà. Òàê êàê ïðîèçâîäÿùèå îïåðàòîðû çàäàþòñÿ ðàññìàòðèâàåìûì

äè��åðåíöèàëüíûì óðàâíåíèåì, òî, ÷òîáû ñîõðàíèòü ïðåäñòàâëåíèå (7), ïåðåéäåì íà

ïîäìíîæåñòâî áàíàõîâà ïðîñòðàíñòâà E. Îáîçíà÷èì ÷åðåç Eν , ν > 0, ïîäìíîæåñòâî 1)

ïðîñòðàíñòâà E, äëÿ ýëåìåíòîâ e êîòîðîãî ñïðàâåäëèâà îöåíêà ‖U (τ ;−B) e‖ ≤ ωe (τ),
e ∈ Eν , τ ≥ 0, ãäå ìàæîðàíòà ωe (τ) èç ïðîñòðàíñòâà L1,ν−1, çäåñü L1,ρ � ïðîñòðàíñòâî

�óíêöèé, àáñîëþòíî èíòåãðèðóåìûõ íà ïîëóîñè R
1

+ ñ âåñîì τρ:

‖ωe‖ρ =

∫ +∞

0

τρ |ωe (τ)| dτ <∞ .

Ïóñòü −B ÿâëÿåòñÿ ïðîèçâîäÿùèì îïåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû

êëàññà C0 ñ íóëåâûì òèïîì, òîãäà îïåðàòîð −Bδ = −δI−B, δ > 0, ÿâëÿåòñÿ ïðîèçâîäÿ-
ùèì îïåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû ñ îòðèöàòåëüíûì òèïîì U (t;−Bδ) =
exp (−δt)U (t;−B), ïîýòîìó îòðèöàòåëüíûå äðîáíûå ñòåïåíè B−ν

δ , ν > 0, ïðåäñòàâëÿþò-
ñÿ �îðìóëîé (7) ÷åðåç ïîëóãðóïïó U (t;−Bδ). Ïðè ýòîì ñóùåñòâóåò ïðåäåë B−ν

δ e, e ∈ Eν ,

ïðè δ → 0+ (òàê êàê ñóùåñòâóåò ìàæîðàíòà ωe (τ): ‖exp (−δτ)U (τ ;−B) e‖ ≤ ωe (τ) ∈
L1,ν−1), êîòîðûé è çàäàåò íà ýëåìåíòàõ e ïîäìíîæåñòâà Eν áàíàõîâà ïðîñòðàíñòâà E
îòðèöàòåëüíóþ äðîáíóþ ñòåïåíü B−ν

, êîãäà ïîëóãðóïïà U (t;−B) èìååò íóëåâîé òèï:

lim
δ→0+

B−ν
δ e = lim

δ→0+

1

Γ (ν)

∫ +∞

0

sν−1exp (−δs)U (s;−B) e ds = B−νe, ν > 0, e ∈ Eν . (12)

Èòàê, �îðìóëà (16) äàåò ïðåäñòàâëåíèå

B−νe =
1

Γ (ν)

∫ +∞

0

sν−1U (t;−B) eds ,

ν > 0, e ∈ Eν , îòðèöàòåëüíîé äðîáíîé ñòåïåíè îïåðàòîðà B íà ýëåìåíòàõ e ∈ Eν ÷åðåç

ïîëóãðóïïó U (t;−B). Â ýòîì ñëó÷àå

2)
, åñëè e ∈ D (Bν), 0 < ν < 1, è e, Bνe ∈ Eν ,

òî íà òàêèõ ýëåìåíòàõ îïåðàòîð B−ν
ÿâëÿåòñÿ îáðàòíûì ê îïåðàòîðó Bν : B−νBνe =

BνB−νe = e, 0 < ν < 1, e ∈ D (Bν) ∩ Eν , B
νe ∈ Eν .

1

Ïîêàæåì, ÷òî ìíîæåñòâà Eν , ν > 0 , íå ïóñòûå, íàïðèìåð, â E = C
(
R

1

+

)
. Ïóñòü B = −d/dx

è gα (x) = (1 + xα)
−1

, α > 0 , òîãäà

∥∥U
(
τ ; d

dx

)
gα (x)

∥∥
C

= sup
x∈R

1

+

∣∣∣ 1
1+(x+τ)α

∣∣∣ = 1
1+τα

= ψα (τ) ,

τ ≥ 0 . Ôóíêöèè ψα (τ) èç ïðîñòðàíñòâà L1,ν−1 : ‖ψα (τ)‖ν−1 =
∫ +∞

0
τν−1 dτ

1+τα
= π

αsin(νπ/α) < ∞ ,

α > ν > 0 [8, ñ. 306℄. Çíà÷èò, gα (x) ∈ Eν ⊂ C
(
R

1

+

)
ïðè α > ν .

2

Äëÿ ïîäìíîæåñòâ Eν áàíàõîâà ïðîñòðàíñòâà E è, òàêèì îáðàçîì îïðåäåëåííîé íà ïîäìíîæåñòâàõ

Eν , îòðèöàòåëüíîé äðîáíîé ñòåïåíè îïåðàòîðà B ñïðàâåäëèâû óòâåðæäåíèÿ: 1) Eν ⊂ Er , åñëè r < ν;
2) ïóñòü äëÿ ýëåìåíòà e ∈ D (Bν) âûïîëíÿåòñÿ e , Bνe ∈ Er, òîãäà B

δe ∈ Er ïðè 0 < δ < ν ; 3) ïóñòü

e ∈ Eν , òîãäà B
−re ∈ Eν−r , 0 < r < ν; 4) åñëè e ∈ Eν+r , 0 < r , ν , òî B−rB−νe = B−(r+ν)e ; 5) ïóñòü

e ∈ D (Bν) , ν > 0 , è e , Bνe ∈ Er , r > 0 , òîãäà B−rBνe = BνB−re ; B−rBνe = Bν−re ïðè ν > r ;
B−rBνe = B−(r−ν)e ïðè ν < r .
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Åñëè E = C
(
R

1

+

)
, òî îòðèöàòåëüíàÿ ñòåïåíü îïåðàòîðà B = −d/dx ïðåäñòàâëÿåòñÿ

[6, ñ. 42℄ ÷åðåç ïðàâîñòîðîííèé äðîáíûé èíòåãðàë �èìàíà-Ëèóâèëëÿ:

(
− d

dx

)−1/2

ψ (x) =
1√
π

∫ +∞

0

ψ (x+ s)
ds√
s

=
(
I
1/2
∞−ψ

)
(x) , (13)

äëÿ �óíêöèé ψ (x) èç ïîäìíîæåñòâà E1/2 ïðîñòðàíñòâà C
(
R

1

+

)
óäîâëåòâîðÿþùèõ îöåí-

êå sup
x∈R̄1

+

ψ (x+ τ) ≤ ω (τ), â êîòîðîé ìàæîðàíòà ω (τ) èç âåñîâîãî ïðîñòðàíñòâà L1,−1/2.

Ïóñòü Ψ (y, t) � �óíêöèÿ ñî çíà÷åíèÿìè â áàíàõîâîì ïðîñòðàíñòâå E. Áóäåì ãîâî-

ðèòü, ÷òî �óíêöèÿ Ψ (y, t) ðàâíîìåðíî ïî íå âðåìåííûì ïåðåìåííûì y ïðèíàäëåæèò

êëàññó CEν , ν > 0, è ïèñàòü Ψ (y, t) ∈ CEν , åñëè îíà íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðå-

ìåííûõ â îáëàñòè çàäàíèÿ è óäîâëåòâîðÿåò îöåíêå supy ‖U (τ ;−B) Ψ (y, t)‖ ≤ λ (t)ψ (τ),
τ ≥ 0, ãäå λ (t), ψ (τ) � íåïðåðûâíûå �óíêöèè, ïðè÷åì, ψ (τ) ∈ L1,ν−1, ν > 0. Åñëè �óíê-
öèÿ Ψ (y, t) íå çàâèñèò îò âðåìåííîé ïåðåìåííîé t: Ψ (y, t) = Z (y), òî ïðèíàäëåæíîñòü
�óíêöèè Z (y) ∈ CEν îçíà÷àåò, ÷òî âûïîëíåíà îöåíêà supy ‖U (τ ;−B) Z (y)‖ ≤ ψ (τ),
τ ≥ 0, â êîòîðîé �óíêöèÿ ψ (τ) ∈ L1,ν−1. Åñëè �óíêöèÿ Z (y) � ïîñòîÿííàÿ, ò.å. Z (y) = e,
òî ïðèíàäëåæíîñòü å¼ êëàññó CEν îçíà÷àåò, ÷òî e ∈ Eν .

Åñëè �óíêöèÿ Ψ (y, t) ïðèíèìàåò çíà÷åíèÿ èç ìíîæåñòâà D (Bν) è ïðèíàäëåæèò

êëàññó CEν , òî ñïðàâåäëèâî èíòåãðàëüíîå ïðåäñòàâëåíèå

Ψ (y, t) =
1

Γ (δ)

∫ +∞

0

τ δ−1U (τ ;−B)BδΨ (y, t)dτ, 0 < δ ≤ ν ,

êîòîðîå ÷àñòî èñïîëüçóåòñÿ â äàëüíåéøåì.

�àññìîòðèì òåïåðü âñïîìîãàòåëüíóþ ïåðâóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ

BδVt = Vyy + F, t ∈ ]0, T ] , y ∈ R1
+ , (14)

â êîòîðîì Bδ = δI + B, δ > 0, à îïåðàòîð −B ÿâëÿåòñÿ ïðîèçâîäÿùèì îïåðàòîðîì

ñèëüíî íåïðåðûâíîé ïîëóãðóïïû êëàññà C0 ñ íóëåâûì òèïîì. Ñîãëàñíî òåîðåìàì 1, 2,

äëÿ êàæäîãî ïîëîæèòåëüíîãî δ ðåøåíèå Vδ (y, t) ïåðâîé êðàåâîé çàäà÷è (18), (2), (3)

äàåòñÿ �îðìóëîé (8) â êîòîðîé îïåðàòîð B çàìåíÿåòñÿ íà Bδ:

Vδ (y, t) =
1

2
√
πt

∫ +∞

0

[
exp

(
−δ (y − η)2

4t

)
U

(
(y − η)2

4t
;−B

)
−

− exp

(
−δ (y + η)2

4t

)
U

(
(y + η)2

4t
;−B

)]
(δI +B)1/2Φ (η) dη +

+
y

2
√
π

∫ t

0

exp

(
−δ y2

4 (t− τ)

)
U

(
y2

4 (t− τ)
;−B

)
(δI +B)1/2M (τ)

dτ

(t− τ)3/2
+
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+
1

2
√
π

∫ t

0

dτ√
t− τ

∫ +∞

0

[
exp

(
−δ (y − η)2

4 (t− τ)

)
U

(
(y − η)2

4 (t− τ)
;−B

)
−

−exp

(
−δ (y + η)2

4 (t− τ)

)
U

(
(y + η)2

4 (t− τ)
;−B

)]
(δI +B)−1/2F (η, τ) dη . (15)

Èñïîëüçóÿ â ïîñëåäíåì ñëàãàåìîì �îðìóëû (15) ïðåäñòàâëåíèå

(δI +B)−1/2F (η, τ) =
1√
π

∫ +∞

0

exp (−δs)U (s;−B)F (η, τ)
ds√
s
,

�îðìàëüíûé ïðåäåë ïðè δ → 0 �óíêöèè Vδ (y, t) çàïèøåì â âèäå

V (y, t) =
1

2
√
πt

∫ +∞

0

[
U

(
(y − η)2

4t
;−B

)
− U

(
(y + η)2

4t
;−B

)]
B1/2Φ (η) dη +

+
y

2
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B1/2

M (τ)
dτ

(t− τ)3/2
+

+
1

2π

∫ t

0

dτ√
t− τ

∫ +∞

0

[
U

(
(y − η)2

4 (t− τ)
;−B

)
− U

(
(y + η)2

4 (t− τ)
;−B

)]
dη ×

×
∫ +∞

0

U (s;−B)F (η, τ)
ds√
s
. (16)

Òåîðåìà 3. Ïóñòü

I) �óíêöèè Φ (y), M (t) ïðèíèìàþò çíà÷åíèÿ èç ìíîæåñòâà D
(
B5/2

)
, à �óíêöèè

F (y, t) è Fy (y, t) � èç D (B);

II) äëÿ íåïðåðûâíûõ �óíêöèé Φ (y), M (t), F (y, t) ñïðàâåäëèâû ñîîòíîøåíèÿ:

1) Φ (y), M (t) ∈ CE1/2, F (y, t) ∈ CE1;

2) B3/2Φ (y), B5/2Φ (y), B1/2
M (t), BF (y, t), Fy (y, t), BF y (y, t) ∈ CE3/2;

3) B3/2M (t), B5/2M (t) ∈ CE5/2.

Òîãäà ðåøåíèå Vδ (y, t) âñïîìîãàòåëüíîé çàäà÷è (18), (2), (3) ïðè δ → 0 ðàâíîìåðíî

ïî (y, t) ∈ R
1

+ × [0, T ] ñòðåìèòñÿ ê ðåøåíèþ V (y, t) ïåðâîé êðàåâîé çàäà÷è (10) � (3).

�åøåíèå V (y, t) äàåòñÿ �îðìóëîé (23) è äëÿ åãî íîðìû ñïðàâåäëèâà îöåíêà

‖V (y, t)‖ ≤ 1 +M√
π

[
‖ω‖−1/2 +

λt
1 +M

‖σ‖−1/2 +
√
π‖γ‖0

∫ t

0

χ (τ) dτ

]
, (17)

â êîòîðîé �óíêöèè ω (τ), λ (t), σ (τ), χ (t), γ (τ) îïðåäåëÿþòñÿ íåðàâåíñòâàìè

∥∥U (τ ;−B)B1/2Φ (y)
∥∥ ≤ ω (t) ,

∥∥U (τ ;−B)B1/2
M (t)

∥∥ ≤ λ (t) σ (τ) ,
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‖U (τ ;−B)F (y, t) ‖ ≤ χ (t) γ (τ) . (18)

� Òàê êàê ïî óñëîâèþ B3/2Φ (y) ∈ CE3/2 ⊂ CE1/2 è Φ (y) ∈ CE1/2, òî �óíê-

öèÿ B1/2Φ (y) ∈ CE1/2. Èñïîëüçóÿ ïðèíàäëåæíîñòü �óíêöèé B
1/2Φ (y), B1/2M (t) êëàññó

CE1/2, à �óíêöèè F (y, t) � êëàññó CE1, ò.å. èñïîëüçóÿ âûïîëíåíèå äëÿ �óíêöèé ω (τ),
σ (τ), γ (τ) èç (25) ñîîòíîøåíèé ω (τ), σ (τ) ∈ L1,−1/2, γ (τ) ∈ L1,0, îöåíèì íîðìó �óíêöèè

V (y, t), îïðåäåëÿåìîé �îðìóëîé (23):

‖V (y, t)‖ ≤ 1 +M√
π

∫ +∞

−y/(2
√
t)
ω
(
η2
)
dη +

2λt√
π

∫ +∞

y/(2
√
t)
σ
(
s2
)
ds +

+
1 +M

2π

∫ t

0

χ (t− τ)
dτ√
τ

∫ +∞

0

dη

∫ +∞

(y−η)2/(4τ)

γ (ξ)
dξ√

ξ − (y − η)2/(4τ)
.

Â ïåðâûõ äâóõ ñëàãàåìûõ â ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåíñòâà óâåëè÷èâàåì îá-

ëàñòü èíòåãðèðîâàíèÿ è, çàòåì, ïðîèçâîäèì çàìåíó ïåðåìåííûõ èíòåãðèðîâàíèÿ, à â

ïîñëåäíåì ìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ è, çàòåì, îöåíèâàåì âíóòðåííèé èíòåãðàë:

‖V (y, t)‖ ≤ 1 +M√
π

∫ +∞

0

ω (s)
ds√
s

+
λt√
π

∫ +∞

0

σ (s)
ds√
s

+ (1 +M)

∫ t

0

χ (τ) dτ

∫ +∞

0

γ (ξ)dξ .

Îòêóäà è ñëåäóåò îöåíêà íîðìû (24).

Âûïîëíåíèå äëÿ �óíêöèè (23) íà÷àëüíîãî óñëîâèÿ (2) ñëåäóåò èç òîãî, ÷òî äëÿ

âñåõ äîñòàòî÷íî ìàëûõ çíà÷åíèé t > 0, ïðèìåíÿÿ, â ñèëó ïðèíàäëåæíîñòè Φ (y) êëàññó
CE1/2, ïðåäñòàâëåíèå

Φ (y) = π−1/2

∫ +∞

−∞
U
(
η2;−B

)
B1/2Φ (y) dη ,

èìååì

‖V (y, t) − Φ (y)‖ ≤ λt√
π

∫ +∞

y2/(4t)

σ (s)
ds√
s

+ (1 +M) ‖γ0‖0
∫ t

0

χ0 (τ) dτ+

+
1√
π

{
2η0M max

η∈[−η0,η0]

∥∥∥∥B
1/2Φ

(
y + 2η

√
t
)
−B

1/2

Φ (y)

∥∥∥∥+

+

[
2

(∫ −η0

−∞
+

∫ +∞

η0

)
+

∫ +∞

y/(2
√
t)

]
ω
(
η2
)
dη

}
< ε,

ãäå ε � ñêîëü óãîäíî ìàëîå, à η0 � äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíûå ÷èñëà.

Äëÿ ïðîâåðêè êðàåâîãî óñëîâèÿ (3), äëÿ âñåõ äîñòàòî÷íî ìàëûõ çíà÷åíèé y > 0,
îöåíèì íîðìó ðàçíîñòè V (y, t) −M (t), â êîòîðîé V (y, t) îïðåäåëÿåòñÿ �îðìóëîé (23):
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‖V (y, t) −M (t)‖ ≤ 1√
π

∫ +∞

−y/(2
√
t)
dη

∫ (η+y/
√
t)

2

η2

∥∥∥U (s;−B)B3/2Φ
(
y + 2η

√
t
)∥∥∥ ds+

+

∥∥∥∥∥
2√
π

∫ y/(2
√
t)

0

U
(
s2;−B

)
B

1/2
M (t) ds

∥∥∥∥∥+

+

∥∥∥∥∥
2√
π

∫ +∞

y/(2
√
t)
U
(
s2;−B

) [
B1/2

M

(
t− y2

4s2

)
− B1/2

M (t)

]
ds

∥∥∥∥∥+

+
1√
π

∫ t

0

dτ

∫ +∞

−y/(2
√
t−τ)

dη

∫ (η+y/
√
t−τ)

2

η2

∥∥∥U (s;−B)B1/2F
(
y + 2η

√
t− τ , τ

)∥∥∥ ds . (19)

Ïðè çàïèñè ïîñëåäíåãî ñëàãàåìîãî â ïðàâîé ÷àñòè (26) âîñïîëüçîâàëèñü òåì, ÷òî

�óíêöèè F (y, t) ∈ CE1 è BF (y, t) ∈ CE3/2 ïðèíàäëåæàò êëàññó CE1/2 ⊃ CE1 ⊃ CE3/2

è, çíà÷èò, ñïðàâåäëèâû ðàâåíñòâà

BB−1/2F (y, t) =
1√
π
B

∫ +∞

0

U (s;−B)F (y, t)
ds√
s

=

=
1√
π

∫ +∞

0

U (s;−B)BF (y, t)
ds√
s

= B1/2F (y, t) ,

â êîòîðûõ �óíêöèÿ B1/2F (y, t) ∈ CE1. Äåéñòâèòåëüíî, ïðèìåíÿÿ îöåíêó

‖U (τ ;−B)BF (y, t)‖ ≤ χ1 (t) γ1 (τ) ,

ãäå γ1 (τ) ∈ L1,1/2, èìååì

∥∥U (τ ;−B)B1/2F (y, t)
∥∥ ≤ 1√

π

∫ +∞

0

‖U (τ + s;−B)BF (y, t)‖ ds√
s
≤

≤ χ1 (t)√
π

∫ +∞

τ

γ1 (ξ)
dξ√
ξ − τ

≡ χ1 (t)J (τ) ,

ïðè÷åì

∫ +∞

0

J (τ) dτ =
1√
π

∫ +∞

0

dτ

∫ +∞

τ

γ1 (ξ)
dξ√
ξ − τ

=

=
2√
π

∫ +∞

0

√
ξγ1 (ξ) dξ =

2√
π
‖γ1‖1/2 < +∞ .
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Èñïîëüçóÿ ïðèíàäëåæíîñòü �óíêöèé B3/2Φ (y) è B1/2F (y, t) êëàññó CE3/2 ⊂ CE1,

ò.å. íåðàâåíñòâà

∥∥U (τ ;−B)B3/2Φ (y)
∥∥ ≤ ω3/2 (τ) ,

∥∥U (τ ;−B)B1/2F (y, t)
∥∥ ≤ χ1/2 (t) γ1/2 (τ) ,

îöåíèì âñïîìîãàòåëüíûå èíòåãðàëû

1)
1√
π

∫ +∞

−y/(2
√
t)
dη

∫ (η+y/
√
t)

2

η2
ω3/2 (s)ds =

=
1√
π

[∫ y2/(4t)

0

ω3/2 (s) ds

∫ √
s

−√
s

dη + +

∫ +∞

y2/(4t)

ω3/2 (s) ds

∫ √
s

√
s−y/

√
t

dη

]
≤

≤ y√
πt

[∫ y2/(4t)

0

ω3/2 (s) ds +

∫ +∞

y2/(4t)

ω3/2 (s) ds

]
=

y√
πt

∥∥ω3/2

∥∥
0

= j1 (y) ;

2)
1√
π

∫ t

0

χ1/2 (τ) dτ

∫ +∞

−y/(2
√
t−τ)

dη

∫ (η+y/
√
t−τ)

2

η2
γ1/2 (s)ds ≤

≤ y√
π

∥∥γ1/2
∥∥
0

∫ t

0

χ1/2 (τ)
dτ√
t− τ

= j2 (y) ;

3)

∥∥∥∥∥
2√
π

∫ y/(2
√
t)

0

U
(
s2;−B

)
B

1/2
M (t) ds

∥∥∥∥∥ ≤ y
M√
πt

∥∥B1/2
M (t)

∥∥ = j3 (y) ;

4)

∥∥∥∥∥
2√
π

∫ +∞

y/(2
√
t)
U
(
s2;−B

) [
B1/2

M

(
t− y2

4s2

)
−B1/2

M (t)

]
ds

∥∥∥∥∥ ≤

≤ 2Ms0√
π

max
s∈[1/s0,s0]

∥∥∥∥B
1/2

M

(
t− y2

4s2

)
− B1/2

M (t)

∥∥∥∥+

+
1√
π

(∫ 1/s20

0

+

∫ +∞

s20

)
σ (τ)

dτ√
τ

[λ (t) + λt] = j4 (y) .

Ïðèìåíÿÿ ïîëó÷åííûå îöåíêè, èç (26) âûâîäèì ñïðàâåäëèâîñòü êðàåâîãî óñëîâèÿ:

‖V (y, t) −M (t)‖ ≤
4∑

k=1

jk (y) < ε,

ãäå ε � ñêîëü óãîäíî ìàëîå, à s0 � äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíûå ÷èñëà.
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Òåïåðü ïîêàæåì, ÷òî �óíêöèÿ (23) ÿâëÿåòñÿ ïðåäåëîì ïðè δ → 0 ðåøåíèÿ Vδ (y, t)
âñïîìîãàòåëüíîé çàäà÷è (18), (2), (3). Äëÿ âñåõ äîñòàòî÷íî ìàëûõ çíà÷åíèé δ > 0, îáî-

çíà÷àÿ Eδ (r, B) = U (r;−B)
[
eδ (r)B1/2 + exp (−δr)

(
B

1/2
δ −B1/2

)]
, eδ (r) =exp (−δr)−1,

Qδ (r, B) = eδ (r)U (r;−B), èñïîëüçóÿ íåðàâåíñòâà

‖U (τ ;−B)ϕ (x)‖ ≤ ω0 (τ) , ‖U (τ ;−B)µ (t)‖ ≤ λ0 (t) σ0 (τ) ,

â êîòîðûõ ω0 (τ), σ0 (τ) ∈ L1,−1/2, è ó÷èòûâàÿ îöåíêó [1, ñ. 155℄ ‖Bν
δ e−Bνe‖ ≤ cδν ‖e‖,

e ∈ D (Bν), 0 < ν < 1, c = const, èìååì

‖Vδ (y, t) − V (y, t)‖ =

∥∥∥∥∥
2√
π

∫ +∞

y/(2
√
t)
Eδ

(
η2, B

)
M

(
t− y2

4τ 2

)
dτ+

1

π

∫ t

0

dτ

∫ +∞

−y/(2
√
t−τ)

dη ×

×
∫ +∞

0

[
Qδ

(
s+ η2, B

)
−Qδ

(
s+

(
η +

y√
t− τ

)2

, B

)]
F
(
y + 2η

√
t− τ , τ

) ds√
s

+

+
1√
π

∫ +∞

−y/(2
√
t)

[
Eδ

(
η2, B

)
− Eδ

((
η +

y√
t

)2

, B

)]
Φ
(
y + 2η

√
t
)
dη

∥∥∥∥∥ ≤

≤ 1√
π

[
‖ω‖−1/2 eδ (ξ0) + 2

∫ +∞

ξ0

ω (ξ)
dξ√
ξ

+ c
√
δ‖ω0‖−1/2

]
+

+
2√
π

max {λt;λ0,t}
[
‖σ‖−1/2 eδ (ξ0) + 2

∫ +∞

ξ0

σ (ξ)
dξ√
ξ

+ c
√
δ‖σ0‖−1/2

]
+

+

[
‖γ0‖0 eδ (ξ0) + 2

∫ +∞

ξ0

γ0 (ξ) dξ

] ∫ t

0

χ0 (τ) dτ < ε,

ãäå eδ (ξ0) = maxξ∈[0,ξ0] |eδ (ξ)|, λα,t = max τ∈[0,t] λα (τ), à ε � ñêîëü óãîäíî ìàëîå è ξ0 �
äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíûå ÷èñëà.

Îñòàëîñü ïîêàçàòü, ÷òî ïðåäåëüíàÿ �óíêöèÿ V (y, t) ÿâëÿåòñÿ ðåøåíèåì äè��åðåí-

öèàëüíîãî óðàâíåíèÿ (10).
Âû÷èñëèì è îöåíèì íîðìû ÷àñòíûõ ïðîèçâîäíûõ �óíêöèè (23):

10). äëÿ ÷àñòíîé ïðîèçâîäíîé ïåðâîãî ïîðÿäêà ïî ïåðåìåííîé y èìååì �îðìóëó è,

èñïîëüçóÿ ïðèíàäëåæíîñòü B3/2M (t) êëàññó CE5/2 ⊂ CE3/2, ò.å. íåðàâåíñòâî

∥∥U (τ ;−B)B3/2
M (t)

∥∥ ≤ λ3/2 (t) σ3/2 (τ) ,

â êîòîðîì σ3/2 (τ) ∈ L1,1/2 , îöåíêó íîðìû

‖Vy (y, t)‖ =

∥∥∥∥∥
−1

4t
√
πt

∫ +∞

0

[
(y − η)U

(
(y − η)2

4t
;−B

)
−
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− (y + η)U

(
(y + η)2

4t
;−B

)]
B3/2Φ (η) dη −

− 1

2π

∫ t

0

dτ

(t− τ)3/2

∫ +∞

0

[
(y − η)U

(
(y − η)2

4 (t− τ)
;−B

)
− (y + η)U

(
(y + η)2

4 (t− τ)
;−B

)]
dη ×

×
∫ +∞

0

U (s;−B)BF (η, τ)
ds√
s

+
1

2
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B1/2

M (τ)
dτ

(t− τ)3/2
−

− y2

4
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B3/2

M (τ)
dτ

(t− τ)5/2

∥∥∥∥∥ ≤

≤ 1√
π

[
1√
t

∥∥ω3/2

∥∥
0

+
max

{
λt;λ3/2,t

}

y

(
‖σ‖−1/2 +

∥∥σ3/2
∥∥
1/2

)
+ ‖γ1‖0

∫ t

0

χ1 (τ)
dτ√
t− τ

]
.

20). äëÿ ÷àñòíîé ïðîèçâîäíîé âòîðîãî ïîðÿäêà ïî y èìååì �îðìóëó è, èñïîëüçóÿ

íåðàâåíñòâà

∥∥∥U (τ ;−B)B
5
2 Φ (y)

∥∥∥ ≤ ω5/2 (τ) ,
∥∥∥U (τ ;−B)B

5
2M (t)

∥∥∥ ≤ λ5/2 (t) σ5/2 (τ) ,

∥∥∥U (τ ;−B)B
1
2Fy (y, t)

∥∥∥ ≤ χ1
1/2 (t) γ11/2 (τ) ,

â êîòîðûõ ω5/2 (τ) , γ11/2 (τ) ∈ L1,3/2, σ5/2 (τ) ∈ L1,5/2, îöåíêó íîðìû

‖Vyy (y, t)‖ =

∥∥∥∥∥−
1

2t
√
π

[∫ +∞

−y/(2
√
t)
U
(
η2;−B

)
B3/2Φ

(
y + 2η

√
t
)
dη −

−
∫ +∞

y/(2
√
t)
U
(
η2;−B

)
B3/2Φ

(
−y + 2η

√
t
)
dη

]
+

+
1

t
√
π

[∫ +∞

−y/(2
√
t)
η2U

(
η2;−B

)
B5/2Φ

(
y + 2η

√
t
)
dη −

−
∫ +∞

y/(2
√
t)
η2U

(
η2;−B

)
B5/2Φ

(
−y + 2η

√
t
)
dη

]
−

− 12

y2
√
π

∫ +∞

y/(2
√
t)
s2U

(
s2;−B

)
B3/2

M

(
t− y2

4s2

)
ds +

+
8

y2
√
π

∫ +∞

y/(2
√
t)
s4U

(
s2;−B

)
B5/2

M

(
t− y2

4s2

)
ds −
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− 2√
π

∫ +∞

y/(2
√
t)
U
(
s2;−B

)
B1/2F

(
0, t− y2

4s2

)
ds+

+
1√
π

∫ t

0

dτ√
t− τ

[∫ +∞

−y/(2
√
t−τ)

ηU
(
η2;−B

)
B1/2Fy

(
y + 2η

√
t− τ , τ

)
dη+

+

∫ +∞

y/(2
√
t−τ)

ηU
(
η2;−B

)
B1/2Fy

(
−y + 2η

√
t− τ , τ

)
dη

]∥∥∥∥∥ ≤

≤ 1√
π

{
1

t

[
1

2

∥∥ω3/2

∥∥
−1/2

+
∥∥ω5/2

∥∥
1/2

]
+

2

y2

[
3λ3/2,t

∥∥σ3/2
∥∥
1/2

+

+ 2λ5/2,t
∥∥σ5/2

∥∥
3/2

]
+χ1/2,t

∥∥γ1/2
∥∥
−1/2

+
∥∥γ11/2

∥∥
0

∫ t

0

χ1
1/2 (τ)

dτ√
t− τ

}
,

ãäå îáîçíà÷åíî χα,t = maxτ∈[0,t] χα (τ).
30). Ïðåæäå ÷åì âû÷èñëÿòü ÷àñòíóþ ïðîèçâîäíóþ Vt (y, t), ïðåîáðàçóåì (îáîçíà÷èâ

M̃ (y, t)) âòîðîå ñëàãàåìîå èç ïðàâîé ÷àñòè �îðìóëû (23):

M̃ (y, t) =
y

2
√
π

∫ t

0

dξ

∫ ξ

0

U

(
y2

4 (t− τ)
;−B

)
B1/2

M (τ)
dτ

(t− τ)5/2
.

Âû÷èñëèì ÷àñòíóþ ïðîèçâîäíóþ ïî ïåðåìåííîé t �óíêöèè M̃ (y, t) è îöåíèì å¼ íîð-

ìó

∥∥∥M̃t (y, t)
∥∥∥ =

∥∥∥∥∥
y

2
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B1/2

M (τ)
dτ

(t− τ)5/2
+

+
x3

8
√
π

∫ t

0

dξ

∫ ξ

0

U

(
x2

4 (t− τ)
;−B

)
B3/2

M (τ)
dτ

(t− τ)9/2
−

− 5y

4
√
π

∫ t

0

dξ

∫ ξ

0

U

(
y2

4 (t− τ)
;−B

)
B1/2

M (τ)
dτ

(t− τ)7/2

∥∥∥∥∥ ≤

≤ y

2
√
π

∫ t

0

σ

(
y2

4 (t− τ)

)
λ (τ) dτ

(t− τ)5/2
+

+
y3N

8
√
π

∫ t

0

dξ

∫ ξ

0

σ3/2

(
y2

4 (t− τ)

)
λ3/2 (τ) dτ

(t− τ)9/2
+

5x

4
√
π

∫ t

0

dξ

∫ ξ

0

σ

(
y2

4 (t− τ)

)
λ (τ) dτ

(t− τ)7/2
.

Îòêóäà, çàìåíÿÿ ïåðåìåííûå èíòåãðèðîâàíèÿ: x/2
√
t− τ = s, dτ/(t− τ)5/2 =

16s2ds/x3, dτ/(t− τ)7/2 = 64s4ds/x5ds, dτ/(t− τ)9/2 = 256s6ds/x7, è îöåíèâàÿ ïîäûí-

òåãðàëüíûå �óíêöèè, ïîëó÷èì

∥∥∥M̃t (y, t)
∥∥∥ ≤ 1

y2
√
π

[
14λt‖σ‖1/2 + 4λ3/2,t

∥∥σ3/2
∥∥
3/2

]
.
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Âî âòîðîì è òðåòüåì ñëàãàåìûõ èç ïðåäñòàâëåíèÿ M̃t (t, x) ìåíÿåì ïîðÿäîê èíòåãðè-

ðîâàíèÿ è, ïîñëå ïðèâåäåíèÿ ïîäîáíûõ, ïîëó÷èì

M̃t (y, t) = − 3y

4
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B1/2

M (τ)
dτ

(t− τ)5/2
+

+
y3

8
√
π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
B3/2

M (τ)
dτ

(t− τ)7/2
.

Ó÷èòûâàÿ íàéäåííîå çíà÷åíèå M̃t (t, x), èìååì

Vt (y, t) = − 1

4
√
πt3/2

∫ +∞

0

[
U

(
(y − η)2

4t
;−B

)
− U

(
(y + η)2

4t
;−B

)]
B1/2Φ (η) dη +

+
1

8
√
πt5/2

∫ +∞

0

[
(y − η)2U

(
(y − η)2

4t
;−B

)
− (y + η)2U

(
(y + η)2

4t
;−B

)]
B3/2Φ (η) dη −

+ M̃t (t, x) +
1

π

∫ +∞

−∞
U
(
η2;−B

)
dη

∫ +∞

0

U (s;−B)F (y, t)
ds√
s
−

− 2y

π

∫ t

0

U

(
y2

4 (t− τ)
;−B

)
dτ

(t− τ)3/2

∫ +∞

0

U (s;−B)F (0, τ)
ds√
s

+

+
1

π

∫ t

0

[∫ +∞

−y/(2
√
t−τ)

ηU
(
η2;−B

)
dη

∫ +∞

0

U (s;−B)Fy

(
y + 2η

√
t− τ , τ

) ds√
s
−

−
∫ +∞

y/(2
√
t−τ)

ηU
(
η2;−B

)
dη

∫ +∞

0

U (s;−B)Fy

(
−y + 2η

√
t− τ , τ

) ds√
s

]
dτ√
t− τ

. (20)

Èñïîëüçóÿ íåðàâåíñòâî ‖U (τ ;−B)Fy (y, t)‖ ≤ χ1
0 (t) γ10 (τ), â êîòîðîì γ10 (τ) ∈ L1,1/2,

îöåíêå íîðìû ÷àñòíîé ïðîèçâîäíîé Vt (y, t) ïðåäïîøëåì îöåíêó íîðìû ñóììû ïîñëåä-

íèõ òðåõ ñëàãàåìûõ (îáîçíà÷èì F̃t (y, t)) â ïðàâîé ÷àñòè �îðìóëû (20):

∥∥∥F̃t (y, t)
∥∥∥ ≤ χ (t)

π

∫ +∞

−∞
dη

∫ +∞

0

γ
(
s+ η2

) ds√
s

+
y

2π

∫ t

0

χ (τ) dτ

(t− τ)3/2

∫ +∞

0

γ

(
s+

y2

4 (t− τ)

)
ds√
s

+

+
1

π

∫ t

0

[∫ +∞

−y/(2
√
t−τ)

|η| dη
∫ +∞

0

γ
(
s+ η2

) ds√
s

+

∫ +∞

y/(2
√
t−τ)

ηdη

∫ +∞

0

γ
(
s+ η2

) ds√
s

]
χ (τ) dτ√
t− τ

≤
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≤ [χ (t) + χt] ‖γ‖0 +
2

π

∥∥γ10
∥∥
1/2

∫ t

0

χ1
0 (τ)

dτ√
t− τ

,

ãäå îáîçíà÷åíî χt = maxτ∈[0,t] χ (τ).

Òåïåðü, èñïîëüçóÿ îöåíêè íîðì �óíêöèé M̃t (y, t), F̃t (y, t) è ðàíåå ïîëó÷åííûå îöåí-
êè íîðì V (y, t) è Vyy (y, t), èìååì

‖Vt (y, t)‖ ≤ 1√
π

[
1

2t
‖ω‖−1/2 +

∥∥ω3/2

∥∥
1/2

+
2

y2

(
3λt‖σ‖1/2 + 2λ1,t

∥∥σ3/2
∥∥
3/2

)]
+

+ [χ (t) + χt] ‖γ‖0 +
2

π

∥∥γ10
∥∥
1/2

∫ t

0

χ1
0 (τ)

dτ√
t− τ

.

40). Ñðàâíèâàÿ ìåæäó ñîáîé ðåçóëüòàòû ïóíêòîâ 2), 3), îñòàëîñü çàìåòèòü, ÷òî

BVt (y, t) = Vyy (y, t) +
1

π
B

∫ +∞

−∞
U
(
η2;−B

)
dη

∫ +∞

0

U (s;−B)F (y, t)
ds√
s

=

= Vyy (y, t) + F (y, t) . �

5. Ïðèìåð ðåøåíèÿ ïåðâîé êðàåâîé çàäà÷è. Ïóñòü â óðàâíåíèè (1) îïåðàòîð

B = −d/dx äåéñòâóåò â áàíàõîâîì ïðîñòðàíñòâå C
(
R̄1

+

)
. Ïîëàãàÿ, ÷òî íà÷àëüíàÿ ϕ =

ϕ (x, y) è ãðàíè÷íàÿ µ = µ (x, t) �óíêöèè, ñâîáîäíûé ÷ëåí f = f (x, y, t) è èñêîìîå

ðåøåíèå v = v (x, y, t) äëÿ âñåõ çíà÷åíèé (y, t) ∈ R̄1
+ × [0, T ] ïî ïåðåìåííîé x ∈ R̄1

+

ïðèíàäëåæàò ïðîñòðàíñòâó C
(
R̄1

+

)
, ðàññìîòðèì ñìåøàííóþ çàäà÷ó

vxt + vyy + f (x, y, t) = 0, x ∈ R̄1
+, y ∈ R1

+, t ∈ ]0, T ] , (21)

v|t=0 = ϕ (x, y) , (x, y) ∈ R̄1
+ × R̄1

+, (22)

v|y=0 = µ (x, t) , (x, t) ∈ R̄1
+ × [0, T ] , (23)

ãäå ϕ (x, 0) = µ (x, 0), x ∈ R̄1
+.

Â ðàññìàòðèâàåìîì ñëó÷àå äëÿ âûïîëíåíèÿ óñëîâèé òåîðåìû 3 äîñòàòî÷íî, ÷òîáû

1) ÷àñòíûå ïðîèçâîäíûå ïî ïåðåìåííîé x äî òðåòüåãî ïîðÿäêà âêëþ÷èòåëüíî íà÷àëü-
íîé ϕ (x, y) è ãðàíè÷íîé µ (x, t) �óíêöèé ïðèíàäëåæàëè ïî x ïðîñòðàíñòâó C

(
R̄1

+

)
è

sup
y∈R1

+

{‖ϕ (x+ τ, y) ‖C , ‖ϕx (x+ τ, y) ‖C} ≤ ω (τ) ,

sup
y∈R1

+

{‖ϕxx (x+ τ, y) ‖C , ‖ϕxxx (x + τ, y) ‖C} ≤ ω1 (τ) ,
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‖µ (x + τ, t) ‖C ≤ λ (t) σ (τ) , ‖µx (x + τ, t) ‖C ≤ λ1 (t)σ1 (τ) ,

‖µxx (x+ τ, t) ‖C , ‖µxxx (x+ τ, t) ‖C ≤ λ2 (t)σ2 (τ) , (24)

ãäå λ (t), λ1 (t), λ2 (t) � íåïðåðûâíûå ïðè t ∈ [0, T ] �óíêöèè, ïðè÷åì ω (τ), σ (τ) ∈
L1,−1/2, ω1 (τ), σ1 (τ) ∈ L1,1/2, σ2 (τ) ∈ L1,3/2;

2) ÷àñòíûå fx (x, y, t), fy (x, y, t) è ñìåøàííàÿ fxy (x, y, t) ïðîèçâîäíûå ñâîáîäíîãî ÷ëå-

íà f (x, y, t), ïðèíàäëåæàëè ïî ïåðåìåííîé x ïðîñòðàíñòâó C
(
R

1

+

)
è

sup
y∈R1

+

{‖f (x + τ, y, t) ‖C} ≤ χ (t) γ (τ) ,

sup
y∈R1

+

{
‖fx (x + τ, y, t) ‖C , ‖fy (x + τ, y, t) ‖C , ‖fxy (x + τ, y, t) ‖C

}
≤ χ1 (t) γ1 (τ) , (25)

ãäå χ (t), χ1 (t) � íåïðåðûâíûå ïðè t ∈ [0, T ] �óíêöèè, ïðè÷åì γ (τ) ∈ L1,0, γ1 (τ) ∈
L1,1/2.

Ïðè âûïîëíåíèè óñëîâèé (24), (35), ñîãëàñíî �îðìóëå (23), èñïîëüçóÿ ïðåäñòàâëåíèÿ

(5), (17) äðîáíûõ ñòåïåíåé îïåðàòîðà −d/dx â ïðîñòðàíñòâå C
(
R

1

+

)
, ðåøåíèå ñìåøàí-

íîé çàäà÷è (30)-(32), çàïèøåòñÿ â ÿâíîì âèäå

v (x, y, t) =
1

4π
√
t

∫ +∞

0

dη

∫ +∞

0

[
ϕ

(
x +

(y − η)2

4t
, η

)
− ϕ

(
x + s+

(y − η)2

4t
, η

)
−

− ϕ

(
x +

(y + η)2

4t
, η

)
+ ϕ

(
x+ s+

(y + η)2

4t
, η

)]
ds

s3/2
+

+
y

4π

∫ t

0

dτ

(t− τ)3/2

∫ +∞

0

[
µ

(
x +

y2

4 (t− τ)
, τ

)
− µ

(
x+ s+

y2

4 (t− τ)
, τ

)]
ds

s3/2
+

+
1

2π

∫ +∞

0

dτ√
t− τ

∫ +∞

0

dη

∫ +∞

0

[
f

(
x + s+

(y − η)2

4 (t− τ)
, η, τ

)
−

− f

(
x+ s+

(y + η)2

4 (t− τ)
, η, τ

)]
ds√
s

è äëÿ íåãî ñïðàâåäëèâà îöåíêà

sup
(x,y)∈R1

+×R
1
+

|v (x, y, t)| ≤ 2√
π

[
‖ω‖−1/2+

maxτ∈[0,t] λ (τ)

2
‖σ‖−1/2 +

√
π ‖γ‖0

∫ t

0

χ (τ) dτ

]
.
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Sheripov Str., 32, 364907, Grozny, Russia, e-mail: umarov50�mail.ru

Abstrat. The expliit solution of initial-boundary value problem in the Banah spae for

the abstrat heat equation with operator oe�ient is obtained by the lassial sheme using an

operator-valued analogue of fundamental solution. Abstrat onstrutions are illustrated in the

spae of ontinuous funtions on non-negative half-axe when there is the limit at in�nity for eah

of them.

Key words: strongly ontinuous semi-groups of operators, partial di�erential equations, Banah's

spae.
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ÌÅÒÎÄ ÄÈÑÊ�ÅÒÍÛÕ ÎÑÎÁÅÍÍÎÑÒÅÉ

Â ÇÀÄÀ×ÀÕ ÄÈÔ�ÀÊÖÈÈ ÍÀ ÑÈÑÒÅÌÅ ÇÀÌÊÍÓÒÛÕ

ÖÈËÈÍÄ�È×ÅÑÊÈÕ ÏÎÂÅ�ÕÍÎÑÒÅÉ

Þ.Í. Áàõìàò

Õàðüêîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Â.Í.Êàðàçèíà,

ïë. Ñâîáîäû, 4, 308015, Õàðüêîâ, Óêðàèíà e-mail: bakhmat23�gmail.om

Àííîòàöèÿ. Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü äè�ðàêöèè Í-ïîëÿðèçîâàííîé ýëåêòðî-

ìàãíèòíîé âîëíû íà ñèñòåìå èäåàëüíî ïðîâîäÿùèõ öèëèíäðè÷åñêèõ ïîâåðõíîñòåé (íàïðàâëÿ-

þùèå îêðóæíîñòè èëè ýëëèïñû). Ïîñòðîåíà äèñêðåòíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü óêàçàííîé

çàäà÷è íà áàçå ìåòîäà äèñêðåòíûõ îñîáåííîñòåé è íà åå îñíîâå èññëåäîâàíà äâóìåðíàÿ çàäà÷à.

Ïðîâåäåí ÷èñëåííûé ýêñïåðèìåíò.

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, òåîðèÿ äè�ðàêöèè, ãðàíè÷íûå èíòåãðàëüíûå óðàâíå-

íèÿ, ìåòîä äèñêðåòíûõ îñîáåííîñòåé.

Ââåäåíèå. Öåëü ðàáîòû � ïîñòðîåíèå äèñêðåòíîé ìàòåìàòè÷åñêîé ìîäåëè äè�ðàê-

öèè Í-ïîëÿðèçîâàííîé ýëåêòðîìàãíèòíîé âîëíû íà ñèñòåìå çàìêíóòûõ öèëèíäðè÷å-

ñêèõ ïîâåðõíîñòåé. Íàïðàâëÿþùèå öèëèíäðè÷åñêèõ ïîâåðõíîñòåé � îêðóæíîñòè èëè

ýëëèïñû. Äëÿ ïîñòðîåíèÿ äèñêðåòíîé ìàòåìàòè÷åñêîé ìîäåëè è äëÿ ñâåäåíèÿ êðàåâîé

çàäà÷è ê ãèïåð ñèíãóëÿðíîìó èíòåãðàëüíîìó óðàâíåíèþ èñïîëüçóåòñÿ ìåòîä ïîòåíöè-

àëîâ. Äëÿ ïîñòðîåíèÿ äèñêðåòíîé ìàòåìàòè÷åñêîé ìîäåëè è ïðîâåäåíèÿ ÷èñëåííîãî

ýêñïåðèìåíòà ïðèìåíåí ìåòîä äèñêðåòíûõ îñîáåííîñòåé. ×èñëåííûé ýêñïåðèìåíò áûë

ïðîâåäåí â îòäåëüíûõ ÷àñòíûõ ñëó÷àÿõ, ãäå ïîñòðîåíû äèàãðàììû íàïðàâëåííîñòè ìî-

äóëÿ êîìïëåêñíîé àìïëèòóäû ðàññåÿííîãî ïîëÿ.

1. Ïîñòàíîâêà çàäà÷è. �àññìîòðåíèå âåäåòñÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò íà

ïëîñêîñòè X1OX2, â êîòîðîé ðàñïîëîæåíû íàïðàâëÿþùèå öèëèíäðè÷åñêèõ ïîâåðõíî-

ñòåé � îêðóæíîñòè èëè ýëëèïñû. Îáîçíà÷èì

 L =
l⋃

q=0

Lq , (1)

ãäå Lq � íàïðàâëÿþùèå öèëèíäðè÷åñêèõ ïîâåðõíîñòåé (êðóãîâûõ èëè ýëëèïòè÷åñêèõ

öèëèíäðîâ), îáðàçóþùèå êîòîðûõ ïàðàëëåëüíû OX3. �àññìàòðèâàåòñÿ ïåðåñå÷åíèå ïëîñ-

êîñòüþ, ïàðàëëåëüíîþ ïëîñêîñòè X1OX2. Ïàðàìåòðè÷åñêèå óðàâíåíèÿ íàïðàâëÿþùèõ

öèëèíäðè÷åñêèõ ïîâåðõíîñòåé èìåþò âèä:

{
x1,q = x1(ϕ) + q · a ;

x2,q = x2(ϕ), φ ∈ [0, 2π], q = 0, 1, ..., l.
(2)
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Â ñëó÷àå, êîãäà íàïðàâëÿþùàÿ îêðóæíîñòü:

{
x1,q = r · cosφ+ q · a ;

x2,q = r · sinφ, φ ∈ [0, 2π], q = 0, 1, ..., l.
(2.1)

à â ñëó÷àå, êîãäà íàïðàâëÿþùàÿ ýëëèïñ:

{
x1,q = r · cosφ+ q · a ;

x2,q = b · sinφ, φ ∈ [0, 2π], q = 0, 1, ..., l .
(2.2)

Îáîçíà÷èì

Ω =

l⋃

q=0

intLq . (3)

Ïàäàþùàÿ ïëîñêàÿ ìîíîõðîìàòè÷åñêàÿ âîëíà (çàâèñèìîñòü îò âðåìåíè äàåòñÿ ìíîæè-

òåëåì e−iωt
), êîìïëåêñíóþ àìïëèòóäó êîòîðîé îáîçíà÷èëè u0(x̄), è, ñîîòâåòñòâåííî, u(x̄)

� êîìïëåêñíàÿ àìïëèòóäà ðàññåÿííîãî ïîëÿ:

u0(x̄) = ei(κ̄,x̄) , κ̄ = κ(sinα,− cosα), α = 0 . (4)

Ïàäàþùåå è ðàññåÿííîå ïîëÿ óäîâëåòâîðÿåò óðàâíåíèþ �åëüìãîëüöà:

∆u(x̄) + κ2u(x̄) = 0 , x̄ ∈ ∁Ω , (5)

κ2 = ε · µ · ω2
, ãäå ε, µ � äèýëåêòðè÷åñêàÿ è ìàãíèòíàÿ ïðîíèöàåìîñòü ñðåäû ñîîòâåò-

ñòâåííî.

�èñ. 1.

�àññìàòðèâàåòñÿ âíåøíÿÿ êðàåâàÿ çàäà÷à, ðàññåÿííîå ïîëå óäîâëåòâîðÿåò óñëîâèÿì

èçëó÷åíèÿ Çîììåð�åëüäà [1℄:






u(x̄) = O

(
1√
r

)
, r → ∞ ;

∂u(x̄)

∂n
− i · k · u(x̄) = o

(
1√
r

)
, r =

√
x21 + x22 → ∞ .

(6)
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Â ñëó÷àå Í-ïîëÿðèçàöèè, íà ïîâåðõíîñòè èäåàëüíî ïðîâîäÿùèõ öèëèíäðîâ âûïîëíÿåòñÿ

ãðàíè÷íîå óñëîâèå Íåéìàíà:

∂u0(x̄)

∂n
+
∂u(x̄)

∂n
= 0 , x̄ = (x1, x2) ∈ L . (7)

�àññåÿííîå ïîëå èùåì â âèäå ïîòåíöèàëà äâîéíîãî ñëîÿ [3℄:

u(ȳ) =
1

2π

∫

L

v(x̄)
∂

∂nx
G(x̄, ȳ)dsx, ȳ ∈ ∁Ω , (8)

ãäå

G(x̄, ȳ) =
π

2i
H

(1)
0 (κ|x̄− ȳ|) . (9)

Âåêòîðû ýëåêòðîìàãíèòíîãî ïîëÿ ïðåäñòàâëÿþòñÿ â âèäå:

E(x̄, t) = E(x̄) · e−iωt , H(x̄, t) = H(x̄) · e−iωt ,

ãäå

H(x̄) = (0, 0, Hz(x̄)) , Hz = u(x̄) ,

E(x̄) = (Ex, Ey, 0) , Ex = − 1

iωε

∂Hz

∂x2
, Ey =

1

iωε

∂Hz

∂x1
.

Ïîñòàâëåíà êðàåâàÿ çàäà÷à âî âíåøíîñòè Ω. Èùåì u(x̄), ÷åðåç êîòîðóþ âûðàæàþòñÿ

âñå êîìïîíåíòû ýëåêòðîìàãíèòíîãî ïîëÿ.

2. Äèñêðåòíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü. Ïåðåéäåì ê ãðàíè÷íîìó èíòåãðàëüíîìó

óðàâíåíèþ. �àññìîòðèì

lim
ε→0

∂

∂n
u(ȳ + εn̄) = lim

ε→0

∂

∂ny

1

2π

∫

L

v(x̄)
∂

∂nx

G(x̄, ȳ + εn̄)ds , (ȳ + εn̄) ∈ ∁Ω ,

ãäå n̄ � íîðìàëü ê îáëàñòè Ω. Èñïîëüçóÿ ãðàíè÷íîå óñëîâèÿ Íåéìàíà, ïîëó÷èëè

− ∂

∂n
u0(ȳ) =

∂

∂ny

1

2π

∫

L

v(x̄)
∂

∂nx
G(x̄, ȳ)ds , ȳ ∈ L . (10)

Èíòåãðàëüíîå óðàâíåíèå (10) ñîäåðæèò ñèíãóëÿðíûé èíòåãðàë ñ ëîãàðè�ìè÷åñêèì ÿä-

ðîì è ãèïåðñèíãóëÿðíûé èíòåãðàë, êîòîðûé íóæíî ïîíèìàòü â ñìûñëå êîíå÷íîé ÷àñòè

ïî Àäàìàðó [1℄.

Ïóñòü çàäàííàÿ 2π-ïåðèîäè÷åñêàÿ �óíêöèÿ f(φ), òàêàÿ ÷òî äëÿ äîñòàòî÷íî ìàëûõ

ε > 0 ñóùåñòâóþò èíòåãðàëû

φ0−ε∫

0

f(φ)dφ

2 sin2 φ− φ0

2

,

2π∫

φ0+ε

f(φ)dφ

2 sin2 φ− φ0

2
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è ñóùåñòâóåò ïðåäåë

lim
ε→0




φ0−ε∫

0

f(φ)dφ

2 sin2 φ− φ0

2

+

2π∫

φ0+ε

f(φ)dφ

2 sin2 φ− φ0

2

− 4f(φ0)

ε


 ,

òîãäà ýòîò ïðåäåë íàçûâàþò èíòåãðàëîì â ñìûñëå êîíå÷íîé ÷àñòè ïî Àäàìàðó è ïèøóò

2π∫

0

f(φ)dφ

2 sin2 φ− φ0

2

= lim
ε→0




φ0−ε∫

0

f(φ)dφ

2 sin2 φ− φ0

2

+

2π∫

φ0+ε

f(φ)dφ

2 sin2 φ− φ0

2

− 4f(φ0)

ε


 .

Ïåðåéäåì îò êðèâîëèíåéíîãî èíòåãðàëà ïåðâîãî ðîäà ê îïðåäåëåííîìó èíòåãðàëó.

Ââåäåì ïàðàìåòðèçàöèþ êîíòóðîâ xq(φ), φ ǫ [0, 2π) òàêèì îáðàçîì, ÷òîáû ϕ = 2πs
|Lq| , ãäå

s � íàòóðàëüíûé ïàðàìåòð, |Lq| � äëèíà êîíòóðà Lq. È ïóñòü íà êîíòóðå Lq0 ïîäèíòå-

ãðàëüíàÿ �óíêöèÿ èìååò óêàçàííûå âûøå îñîáåííîñòè. Òîãäà (10) ïåðåïèøåì ñëåäóþ-

ùèì îáðàçîì:

− ∂

∂n
u0(ȳq0(φ)) =

1

2π

2π∫

0

∂2

∂nx∂ny

G(x̄q0(φ0), ȳq0(φ0)) · v(x̄q0(φ))dφ+

+

l∑

q=0,q 6=q0

1

2π

2π∫

0

∂2

∂nx∂ny
G(x̄q(φ), ȳq0(φ0)) · v(x̄q(φ))dφ . (11)

Ïåðâûé èíòåãðàë èìååò óêàçàííûå âûøå îñîáåííîñòè, âûäåëèì èõ:

1

2π

2π∫

0

v(x̄q0(φ))dφ

2 · sin2 φ0 − φ

2

−
(
κ · |Lq0|

2π

)2
1

2π

2π∫

0

ln

∣∣∣∣sin
φ0 − φ

2

∣∣∣∣ · v(x̄q0(φ)dφ+

+
1

2π

2π∫

0

Q1(φ, φ0) · v(x̄q0(φ))dφ+

+

l∑

q=0,q 6=q0

1

2π

2π∫

0

|Lq0 |
π

∂2

∂nx∂ny
G(x̄q(φ), ȳq0(φ0)) · v(x̄q(φ))dφ = −|Lq0 |

π

∂u0(x̄q0(φ0))

∂n0
, (12)

ãäå

Q1(φ, φ0) = πi

( |Lq0|
2π

)2
∂2

∂n0∂n
H

(1)
0 (κ|x̄q0(φ0) − x̄q0(φ)|) − 1

2 · sin2 φ0 − φ

2

+

+

(
κ · |Lq0|

2π

)2

ln

∣∣∣∣sin
φ0 − φ

2

∣∣∣∣ , (13)
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Q1(φ0, φ0) =
2

3

|x̄′′q0(φ0)|π2

|Lq0|2
− 1

6
+

(
κ · |Lq0|

2π

)2(
3

2
− 4c− ln

κ|Lq0 |
2π

+
πi

2

)
. (14)

Ïîëó÷åíî ãðàíè÷íîå èíòåãðàëüíîå óðàâíåíèå, â ëåâîé ÷àñòè êîòîðîãî ñóììà ãèïåðñèí-

ãóëÿðíîãî èíòåãðàëà, èíòåãðàëà ñ ëîãàðè�ìè÷åñêîé îñîáåííîñòüþ â ÿäðå, à òàêæå èí-

òåãðàëà ñ ãëàäêèì ÿäðîì.

Äàëåå â ðàáîòå ïîñòðîåíà äèñêðåòíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ðàññìàòðèâàåìîé çà-

äà÷è. Ñíà÷àëà �îðìóëèðóåòñÿ çàäà÷à äëÿ ïðèáëèæåííîãî ðåøåíèÿ â �îðìå ãðàíè÷íîãî

èíòåãðàëüíîãî óðàâíåíèÿ � èíòåðïîëÿöèîííîãî ïîëèíîìà, êîòîðûé íóæíî îïðåäåëèòü.

Çàìåíèì âñå ãëàäêèå �óíêöèè (12) ñîîòâåòñòâóþùèìè òðèãîíîìåòðè÷åñêèìè èíòåðïî-

ëÿöèîííûìè ïîëèíîìàìè [2℄:

1

2π

2π∫

0

(P
(1)
n v)(x̄q0(φ))dφ

2 · sin2 φ0 − φ

2

−
(
κ · |Lq0|

2π

)2
1

2π

2π∫

0

ln

∣∣∣∣sin
φ0 − φ

2

∣∣∣∣ · (P (1)
n v)(x̄q0(φ))dφ+

+
1

2π

2π∫

0

(P (2)
n P (1)

n Q1)(φ, φ0) · (P (1)
n v)(x̄q0(φ) +

+
l∑

q=0,q 6=q0

1

2π

2π∫

0

|Lq0|
π

(
P (2)
n P (1)

n

∂2

∂nx∂ny

G
)

(x̄q(φ), ȳq0(φ0)) · (P (1)
n v)(x̄q(φ))dφ =

= −|Lq0 |
π

(
P (2)
n

∂u0
∂n0

)
(x̄q0(φ0)) , (15)

(P (i)
n g)(ϕ) =

1

2n+ 1

2n∑

k=0

g(ϕ
(i,n)
k )

sin 2n+1
2

(ϕ− ϕ
(i,n)
k )

sin 1
2
(ϕ− ϕ

(i,n)
k )

, (15‘)

ϕ
(1,n)
k = ϕn

k =
2πk

2n+ 1
, k = 0, 1, ..., 2n ,

ϕ
(2,n)
j = ϕn

0j =
2j + 1

2n+ 1
π , j = 0, 1, ..., 2n .

Âîñïîëüçîâàâøèñü èíòåðïîëÿöèîííûìè êâàäðàòóðíûìè �îðìóëàìè [2℄, óçëàìè êî-

òîðûõ ÿâëÿþòñÿ óêàçàííûå âûøå íàáîðû òî÷åê, à â êà÷åñòâå òî÷åê êîëëîêàöèè âçÿëè

âòîðîé íàáîð òî÷åê, ïîëó÷èëè ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

1

2n + 1

2n∑

k=0

v(x̄q0(φ
n
k))




sin2 n

2
(φn

0j − φn
k)

sin2 1

2
(φn

0j − φn
k)

−
n · sin(n+

1

2
)(φn

0j − φn
k)

sin
1

2
(φn

0j − φn
k)


 +

+

(
κ|Lq0 |

2π

)2
2π

2n+ 1

2n∑

k=0

v(x̄q0(φ
n
k))

(
ln 2 +

n∑

p=1

cos p(φn
0j − φn

k)

p

)
+
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+
1

2n+ 1

2n∑

k=0

v(x̄q0(φ
n
k)) ·Q1(x̄q0(φ

n
k), x̄q0(φ

n
0j)) +

+

l∑

q=0,q 6=q0

|Lq0|
π

1

2n + 1

2n∑

k=0

v(x̄q0(φ
n
k)) · ∂2

∂n0∂n
G(x̄q(φ

n
k), x̄q0(φ

n
0j)) =

= −Lq0

π

∂

∂n
u0(x̄q0(φ

n
0j)) , j = 0, 1, ..., 2n , q0 = 0, 1, ..., l . (16)

3. Êîìïëåêñíàÿ àìïëèòóäà ðàññåÿííîãî ïîëÿ. �àññåÿííîå ïîëå ïðåäñòàâëåíî

â âèäå ïîòåíöèàëà (4). Ïåðåéäåì îò êðèâîëèíåéíîãî èíòåãðàëà ïåðâîãî ðîäà ê îïðåäå-

ëåííîìó èíòåãðàëó. Òîãäà (4) ïåðåïèøåì:

u(ȳ) =
1

2π

l∑

q=0

2π∫

0

Q1q(φ, ȳ) · v(x̄q(φ))dφ , ȳ ∈ ∁Ω , (17)

ãäå

Q1q(φ, ȳ) = −π · i
2
H

(1)
1 (κ|x̄q(φ) − ȳ|) , q = 0, 1, ..., l .

Çàìåíÿÿ âñå ãëàäêèå �óíêöèè òðèãîíîìåòðè÷åñêèìè èíòåðïîëÿöèîííûìè ïîëèíîìàìè

[2℄, èñïîëüçóÿ ñîîòâåòñòâåííûå êâàäðàòóðíûå �îðìóëû, îêîí÷àòåëüíî èìååì:

u(ȳ) =
1

2n+ 1

l∑

q=0

2n∑

k=0

Q1q(x̄q(φ
n
k , ȳ)) · v(x̄q(φ

n
k)), ȳ ∈ ∁Ω , (18)

ãäå çíà÷åíèÿ v(x̄q(φ
n
k)) � ðåøåíèÿ ñèñòåìû (16), à |u(ȳ)| � àìïëèòóäà ðàññåÿííîãî ïîëÿ.

4. Äèàãðàììà íàïðàâëåííîñòè ðàññåÿííîãî ïîëÿ â ñëó÷àå òðåõ êðóãîâûõ

öèëèíäðîâ. �àññåÿííîå ïîëå ïðåäñòàâëåíî â âèäå ïîòåíöèàëà (4). �àññìîòðèì ñëó÷àé,

êîãäà íàïðàâëÿþùèå öèëèíäðîâ � îêðóæíîñòè ðàäèóñà R, öåíòðû êîòîðûõ ëåæàò íà

îñè àáñöèññ, è ðàññòîÿíèå ìåæäó öåíòðàìè îêðóæíîñòåé ðàâíî à, öèëèíäðû íå ïåðåñå-

êàþòñÿ. Òîãäà ïàðàìåòðèçàöèþ êîíòóðîâ çàïèøåì ñëåäóþùèì îáðàçîì:

{
x1,q = R · cosφ+ q · a ;

x2,q = R · sin φ , φ ∈ [0, 2π] , q = 0, 1, 2 ;
(19)

è ïóñòü {
y1 = r · cos φ0 ;

y2 = r · sin φ0 , φ ∈ [0, 2π] .

Òàê êàê ȳ ∈ ∁Ω, òî ïðåäïîëîæèì,÷òî r ≫ R. �àññìîòðèì

|x̄q − ȳ|2 = R2 + r2 − 2rR · cos(φ− φ0) + 2aq · (R · cosφ− r · cos φ0), (20)
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∂

∂nx

G(x̄, ȳ) = κ
πi

2
·H(1)

1 (κ|x̄− ȳ|)(n̄x, ȳ − x̄)

|x̄− ȳ| . (21)

Òåïåðü ïåðåéäåì ê îïðåäåëåííûì èíòåãðàëàì â (4) è îáîçíà÷èì u(ȳ) = U(r, φ0), èìååì

U(r, φ0) =

2∑

q=0

1

2π

2π∫

0

κ
πi

2
H

(1)
1 (κ|x̄q(φ) − ȳ(φ0)|)

(n̄x, ȳ(φ0) − x̄q(φ))

|x̄q(φ) − ȳ(φ0)|
R · v(x̄q(φ))dφ . (22)

Ïðè ýòîì àñèìïòîòè÷åñêîå ïîâåäåíèå �óíêöèè Õàíêåëÿ ïåðâîãî ðîäà íà áåñêîíå÷íîñòè

[5℄:

H(1)
ν (z) ∼

√
2

πz
ei(z−ν π

2
−π

4
) , z → +∞ . (23)

Äèàãðàììà íàïðàâëåííîñòè ðàññåÿííîãî ïîëÿ îïðåäåëÿåòñÿ �îðìóëîé [1℄:

DH(φ0) = lim
r→+∞

U(r, φ0)√
2

πr
ei(κr−

π
4
)

. (24)

Òàêèì îáðàçîì, íàéäÿ ïðåäåë (24), ïîëó÷èëè äèàãðàììó íàïðàâëåííîñòè êîìïëåêñíîé

àìïëèòóäû ðàññåÿííîãî ïîëÿ:

DH(φ0) =
iπR

4π
√
κ

2∑

q=0

2π∫

0

(
− κ · i · e−iκ(R·cos(φ−φ0)+2aq·cos φ0) cos(φ− φ0)

)
v(x̄q(φ))dφ . (25)

Îáîçíà÷èì

gq(φ, φ0) = −κ · i · e−iκ(R·cos(φ−φ0)+2aq·cos φ0) cos(φ− φ0) . (26)

Çàìåíÿÿ �óíêöèè gq(φ, φ0) è v(xq(φ)) ñîîòâåòñòâóþùèìè èíòåðïîëÿöèîííûìè òðèãîíî-
ìåòðè÷åñêèìè ïîëèíîìàìè (15`) è èñïîëüçóÿ ñîîòâåòñòâåííóþ êâàäðàòóðíóþ �îðìóëó

[2℄, ìû ïîëó÷èì

DH(φ0) =
iπR

4π
√
κ

2∑

q=0

2n∑

k=0

gq(φ
n
k , φ0)v(x̄q(φ

n
k)) . (27)

Áûë ïðîâåäåí ÷èñëåííûé ýêñïåðèìåíò ïî äèñêðåòíîé ìàòåìàòè÷åñêîé ìîäåëè è ïîñòðî-

åíû äèàãðàììû íàïðàâëåííîñòè.

Âûâîäû. Òàêèì îáðàçîì, â ðàáîòå ïðèâåäåíà ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è äè-

�ðàêöèè ýëåêòðîìàãíèòíûõ âîëí íà ñèñòåìå öèëèíäðè÷åñêèõ ïîâåðõíîñòåé íà áàçå ãðà-

íè÷íûõ èíòåãðàëüíûõ óðàâíåíèé ñîîòâåòñòâåííîé êðàåâîé çàäà÷è äëÿ ñòàöèîíàðíîãî

âîëíîâîãî óðàâíåíèÿ. Ïîñòðîåíà äèñêðåòíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ðàññìàòðèâàåìîé

çàäà÷è ñ èñïîëüçîâàíèåì ìåòîäà äèñêðåòíûõ îñîáåííîñòåé. Ïðèâåäåíû ðåçóëüòàòû ÷èñ-

ëåííîãî ýêñïåðèìåíòà è ïîñòðîåíû äèàãðàììû íàïðàâëåííîñòè äëÿ ìîäóëÿ êîìïëåêñ-

íîé àìïëèòóäû ðàññåÿííîãî ïîëÿ â äàëüíåé çîíå â îòäåëüíûõ ñëó÷àÿõ.



124 ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2014. �12(183). Âûï. 35

�åçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà.

�èñ. 2. Äèàãðàììà íàïðàâëåííîñòè, R=1,

a=3, κ = π, α = 0.

�èñ. 3. Äèàãðàììà íàïðàâëåííîñòè, R=1,

a=3, κ = π
2 , α = 0.

�èñ. 4. Äèàãðàììà íàïðàâëåííîñòè, R=1,

a=3, κ = π
4 , α = 0.

�èñ. 5. Äèàãðàììà íàïðàâëåííîñòè, R=1,

a=3, κ = π
6 , α = 0.
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METHOD OF DISCRETE SINGULARITIES

IN DIFFRACTION PROBLEMS OF CLOSED CYLINDRICAL SURFACES
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Svobody Sq. 4, Khavkiv, 61022, Ukraine, e-mail: bakhmat23�gmail.om

Abstrat. In frameworks of the mathematial model of di�ration the boundary value problem

of the sattering of H-polarized eletromagneti waves on the system of losed ideally onduting

ylindrial surfaes (guides � irles or ellipses) is studied. The disrete mathematial model based

on disrete singularities has been built for di�ration problems pointed out. The two-dimensional

problem is investigated using the numerial experiment.

Key words: boundary-value problems, di�ration theory, boundary integral equations, method

of disrete singularities.
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Àííîòàöèÿ. Â ðàìêàõ äèíàìè÷åñêîé òåîðèè äè�ðàêöèè ïîñòðîåíà òåîðèÿ êîãåðåíòíîãî

ðåíòãåíîâñêîãî èçëó÷åíèÿ ðåëÿòèâèñòñêîãî ýëåêòðîíà, ïåðåñåêàþùåãî êîìáèíèðîâàííóþ ñðå-

äó, ñîñòîÿùóþ èç àìîð�íîé è êðèñòàëëè÷åñêîé ïëàñòèí. Â òåîðèè ó÷èòûâàåòñÿ àñèììåòðèÿ

îòðàæåíèÿ ïîëÿ îòíîñèòåëüíî ïîâåðõíîñòè ìèøåíè, îïðåäåëÿåìàÿ óãëîì ìåæäó àòîìíûìè

ïëîñêîñòÿìè è ïîâåðõíîñòüþ ìèøåíè. Ïîëó÷åíû è èññëåäîâàíû âûðàæåíèÿ, îïèñûâàþùèå

ñïåêòðàëüíî óãëîâóþ ïëîòíîñòü ïàðàìåòðè÷åñêîãî ðåíòãåíîâñêîãî è äè�ðàãèðîâàííîãî ïåðå-

õîäíîãî èçëó÷åíèé â ýòîé ñðåäå.

Êëþ÷åâûå ñëîâà: ðåëÿòèâèñòñêèé ýëåêòðîí, äèíàìè÷åñêàÿ äè�ðàêöèÿ, äè�ðàãèðîâàí-

íîå ïåðåõîäíîå èçëó÷åíèå.

Ââåäåíèå. Ïðîöåññ êîãåðåíòíîãî ðåíòãåíîâñêîãî èçëó÷åíèÿ ðåëÿòèâèñòñêîãî ýëåê-

òðîíà âñåãäà ðàññìàòðèâàëñÿ îòäåëüíî â êðèñòàëëå è àìîð�íîé ñðåäå. Ïðè ýòîì â

àìîð�íîé ñðåäå ïðè ïåðåñå÷åíèè åå ðàâíîìåðíî äâèæóùèìñÿ ðåëÿòèâèñòñêèì ýëåê-

òðîíîì âîçíèêàåò òîëüêî ïåðåõîäíîå èçëó÷åíèå [1℄, ãåíåðèðóåìîå âáëèçè íàïðàâëåíèè

ñêîðîñòè ýëåêòðîíà. Êîãäà æå áûñòðàÿ çàðÿæåííàÿ ÷àñòèöà ïåðåñåêàåò ìîíîêðèñòàëë,

åå êóëîíîâñêîå ïîëå ðàññåèâàåòñÿ íà ñèñòåìå ïàðàëëåëüíûõ àòîìíûõ ïëîñêîñòåé êðè-

ñòàëëà, ïîðîæäàÿ ïàðàìåòðè÷åñêîå ðåíòãåíîâñêîå èçëó÷åíèÿ (Ï�È) [2-4℄. Ïðè ïåðåñå÷å-

íèè çàðÿæåííîé ÷àñòèöåé ïîâåðõíîñòè êðèñòàëëè÷åñêîé ïëàñòèíêè âîçíèêàåò ïåðåõîä-

íîå èçëó÷åíèå (ÏÈ), êîòîðîå çàòåì äè�ðàãèðóåòñÿ íà ñèñòåìå ïàðàëëåëüíûõ àòîìíûõ

ïëîñêîñòåé êðèñòàëëà, îáðàçóÿ äè�ðàãèðîâàííîå ïåðåõîäíîå èçëó÷åíèå (ÄÏÈ) [5℄, �î-

òîíû êîòîðîãî âìåñòå ñ �îòîíàìè Ï�È äâèæóòñÿ â íàïðàâëåíèè ðàññåÿíèÿ Áðýããà. Â

íàñòîÿùåå âðåìÿ ñóùåñòâóþò äâà ïîäõîäà äëÿ îïèñàíèÿ ïðîöåññà Ï�È: êèíåìàòè÷å-

ñêèé [6,7℄ è äèíàìè÷åñêèé [3,4,8℄. Ñëåäóåò îòìåòèòü, ÷òî äè�ðàãèðîâàííîå ïåðåõîäíîå

èçëó÷åíèÿ ñàìî ÿâëÿåòñÿ äèíàìè÷åñêèì ý��åêòîì, à èìåííî ý��åêòîì äèíàìè÷åñêîé

äè�ðàêöèè. Îòìåòèì, ÷òî êèíåìàòè÷åñêèé ïîäõîä ó÷èòûâàåò âçàèìîäåéñòâèÿ êàæäîãî

àòîìà òîëüêî ñ ïåðâè÷íîé, èëè ïðåëîìëåííîé âîëíîé â êðèñòàëëå. Â ýòîì ïîäõîäå, â îò-

ëè÷èå îò äèíàìè÷åñêîãî, ïðåíåáðåãàþò âçàèìîäåéñòâèåì àòîìà ñ òåì âîëíîâûì ïîëåì,

êîòîðîå ñîçäàåòñÿ â êðèñòàëëå ñîâîêóïíûì ðàññåÿíèåì íà âñåõ äðóãèõ àòîìàõ, òî åñòü

íå ó÷èòûâàåòñÿ ìíîãîâîëíîâîå ðàññåÿíèå, â ÷àñòíîñòè, âçàèìîäåéñòâèå ýëåìåíòàðíûõ

âîëí ñ ïðåëîìëåííîé, à òàêæå îòðàæåíèÿ âîëí ìåæäó àòîìíûìè ïëîñêîñòÿìè. Ïðî-

öåññ êîãåðåíòíîãî ðåíòãåíîâñêîãî èçëó÷åíèÿ ðåëÿòèâèñòñêèõ ýëåêòðîíîâ â êðèñòàëëå â

ðàìêàõ äèíàìè÷åñêîé òåîðèè äè�ðàêöèè ðåíòãåíîâñêèõ âîëí ðàçâèò â ðàáîòàõ [9-14℄.

�àáîòà ïîääåðæàíà Ìèíèñòåðñòâîì îáðàçîâàíèÿ è íàóêè �îññèéñêîé �åäåðàöèè (ïðîåêòíàÿ ÷àñòü

ãîñóäàðñòâåííîãî çàäàíèÿ �3.500.2014/K â ñ�åðå íàó÷íîé äåÿòåëüíîñòè).
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Íåîáõîäèìî îòìåòèòü, ÷òî â ðàáîòàõ [9-11℄ ðàññìàòðèâàåòñÿ êîãåðåíòíîå ðåíòãåíîâñêîå

èçëó÷åíèå â ÷àñòíîì ñëó÷àå ñèììåòðè÷íîãî îòðàæåíèÿ, êîãäà îòðàæàþùàÿ ñèñòåìà

àòîìíûõ ïëîñêîñòåé êðèñòàëëà ðàñïîëîæåíà ïàðàëëåëüíî ïîâåðõíîñòè ìèøåíè â ñëó÷àå

ãåîìåòðèè ðàññåÿíèÿ Áðýããà è ïåðïåíäèêóëÿðíî â ñëó÷àå ãåîìåòðèè ðàññåÿíèÿ Ëàóý. Â

ðàáîòàõ [12-14℄ ðàçâèòà äèíàìè÷åñêàÿ òåîðèÿ êîãåðåíòíîãî ðåíòãåíîâñêîãî èçëó÷åíèÿ

ðåëÿòèâèñòñêèõ ýëåêòðîíîâ â êðèñòàëëå â îáùåì ñëó÷àå àñèììåòðè÷íîãî îòðàæåíèÿ

ïîëÿ ýëåêòðîíà îòíîñèòåëüíî ïîâåðõíîñòè ìèøåíè, êîãäà ñèñòåìà ïàðàëëåëüíûõ îòðà-

æàþùèõ ñëîåâ ìèøåíè ìîæåò ðàñïîëàãàòüñÿ ïîä ïðîèçâîëüíûì óãëîì ê ïîâåðõíîñòè

ìèøåíè.

Â íàñòîÿùåé ðàáîòå âïåðâûå ðàññìàòðèâàåòñÿ ïðîöåññ êîãåðåíòíîãî èçëó÷åíèÿ ðåëÿ-

òèâèñòñêîãî ýëåêòðîíà, ïåðåñåêàþùåãî êîìáèíèðîâàííóþ ñðåäó, ñîñòîÿùóþ èç àìîð�-

íîé è êðèñòàëëè÷åñêîé ïëàñòèí.

�èñ. 1. �åîìåòðèÿ ïðîöåññà èçëó÷åíèÿ è ñèñòåìà îáîçíà÷åíèé èñïîëüçóåìûõ âåëè÷èí;

θ è θ
′
� óãëû èçëó÷åíèÿ, θB � óãîë Áðýããà (óãîë ìåæäó ñêîðîñòüþ ýëåêòðîíà V è àòîìíû-

ìè ïëîñêîñòÿìè), δ � óãîë ìåæäó ïîâåðõíîñòüþ è ðàññìàòðèâàåìûìè àòîìíûìè ïëîñêîñòÿìè

êðèñòàëëà, k è kg � âîëíîâûå âåêòîðà ïîäàþùåãî è äè�ðàãèðîâàííîãî �îòîíà.

1. Àìïëèòóäà èçëó÷åíèÿ. �àññìîòðèì ðåëÿòèâèñòñêèé ýëåêòðîí, ïåðåñåêàþùèé

ñî ñêîðîñòüþ V êîìáèíèðîâàííóþ ñòðóêòóðó, ñîñòîÿùóþ èç àìîð�íîé è êðèñòàëëè÷å-

ñêîé ïëàñòèí ðèñ. 1 ñ òîëùèíàìè ñîîòâåòñòâåííî a è b. Ïðè ïåðåñå÷åíèè ðåëÿòèâèñò-

ñêèì ýëåêòðîíîì ïåðâîé (âàêóóì-àìîð�íàÿ ñðåäà) è âòîðîé (àìîð�íàÿ ñðåäà-êðèñòàëë)

ãðàíèöû ìèøåíè âîçíèêàåò ïåðåõîäíîå èçëó÷åíèå, êîòîðîå äàëåå äè�ðàãèðóþò â êðè-

ñòàëëè÷åñêîé ïëàñòèíå íà ñèñòåìå ïàðàëëåëüíûõ àòîìíûõ ïëîñêîñòåé â íàïðàâëåíèè

ðàññåÿíèÿ Áðýããà (â íàïðàâëåíèè âîëíîâîãî âåêòîðà kg = k + g (ñì. ðèñ. 1)), ïîðîæäàÿ

äè�ðàãèðîâàííîå ïåðåõîäíîå èçëó÷åíèå, âûõîäÿùåå ÷åðåç òðåòüþ ãðàíèöó êðèñòàëë-

âàêóóì âìåñòå ñ ïàðàìåòðè÷åñêèì ðåíòãåíîâñêèì èçëó÷åíèåì, âîçíèêàþùèì â êðè-
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ñòàëëè÷åñêîé ïëàñòèíêå. Â çàâèñèìîñòè îò ïàðàìåòðîâ àìîð�íîãî ñëîÿ è óãëà ïàäå-

íèÿ ýëåêòðîíà íà ìèøåíü âîçìîæíà êîíñòðóêòèâíàÿ èëè äåñòðóêòèâíàÿ èíòåð�åðåí-

öèÿ âîëí ÏÈ, âîçáóæäåííûõ íà ïåðâûõ äâóõ ãðàíèöàõ, äàþùèõ âêëàä â âûõîä ÄÏÈ.

�àñïðîñòðàíåíèå ðåíòãåíîâñêèõ âîëí â êðèñòàëëè÷åñêîé ñðåäå áóäåì ðàññìàòðèâàòü â

ðàìêàõ äâóõâîëíîâîãî ïðèáëèæåíèÿ äèíàìè÷åñêîé òåîðèè äè�ðàêöèè.

�àññìîòðèì Ôóðüå-îáðàç ýëåêòðè÷åñêîãî ïîëÿ

E(k, ω) =

∫
E(r, t) exp(iωt− ikr)dtd3r (1)

íàéäåì åãî èç óðàâíåíèÿ Ìàêñâåëëà

(k2 − ω2(1 + χ0))E(k, ω) − k(k · E(k, ω)) − ω2
∑

g̃

′
χ−g̃E(k + g, ω) = 4πiωJ(k, ω) (2)

ãäå J(k, ω) = 2πeVδ(ω − kV) � ïëîòíîñòü òîêà ýëåêòðîíà.
Òàê êàê âîçáóæäàåìîå ýëåêòðîìàãíèòíîå ïîëå ÿâëÿåòñÿ ïðàêòè÷åñêè ïîïåðå÷íûì â

ðåíòãåíîâñêîì äèàïàçîíå ÷àñòîò, òî ïàäàþùàÿ E(k, ω) è äè�ðàãèðîâàííàÿ E(k + g, ω)
â êðèñòàëëå ýëåêòðîìàãíèòíûå âîëíû, îïðåäåëÿþòñÿ äâóìÿ àìïëèòóäàìè ñ ðàçíûìè

çíà÷åíèÿìè ïîïåðå÷íîé ïîëÿðèçàöèè

E(k, ω) = E
(1)
0 (k, ω)e

(1)
0 + E

(2)
0 (k, ω)e

(2)
0 ,

E(k + g, ω) = E
(1)
g (k, ω)e

(1)
1 + E

(2)
g (k, ω)e

(2)
1 ,

(3)

ãäå âåêòîðà e
(1)
0 è e

(2)
0 ïåðïåíäèêóëÿðíû âåêòîðó k , à âåêòîðû e

(1)
1 è e

(1)
2 ïåðïåíäè-

êóëÿðíû âåêòîðó kg = k + g . Âåêòîðû e
(2)
0 , e

(2)
1 , ëåæàò â ïëîñêîñòè âåêòîðîâ k è kg

(π -ïîëÿðèçàöèÿ), à âåêòîðà e
(1)
0 è e

(1)
1 ïåðïåíäèêóëÿðíû åé (δ -ïîëÿðèçàöèÿ); g � âåêòîð

îáðàòíîé ðåøåòêè, îïðåäåëÿþùèé ñèñòåìó îòðàæàþùèõ àòîìíûõ ïëîñêîñòåé êðèñòàë-

ëà. Â ðàìêàõ äâóõ âîëíîâîãî ïðèáëèæåíèÿ äèíàìè÷åñêîé òåîðèè äè�ðàêöèè óðàâíåíèå

(2) ñâîäèòñÿ ê õîðîøî èçâåñòíîé ñèñòåìå óðàâíåíèé [15℄:

{
(ω2(1 + χ0) − k2)E

(s)
0 + ω2χ−gC

(s)Es
g = 8π2ieωθV P (s)δ(ω − kV) ,

ω2χgC
(s)E

(s)
0 + (ω2(1 + χ0) − k2g)E

(s)
g = 0 ,

(4)

ãäå χg, χ−g � êîý��èöèåíòû Ôóðüå ðàçëîæåíèÿ äèýëåêòðè÷åñêîé âîñïðèèì÷èâîñòè êðè-

ñòàëëà ïî âåêòîðàì îáðàòíîé ðåøåòêè g,

χ(ω, r) =
∑

g

χg(ω) exp(igr) =
∑

g

(χ
′
g(ω) + iχ

′′
g(ω)) exp(igr). (5)

Âåëè÷èíû C(s)
è P (s)

â ñèñòåìå (4) îïðåäåëåíû ñëåäóþùèì îáðàçîì:

(s) = e
(s)
0 e

(s)
1 , C(1) = 1 , C(2) = cos 2θB ,

P (s) = e
(s)
0 (µ/µ), P (1) = sinϕ , P (2) = cosϕ′ ,

(6)
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ãäå µ = k−ωV/V 2
� ñîñòàâëÿþùàÿ èìïóëüñà âèðòóàëüíîãî �îòîíà, ïåðïåíäèêóëÿðíàÿ

ñêîðîñòè ÷àñòèöû V (µ = ωθ/V , ãäå θ ≪ 1 � óãîë ìåæäó âåêòîðàìè k è V), θB � óãîë

Áðýããà, ϕ � àçèìóòàëüíûé óãîë èçëó÷åíèå, îòñ÷èòûâàåòñÿ îò ïëîñêîñòè, îáðàçîâàííîé

âåêòîðàìè ñêîðîñòè V è âåêòîðîì îáðàòíîé ðåøåòêè g â êðèñòàëëå. Äëèíó âåêòîðà g

ìîæíî âûðàçèòü ÷åðåç óãîë Áðýããà è ÷àñòîòó Áðýããà ωB : g = 2ωB sin θB/V . Óãîë ìåæäó
âåêòîðîì ωV/V 2

è âîëíîâûì âåêòîðîì ïàäàþùåé âîëíû k îáîçíà÷åí θ, à óãîë ìåæäó

âåêòîðîì ωV/V 2 + g è âîëíîâûì âåêòîðîì äè�ðàãèðîâàííîé âîëíû kg îáîçíà÷åí θ
′
.

Ñèñòåìà óðàâíåíèé (4) ïðè ïàðàìåòðå s = 1 îïèñûâàåò ïîëÿ σ � ïîëÿðèçîâàííûå, à ïðè
s = 2, π � ïîëÿðèçîâàííûå.

�åøèì ñëåäóþùåå èç ñèñòåìû (4) äèñïåðñèîííîå óðàâíåíèÿ

(ω2(1 + χ0) − k2)(ω2(1 + χ0) − k2g) − ω4χ−gχgC
(s)2 = 0 , (7)

ñòàíäàðòíûìè ìåòîäàìè äèíàìè÷åñêîé òåîðèè äè�ðàêöèè ðåíòãåíîâñêèõ âîëí â êðè-

ñòàëëàõ [16℄. Áóäåì èñêàòü äëèíû âîëíîâûõ âåêòîðîâ k è kg �îòîíîâ â êðèñòàëëå â

âèäå

k = ω
√

1 + χ0 + λ0 , (8)

kg = ω
√

1 + χ0 + λg , (9)

Òàê êàê â îáëàñòè ðåíòãåíîâñêèõ ÷àñòîò äèýëåêòðè÷åñêèå âîñïðèèì÷èâîñòè ðàññìàò-

ðèâàåìûõ ñðåä ìàëû (|χa| ≪ 1, (|χ0| ≪ 1), òî èõ óäîáíî ðàññìàòðèâàòü â âèäå

k = ω(1 +
χ0

2
) + λ0 , (10)

kg = ω(1 +
χ0

2
) + λg . (11)

Äèíàìè÷åñêèå äîáàâêè λ0 è λg äëÿ ðåíòãåíîâñêèõ âîëí ñâÿçàíû ñîîòíîøåíèåì (23)

λg =
ωβ

2
+ λ0

γg
γ0

. (12)

Òàê êàê äèíàìè÷åñêèå äîáàâêè ìàëû |λ0| ≪ ω, |λg| ≪ ω, òî ìîæíî ïðåíåáðå÷ü êâàäðà-
òè÷íûìè ïî λ0 è λg ÷ëåíàìè ïðè ïîäñòàâêå (10) è (11) â (7), ïðè ýòîì ïîëó÷èì ïî äâà

ðåøåíèÿ äëÿ ïàäàþùåé è äè�ðàãèðîâàííîé âîëí

λ(1,2)g =
ω

4

(
β ±

√
β2 + 4χgχ−gC(s)2

γg
γ0

)
, (13)

λ
(1,2)
0 = ω

γ0
4γg

(
− β ±

√
β2 + 4χgχ−gC(s)2

γg
γ0

)
, (14)

ãäå β = α − χ0(1 − γg/γ0), α = (k2g − k2)/ω2
, γ0 = cosψ0, γg = cosψg, ψ0 � óãîë ìåæäó

âîëíîâûì âåêòîðîì ïîäàþùåé âîëíû g è âåêòîðîì íîðìàëè ê ïîâåðõíîñòè ïëàñòèíêè n,

ψg - óãîë ìåæäó âîëíîâûì âåêòîðîì kg è âåêòîðîì n (ñì. ðèñ. 1). Òàê êàê äèíàìè÷åñêèå

äîáàâêè ìàëû, òî ìîæíî ïîêàçàòü, ÷òî θ ≈ θ
′
(ñì. ðèñ. 1), è ïîýòîìó â äàëüíåéøåì óãîë
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θ
′
áóäåì îáîçíà÷àòü êàê θ. Äëÿ äàëüíåéøåãî ðåøåíèÿ çàäà÷è äëèíó âîëíîâîãî âåêòîðà

ñâîáîäíûõ �îòîíîâ â àìîð�íîé ñðåäå

ka = ω
√

1 + χa (15)

óäîáíî ïðåäñòàâèòü â ñëåäóþùåì âèäå

ka = ω
(

1 +
χ0

2

)
+
γ0
γ

g

(
λ

′
g −

ωβ

2

)
, (16)

ãäå

λ
′
g = λ∗g −

γg
γ0
ω
(γ−2 + θ2 − χa

2

)
, λ∗g =

ωβ

2
+
γg
γ0
λ∗0 , λ∗0 = ω

(γ−2 + θ2 − χ0

2

)
, (17)

à ñâîáîäíîãî èçëó÷åííîãî �îòîíà â íàïðàâëåíèè ðàññåÿíèÿ Áðýããà â âèäå

k0 = ω
(

1 +
χ0

2

)
+ λ

′′

g , (18)

ãäå λ
′′
g = −ωχ0/2. Èñïîëüçóÿ ââåäåííûå îáîçíà÷åíèÿ è ñèñòåìó óðàâíåíèé (4), çàïè-

øåì âûðàæåíèÿ äëÿ ïîëåé. Â âàêóóìå âïåðåäè ìèøåíè ïîëå ñîñòîèò èç ïñåâäî�îòîíîâ

ïàäàþùåãî íà ìèøåíü êóëîíîâñêîãî ïîëÿ ðåëÿòèâèñòñêîãî ýëåêòðîíà

E
(s)vacI
0 =

8π2ieV θP (s)

ω

[γ0
γg

(
β
γ0
γg

− χ0 −
2

ω
· γ0
γg
λg

)]−1

δ(λg − λ∗g) . (19)

Â àìîð�íîé ñðåäå ïîëå ñîñòîèò èç êóëîíîâñêîãî ïîëÿ ýëåêòðîíà è ïîëÿ èçëó÷åííûõ

ñâîáîäíûõ �îòîíîâ E
(s)
a

E
(s)sr
0 =

8π2ieV θP (s)

ω

[γ0
γg

(
β
γ0
γg

+χa−χ0−
2

ω
· γ0
γg
λg

)]−1

δ(λg −λ∗g) +E(s)
a δ(λg −λ

′
g) . (20)

Â êðèñòàëëå äëÿ ïàäàþùåé è äè�ðàãèðîâàííîé âîëíû ïîëå ñîñòîèò èç êóëîíîâñêîãî

ïîëÿ ðåëÿòèâèñòñêîãî ýëåêòðîíà è ïîëåé äâóõ ñâîáîäíûõ ðàñïðîñòðàíÿþùèõñÿ â êðè-

ñòàëëå ðåíòãåíîâñêèõ âîëí

E
(s)cr
0 = −8π2ieV θP (s)

ω
·

ω2β + 2ω γg
γ0
λ0

4γg
γ0

(λ0 − λ
(1)
0 )(λ0 − λ

(2)
0 )

δ(λ0 − λ∗0) +

+ E
(s)(1)

0 δ(λ0 − λ
(1)
0 ) + E

(s)(2)

0 δ(λ0 − λ
(2)
0 ) ,

(21)

E(s)cr
g = −8π2ieV θP (s)

ω
· ω2χgC

(s)

4
γ2
0

γ2
g
(λg − λ

(1)
g )(λg − λ

(2)
g )

δ(λg − λ∗g) +

+ E(s)(1)

g δ(λg − λ(1)g ) + E(s)(2)

g δ(λg − λ(2)g ) .

(22)
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Íåîáõîäèìî îòìåòèòü, ÷òî ïàäàþùåå è äè�ðàãèðîâàííîå ïîëå â êðèñòàëëå ñâÿçàíî

ñëåäóþùèì èç âòîðîãî óðàâíåíèÿ ñèñòåìû (4) ñîîòíîøåíèåì:

E
(s)cr
0 =

2ωλg
ω2χgC(s)

E(s)cr
g . (23)

Èçëó÷åííîå ïîëå â âàêóóìå çà ìèøåíüþ â íàïðàâëåíèè ðàññåÿíèÿ Áðýããà áóäåò èìåòü

ñëåäóþùèé âèä:

E(s)vacII
g = E(s)Rad

g δ(λg − λ
′′
g) . (24)

Äëÿ îïðåäåëåíèÿ àìïëèòóäû ïîëÿ èçëó÷åíèÿ E
(s)Rad
g âîñïîëüçóåìñÿ ãðàíè÷íûìè

óñëîâèÿìè íà òðåõ ãðàíèöàõ ðàññìàòðèâàåìîé êîìáèíèðîâàííîé ìèøåíè

∫
E

(s)vacI
0 dλg =

∫
E

(s)sr
0 δλg ,

∫
E

(s)sr
0 e

i
λg
γg

a
dλg =

∫
E

(s)cr
0 e

i
λg
γg

a
dλg ,

∫
E(s)cr

g e
i
λg
γg

a
dλg = 0 ,

∫
E(s)cr

g e
i
λg
γg

(a+b)
dλg =

∫
E(s)vacII

g e
i
λg
γg

(a+b)
dλg ,

(25)

äëÿ ïîëÿ èçëó÷åíèÿ ïîëó÷èì ñëåäóþùåå âûðàæåíèå:

E(s)Rad
g =

8π2ieV θP (s)

ω
· ω2χgC

(s)

2ω γ0
γg

(λ(1)
g

− λ(2)
g

)
exp

[
i
(ωχ0

2
(a+ b) + λ∗gb

)
/γg

]
×

×
[( 1

χo − θ2 − γ−2
+

ω

2 γ0
γg

(γ∗g − γ
(1)
g )

)
e
i
λ∗g
γg

a
(
e
i
λ
(1)
g −λ∗g
γg

b − 1
)
−

−
( 1

χo − θ2 − γ−2
+

ω

2 γ0
γg

(γ∗g − γ
(2)
g )

)
e
i
λ∗g
γg

a
(
e
i
λ
(2)
g −λ∗g
γg

b − 1
)

+

+
( 1

χa − θ2 − γ−2
− 1

χ0 − θ2 − γ−2

)
e
i
λ∗g
γg

a
(
e
i
λ
(1)
g −λ∗g
γg

b − e
i
λ
(2)
g −λ∗g
γg

b
)

+

+
( 1

θ + γ−2 − χa
− 1

θ + γ−2

)
e
i
λ
′
g

γg
a
(
e
i
λ
(1)
g −λ∗g
γg

b − e
i
λ
(2)
g −λ∗g
γg

b
)]
.

(26)

Òàê êàê â íàñòîÿùåé ðàáîòå ðàññìîòðåíèå ïðîöåññà èçëó÷åíèÿ ðåëÿòèâèñòñêîãî ýëåê-

òðîíà â êîìáèíèðîâàííîé ñðåäå, ñîñòîÿùåé èç àìîð�íîé è êðèñòàëëè÷åñêîé ïëàñòèí,

îãðàíè÷åííî ïðÿìîëèíåéíûì äâèæåíèÿ ýëåêòðîíà, òî äâà ìåõàíèçìà èçëó÷åíèÿ âíîñÿò

âêëàä â ñóììàðíûé âûõîä èçëó÷åíèÿ: DTR è PXR. Âûäåëèì èç îáùåé àìïëèòóäû êî-

ãåðåíòíîãî èçëó÷åíèÿ (26) àìïëèòóäû äâóõ ðàçëè÷íûõ ìåõàíèçìîâ èçëó÷åíèÿ, çàïèñàâ

èõ â âèäå äâóõ ñëàãàåìûõ:

E(s)Rad
g = E

(s)
PXR + E

(s)
DTR , (27)
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E
(s)
PXR =

8π2ieV θP (s)

ω
· ω2χgC

(s)

2ω γ0
γg

(λ
(1)
g − λ

(2)
g )

exp
[
i
(ωχo

2
+ λ∗g

)a+ b

γg

]
×

×
[( 1

χ0 − θ2 − γ−2
+

ω

2 γ0
γg

(λ∗g − λ
(1)
g )

)(
e
i
λ
(1)
g −λ∗g
γg

b − 1
)
−

−
( 1

χ0 − θ2 − γ−2
+

ω

2 γ0
γg

(λ∗g − λ
(2)
g )

)(
e
i
λ
(2)
g −λ∗g
γg

b − 1
)]
, (28)

E
(s)
DTR =

8π2ieV θP (s)

ω
·
ω2χgC

(s)
(
e
i
λ
(1)
g −λ∗g
γg

b − e
i
λ
(2)
g −λ∗g
γg

b
)

2ω γ0
γg

(λ
(1)
g − λ

(2)
g )

e
i

(
ωχo
2

+λ∗
g

)
a+b
γg ×

×
[( 1

θ2 + γ−2 − χa

− 1

θ2 + γ−2

)
e
−i ωa

2γ0
(θ2+γ−2−χa) +

( 1

χa − θ2 − γ−2
− 1

χ0 − θ2 − γ−2

)]
. (29)

Âûðàæåíèå (28) ïðåäñòàâëÿåò àìïëèòóäó ïîëÿ PXR ðåëÿòèâèñòñêîãî ýëåêòðîíà â

êîìáèíèðîâàííîé ñðåäå, êîòîðîå âîçíèêàåò ïðè ïåðåñå÷åíèè ýëåêòðîíîì êðèñòàëëè÷å-

ñêîé ïëàñòèíû, ðàñïîëîæåííîé çà àìîð�íîé ñðåäîé. Ñëàãàåìûå â êâàäðàòíûõ ñêîáêàõ

ñîîòâåòñòâóþò äâóì ðåíòãåíîâñêèõ âîëíàì, âîçáóæäàåìûì â êðèñòàëëè÷åñêîé ñðåäå â

íàïðàâëåíèè ðàññåÿíèÿ Áðýããà.

Âûðàæåíèå (29) îïèñûâàåò àìïëèòóäó äè�ðàãèðîâàííîãî ïåðåõîäíîãî èçëó÷åíèÿ â

êîìáèíèðîâàííîé ñòðóêòóðå, êîòîðîå âêëþ÷àåò â ñåáÿ ïåðåõîäíîå èçëó÷åíèå, âîçíèêà-

þùåå íà ïåðâîé è âòîðîé ãðàíèöå, äàëåå äè�ðàãèðîâàííîå íà ñèñòåìå ïàðàëëåëüíûõ

àòîìíûõ ïëîñêîñòåé êðèñòàëëè÷åñêîé ïëàñòèíêè. Ïåðâîå ñëàãàåìîå â êâàäðàòíûõ ñêîá-

êàõ âûðàæåíèÿ (29) îòíîñèòñÿ ê ïåðåõîäíîìó èçëó÷åíèþ, âîçíèêàþùåìó ïðè ïåðåñå-

÷åíèè ðåëÿòèâèñòñêèì ýëåêòðîíîì ãðàíèöû ìåæäó âàêóóìîì è àìîð�íîé ñðåäîé, à

âòîðîå îòíîñèòñÿ ê ïåðåõîäíîìó èçëó÷åíèþ, âîçáóæäàåìîìó íà âòîðîé ãðàíèöå (ìåæäó

àìîð�íîé ñðåäîé è êðèñòàëëîì). Òàê êàê âûðàæåíèÿ äëÿ àìïëèòóä ïðîöåññîâ èçëó÷å-

íèÿ PXR è DTR ïîëó÷åíû èç îáùåé àìïëèòóäû êîãåðåíòíîãî èçëó÷åíèÿ, òî îíè ïîçâî-

ëÿþò èññëåäîâàòü âëèÿíèå èíòåð�åðåíöèè PXR è DTR íà ðåçóëüòèðóþùåå èçëó÷åíèå

èõ ìèøåíè, à òàêæå âëèÿíèå èíòåð�åðåíöèè ïåðåõîäíûõ èçëó÷åíèé îò ðàçíûõ ãðàíèö

êîìáèíèðîâàííîé ñðåäû íà DTR.

Äëÿ äàëüíåéøåãî àíàëèçà èçëó÷åíèÿ, äèíàìè÷åñêèå äîáàâêè (13) ïðåäñòàâèì â ñëå-

äóþùåì âèäå:

λ(1,2)g =
ω | χ′

g|C(s)

2

(
ξ(s) − iρ(s)(1 − ε)

2
±

±
√
ξ(s)2 + ε− 2iρ(s)

((1 − ε)

2
ξ(s) + κ(s)ε

)
− ρ(s)2

((1 − ε)2

4
+ κ(s)2ε

) )
,

(30)
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ãäå

ξ(s)(ω) = η(s)(ω) +
1 − ε

2ν(s)
, η(s)(ω) =

2 sin2 θB
V 2 | χ′

g|C(s)

(
1 − ω(1 − θ cosϕ cot θB)

ωB

)

ε =
γg
γ0

=
cosψg

cosψ0

, ρ(s) =
χ

′′
0

| χ′
g|C(s)

, κ(s) =
χ

′′
gC

(s)

χ
′′
0

.

(31)

Òàê êàê â îáëàñòè ðåíòãåíîâñêèõ ÷àñòîò âûïîëíÿåòñÿ íåðàâåíñòâî 2 sin2 θB/V
2 | χ′

g|C(s)

≫ 1, òî η(s)(ω) ÿâëÿåòñÿ áûñòðîé �óíêöèåé îò ÷àñòîòû, è ïîýòîìó äëÿ äàëüíåéøåãî

àíàëèçà ñïåêòðîâ PXR è DTR î÷åíü óäîáíî ðàññìàòðèâàòü η(s)(ω) êàê ñïåêòðàëüíóþ

ïåðåìåííóþ, õàðàêòåðèçóþùóþ ÷àñòîòó ω.

Âàæíûì ïàðàìåòðîì â âûðàæåíèè (30) ÿâëÿåòñÿ ïàðàìåòð ε, êîòîðûé ïðåäñòàâèì

â âèäå

ε =
sin(δ + θB)

sin(δ − θB)
(32)

è îïðåäåëÿåò ñòåïåíü àñèììåòðèè îòðàæåíèÿ ïîëÿ â êðèñòàëëå îòíîñèòåëüíî ïîâåðõ-

íîñòè ìèøåíè. Çäåñü θB � óãîë ìåæäó ñêîðîñòüþ ýëåêòðîíà è ñèñòåìîé ïàðàëëåëüíûõ

àòîìíûõ ïëîñêîñòåé êðèñòàëëà, δ � óãîë ìåæäó ïîâåðõíîñòüþ ìèøåíè è îòðàæàþùèìè

ïëîñêîñòÿìè. Íåîáõîäèìî îòìåòèòü, ÷òî óãîë ïàäåíèÿ ýëåêòðîíà íà ïîâåðõíîñòü ìèøå-

íè δ − θB óâåëè÷èâàåòñÿ ïðè óìåíüøåíèè ïàðàìåòðà ε. Îòìåòèì, ÷òî â ñèììåòðè÷íîì
ñëó÷àå âîëíîâûå âåêòîðû ïàäàþùèõ è äè�ðàãèðîâàííûõ �îòîíîâ ñîñòàâëÿþò ñ ïîâåðõ-

íîñòüþ ïëàñòèíêè ðàâíûå óãëû, à â ñëó÷àå àñèììåòðè÷íîãî îòðàæåíèÿ íåðàâíûå. Ïðè

ýòîì â ñèììåòðè÷íîì ñëó÷àå ε = 1 è δ = π/2, à â àñèììåòðè÷íîì ε 6= 1 è δ 6= π/2.

Ïîäñòàâëÿÿ âûðàæåíèÿ (30) â (28) è (29), ïðåäñòàâèì âûðàæåíèÿ àìïëèòóä ïîëåé

PXR è DTR â ñëåäóþùåì âèäå:

E
(s)
PXR =

4π2ieV

ω

θP (s)

θ2 + γ−2 − χ0
×

×
(ξ(s) +

√
ξ(s)2 + ε− iερ(s)(∆(2) − 1)√

ξ(s)2 + ε− iερ
(s)

2
(∆(2) − ∆(1))

.
1 − e

−iB(s)

(
ρ(s)+

ξ(s)+

√
ξ(s)

2+ε

ε

)
−B(s)ρ(s)∆(2)

σ(s) +
ξ(s)+

√
ξ(s)2+ε

ε
− iρ(s)∆(2)

−

−ξ
(s) −

√
ξ(s)2 + ε− iερ(s)(∆(1) − 1)√

ξ(s)2 + ε− iερ
(s)

2
(∆(2) − ∆(1))

.
1 − e

−iB(s)

(
ρ(s)+

ξ(s)−
√

ξ(s)
2+ε

ε

)
−B(s)ρ(s)∆(1)

σ(s) +
ξ(s)−

√
ξ(s)2+ε

ε
− iρ(s)∆(1)

)
×

(33)

× e
i

(
ωχ0
2

+λ∗
g

)
a+b
γg ,
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E
(s)
DTR =

4π2ieV

ω
θP (s)

[( 1

θ2 + γ−2
− 1

θ2 + γ−2 − χa

)
e
−i ωα

2γ0
(θ2+γ−2−χa)+

+
( 1

θ2 + γ−2 − χa
− 1

θ2 + γ−2 − χ0

)]
× ε√

ξ(s)2 + ε− iερ
(s)

2
(∆(2) − ∆(1))

×

×
(
e
−iB(s)

(
σ(s)+

ξ(s)−
√

ξ(s)
2
+ε

ε

)
−B(s)ρ(s)∆(1)

− e
−iB(s)

(
σ(s)+

ξ(s)+

√
ξ(s)

2
+ε

ε

)
−B(s)ρ(s)∆(2))

×

(34)

× e
i

(
ωχ0
2

+λ∗
g

)
a+b
γg ,

ãäå

∆(2) =
ε+ 1

2ε
+

1 − ε

2ε

ξ(s)√
ξ(s)2 + ε

+
κ(s)√
ξ(s) + ε

, ∆(1) =
ε+ 1

2ε
− 1 − ε

2ε

ξ(s)√
ξ(s)2 + ε

− κ(s)√
ξ(s) + ε

,

σ(s) =
1

| χ′
g | C(s)

(
θ2 + γ−2 − χ

′
0

)
≡ 1

ν(s)

( θ2

| χ′
0 |

+
1

γ2 | χ′
0 |

+ 1
)
,

ν(s) =
χ

′
gC

(s)

χ
′
0

, B(s) =
ω | χ′

g | C(s)

2

b

γ0
.

(35)

Ïàðàìåòð B(s)
ìîæíî ïðåäñòàâèòü â âèäå

B(s) =
1

2 sin(δ − θB)
· b

L
(s)
ext

, (36)

îòêóäà âèäíî, ÷òî îí ðàâåí ïîëîâèíå ïóòè ýëåêòðîíà â êðèñòàëëè÷åñêîé ïëàñòèíêå,

âûðàæåííîé â äëèíàõ ýêñòèíêöèè L
(s)
ext =

[
ω | χ′

g | C(s)
]−1

.

Âûõîä PXR �îðìèðóåòñÿ â îñíîâíîì òîëüêî îäíîé èç âåòâåé, ñîîòâåòñòâóþùåé âòî-

ðîìó ñëàãàåìîìó â (33). Êàê íåòðóäíî óáåäèòüñÿ íåïîñðåäñòâåííî, òîëüêî â ýòîì ñëàãà-

åìîì îáðàùàåòñÿ â íóëü ðåàëüíàÿ ÷àñòü çíàìåíàòåëÿ. �åøåíèå ñîîòâåòñòâóþùåãî óðàâ-

íåíèÿ

σ(s) +
ξ(s) −

√
ξ(s)2 + ε

ε
= 0 , (37)

îïðåäåëÿåò ÷àñòîòó ω∗, â îêðåñòíîñòè êîòîðîé ñîñðåäîòî÷åí ñïåêòð �îòîíîâ PXR, èç-

ëó÷àåìûõ ïîä �èêñèðîâàííûì óãëîì íàáëþäåíèÿ.

3. Ñïåêòðàëüíî-óãëîâàÿ ïëîòíîñòü èçëó÷åíèÿ. Ïîäñòàâëÿÿ (33) è (34) â õî-

ðîøî èçâåñòíîå [19-22℄ âûðàæåíèå äëÿ ñïåêòðàëüíî-óãëîâîé ïëîòíîñòè ðåíòãåíîâñêîãî

èçëó÷åíèÿ

ω
d2N

dωdΩ
= ω2(2π)−6

2∑

s=1

| E(s)Rad |2 , (38)

ïîëó÷èì âûðàæåíèÿ, îïèñûâàþùèå ñïåêòðàëüíî-óãëîâûå ïëîòíîñòè PXR è DTR ðåëÿ-

òèâèñòñêîãî ýëåêòðîíà â êîìáèíèðîâàííîé ñðåäå àìîð�íàÿ ñðåäà-êðèñòàëë

ω
d2N

(s)
PXR

dωdΩ
=

e2

4π2
P (s)2 θ2

(θ2 + γ−2 − χ
′
0)

2
R

(s)
PXR , (39)
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R
(s)
PXR =

(
1 − ξ√

ξ2 + ε

)2
×

×
1 + exp(−2B(s)ρ(s)∆(1)) − 2 exp(−B(s)ρ(s)∆(1)) cos

(
B(s)

(
σ(s) +

ξ−
√

ξ2+ε

ε

))

(
σ(s) +

ξ−
√

ξ2+ε

ε

)2
+ ρ(s)2∆(1)2

,

(40)

ω
d2N

(s)
DTR

dωdΩ
=

e2

4π2
P (s)2G(θ)R

(s)
DTR , (41)

G(θ) = θ2
( 1

θ2 + γ−2
− 1

θ2 + γ−2 − χ′
a

)2
exp
(
−ωχ

′′
a

γ0
a
)

+

+ θ2
( 1

θ2 + γ−2 − χ′
a

− 1

θ2 + γ−2 − χ
′
0

)2
+

+ 2θ2
( 1

θ2 + γ−2
− 1

θ2 + γ−2 − χ′
a

)( 1

θ2 + γ−2 − χ′
a

− 1

θ2 + γ−2 − χ
′
0

)
×

× cos
( ωa

2γ0
(θ2 + γ−2 − χ

′
a)
)

exp
(
−ωχ

′′
a

2γ0
a
)
,

(42)

R
(s)
DTR =

ε2

ξ(ω)2 + ε

[
exp
(
−2B(s)ρ(s)∆(1)

)
+ exp

(
−2B(s)ρ(s)∆(2)

)
−

−2 · exp
(
−B(s)ρ(s)

1 + ε

ε

)
· cos

(2B(s)
√
ξ2 + ε

ε

)]
.

(43)

Â ïîëó÷åííûõ âûðàæåíèÿõ �óíêöèè R
(s)
PXR è R

(s)
DTR ïðåäñòàâëÿþò ñîîòâåòñòâåííî

ñïåêòðû PXR è DTR, êîòîðûå îïèñûâàþò â ðàìêàõ äèíàìè÷åñêîé òåîðèè äè�ðàêöèè

ïðîõîæäåíèå ñâîáîäíûõ è ñâÿçàííûõ ðåíòãåíîâñêèõ �îòîíîâ ÷åðåç êðèñòàëëè÷åñêóþ

ïëàñòèíó. Ïðè ýòîì â ñïåêòð DTR âíîñèò âêëàä äâå âîçáóæäåííûå â êðèñòàëëå ðåíò-

ãåíîâñêèå âîëíû ñ ñîîòâåòñòâóþùèìè ëèíåéíûìè êîý��èöèåíòàìè ïîãëîùåíèÿ

µ
(s)
1 = ωχ

′′

0ε∆
(1) ≡ ε

Lext
ρ(s)∆(1) , µ

(s)
2 = ωχ

′′

0ε∆
(2) ≡ ε

Lext
ρ(s)∆(2) , (44)

à â ñïåêòð PXR òîëüêî îäíà âîëíà ñ êîý��èöèåíòîì ïîãëîùåíèÿ µ
(s)
1 .

Âûðàæåíèå (42) G(θ) îïèñûâàåò óãëîâóþ ÷àñòü äè�ðàãèðîâàííîãî ïåðåõîäíîãî èç-

ëó÷åíèÿ, îíî ñîñòîèò èç òðåõ ñëàãàåìûõ. Ïåðâîå ñëàãàåìîå ñîîòâåòñòâóåò ïåðåõîäíîìó

èçëó÷åíèþ, âîçíèêàþùåìó ïðè ïåðåñå÷åíèè ðåëÿòèâèñòñêèì ýëåêòðîíîì ïåðâîé ãðà-

íèöû, êîòîðîå äàëåå ïðîõîäèò ÷åðåç àìîð�íóþ ñðåäó è äè�ðàãèðóåò â áðýããîâñêîì

íàïðàâëåíèè â êðèñòàëëè÷åñêîé ïëàñòèíå; âòîðîå ñëàãàåìîå ñîîòâåòñòâóåò ÏÈ, âîçíè-

êàþùåìó íà âòîðîé ãðàíèöå (ìåæäó àìîð�íîé ñðåäîé è êðèñòàëëîì), êîòîðîå òàêæå

äè�ðàãèðóåò â êðèñòàëëè÷åñêîé ïëàñòèíå, à òðåòüå ñëàãàåìîå îïèñûâàåò èõ èíòåð�å-

ðåíöèþ.

Ïîëó÷åííûå â ðàìêàõ äèíàìè÷åñêîé òåîðèè äè�ðàêöèè âûðàæåíèÿ [39-43℄ îïèñû-

âàþùèå ñïåêòðàëüíî � óãëîâûå ðàñïðåäåëåíèÿ PXR è DTR ðåëÿòèâèñòñêîãî ýëåêòðîíà
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â êîìáèíèðîâàííîé ñðåäå, ÿâëÿþòñÿ ãëàâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû. Äàííûå

âûðàæåíèÿ ó÷èòûâàþò àñèììåòðèþ îòðàæåíèÿ (ïàðàìåòð ε) ïîëÿ â êðèñòàëëè÷åñêîé

ïëàñòèíêå îòíîñèòåëüíî ïîâåðõíîñòè ìèøåíè Äëÿ äàëüíåéøåãî àíàëèçà ñïåêòðàëüíî-

óãëîâûõ ñâîéñòâ PXR è DTR ïðåäñòàâèì âûðàæåíèÿ [39-43℄ â ñëåäóþùåì óäîáíîì âèäå

ω
d2N

(s)
PXR

dωdΩ
=

e2

4π2

P (s)2

| χ′
0 |
T

(s)
PXR , (45)

T
(s)
PXR =

θ2

| χ′
0 |

1

(Γ + 1)2
R

(s)
PXR , (46)

ω
d2N

(s)
DTR

dωdΩ
=

e2

4π2

P (s)2

| χ′
0 |
T

(s)
DTR , (47)

T
(s)
DTR = G

′
(θ)R

(s)
DTR , (48)

G
′
(θ) =

θ2

| χ′
0 |
( 1

Γ
− 1

Γa

)2
exp
(
−2B(s) · ρ(s) · a

b
· χ

′′
a

χ
′′
0

)
+

θ2

| χ′
0 |
( 1

Γa
− 1

Γ + 1

)2
+

+2
θ2

| χ′
0 |
( 1

Γ
− 1

Γa

)( 1

Γa
− 1

Γ + 1

)
cos
(
B(s) · a

b
· 1

ν(s)
Γa

)
exp
(
−B(s) · ρ(s) · a

b
· χ

′′
a

χ
′′
0

)
,

(49)

ãäå Γ =
θ2

| χ′
0 |

+
1

γ2 | χ′
0 |
, Γa =

θ2

| χ′
0 |

+
1

γ2 | χ′
0 |

+
χ

′
a

χ
′
0

. Ïðè ïåðåõîäå îò âûðàæåíèÿ

(42) ê âûðàæåíèþ (49) èñïîëüçîâàëèñü î÷åâèäíûå ñîîòíîøåíèÿ

ωχ
′′
a

2γ0
a = B(s) · ρ(s) · a

b
· χ

′′
a

χ
′′
0

,

ωa

2γ0
(θ2 + γ−2 − χ

′
a) = B(s) · a

b
· 1

ν(s)

( θ2

| χ′
0 |

+
1

γ2 | χ′
0 |

+
χ

′
a

χ
′
0

)
.

(50)

Ïàðàìåòðû ïåðâîãî àìîð�íîãî ñëîÿ âûðàæàþòñÿ ÷åðåç ïàðàìåòðû êðèñòàëëè÷åñêîãî

ñëîÿ è ñîîòíîøåíèÿ ïàðàìåòðîâ îáîèõ ñëîåâ: a/b, χ
′
a/χ

′
0, χ

′′
a/χ

′′
0 . Âìåñòî óãëà íàáëþäå-

íèÿ θ, óäîáíåå èñïîëüçîâàòü íîðìèðîâàííûé íà âåëè÷èíó

√
| χ′

0 | óãîë íàáëþäåíèÿ, òî

åñòü ïàðàìåòð θ/
√

| χ′
0 |. Îòìåòèì, ÷òî äèýëåêòðè÷åñêàÿ âîñïðèèì÷èâîñòü â ðàññìàò-

ðèâàåìîé íàìè ðåíòãåíîâñêîé îáëàñòè ÷àñòîò îïèñûâàåòñÿ âûðàæåíèåì χa = χ
′
a + iχ

′′
a,

χ
′
a = −ω2

a/ω
2
, ω2

a = 4πZae
2na/m, ãäå Za � ÷èñëî ýëåêòðîíîâ â àòîìå; na � ïëîòíîñòü àòî-

ìîâ. Îòñþäà ñëåäóåò ñîîòíîøåíèå χ
′
a/χ

′
0 = Zana/Z0n0, ò.å. ñîîòíîøåíèå äèýëåêòðè÷å-

ñêèõ âîñïðèèì÷èâîñòåé àìîð�íîé è êðèñòàëëè÷åñêîé ÷àñòåé ìèøåíè ïðîïîðöèîíàëüíî

îòíîøåíèþ ïëîòíîñòåé èõ ìàòåðèàëîâ.

4. Òîíêàÿ íåïîãëîùàþùàÿ ìèøåíü. �àññìîòðèì ñâîéñòâà èçëó÷åíèÿ äëÿ ñðàâ-

íèòåëüíî ïðîñòîãî ñëó÷àÿ òîíêîé ìèøåíè, êîãäà êîý��èöèåíòàìè ïîãëîùåíèÿ ìîæíî

ïðåíåáðå÷ü, òî åñòü ïîëîæèòü ρ(s) = 0. Â ýòîì ñëó÷àå ñïåêòðàëüíî-óãëîâûå ðàñïðåäåëå-

íèÿ âûõîäîâ Ï�È è ÄÏÈ, ñëåäóþùèå èç [45-49℄ ïåðåõîäÿò â âûðàæåíèÿ

ω
d2N

(s)
PXR

dωdΩ
=

e2

4π2

P (s)2

| χ′
0 |
T

(s)
PXR , (51)
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T
(s)
PXR =

θ2

| χ′
0 |

1

(Γ + 1)2
R

(s)
PXR , (52)

R
(s)
PXR = 4

(
1 − ξ√

ξ2 + ε

)2
·

sin2
(

B(s)

2

(
σ(s) +

ξ−
√

ξ2+ε

ε

))

(
σ(s) +

ξ−
√

ξ2+ε

ε

)2 , (53)

ω
d2N

(s)
DTR

dωdΩ
=

e2

4π2

P (s)2

| χ′
0 |
T

(s)
DTR , (54)

T
(s)
DTR = T

1(s)
DTR + T

2(s)
DTR + T

int(s)
DTR , (55)

T
1(s)
DTR =

θ2

| χ′
0 |
( 1

Γ
− 1

Γa

)2
R

(s)
DTR , (56)

T
2(s)
DTR =

θ2

| χ′
0 |
( 1

Γa
− 1

Γ + 1

)2
R

(s)
DTR , (57)

T
int(s)
DTR = 2

θ2

| χ′
0 |
( 1

Γ
− 1

Γa

)( 1

Γa
− 1

Γ + 1

)
cos
(
B(s) · a

b
· 1

ν(s)
Γa

)
R

(s)
DTR , (58)

R
(s)
DTR =

4ε2

ξ2 + ε
sin2

(B(s)
√
ξ2 + ε

ε

)
. (59)

Â (54) âûðàæåíèå äëÿ T
(s)
DTR îïèñûâàþùåå ñïåêòðàëüíî-óãëîâóþ ïëîòíîñòü äè�ðà-

ãèðîâàííîãî ïåðåõîäíîãî èçëó÷åíèÿ, ïðåäñòàâëåíî â âèäå ñóììû ñëàãàåìûõ, îïèñûâà-

þùèõ äè�ðàãèðîâàííûå èçëó÷åíèÿ îò ïåðâîé è âòîðîé ãðàíèö, ñîîòâåòñòâåííî T
1(s)
DTR è

T
2(s)
DTR, à òàêæå èõ èíòåð�åðåíöèîííîå ñëàãàåìîå T

int(s)
DTR .

�èñ. 2. Ñïåêòðû Ï�È äëÿ ðàçíûõ òîëùèí êðèñòàëëè÷åñêîé ïëàñòèíû.
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�àññìîòðèì ñïåêòð Ï�È ðåëÿòèâèñòñêîãî ýëåêòðîíà, ïåðåñåêàþùåãî êîìáèíèðîâàí-

íóþ ñðåäó, îïèñûâàåìûé �óíêöèåé R
(s)
PXR ñì. (53). Ìîæíî âèäåòü, ÷òî ñïåêòð çàâèñèò

îò òîëùèíû òîëüêî êðèñòàëëè÷åñêîé ñîñòàâëÿþùåé ìèøåíè, è íå çàâèñèò îò òîëùè-

íû àìîð�íîé. Ýòîò ñïåêòð ìîæíî íàáëþäàòü ïîä �èêñèðîâàííîì óãëîì íàáëþäåíèÿ

θ. Êðèâûå, îïèñûâàþùèå ñïåêòð Ï�È, ïîñòðîåííûå ïî �îðìóëå (53), ïðåäñòàâëåíû íà

ðèñ. 2. Ýòè êðèâûå äåìîíñòðèðóþò ðîñò àìïëèòóäû ñïåêòðà ïðè óâåëè÷åíèè òîëùèíû

êðèñòàëëè÷åñêîé ìèøåíè b, âõîäÿùåé â ïàðàìåòð B(s)
. Êðèâûå, ïðåäñòàâëåííûå íà ðèñ.

2, êàê è âñå ðàññìàòðèâàåìûå äàëåå, ïîñòðîåíû äëÿ êîíêðåòíîãî çíà÷åíèÿ ïàðàìåòðà

àñèììåòðèè îòðàæåíèÿ ε = 3, îïðåäåëÿþùåãî óãîë δ ìåæäó ñèñòåìîé ïàðàëëåëüíûõ

àòîìíûõ ïëîñêîñòåé êðèñòàëëà è ïîâåðõíîñòüþ ìèøåíè ïðè �èêñèðîâàííîì óãëå θB.
Äàëåå ðàññìîòðèì âëèÿíèå äèýëåêòðè÷åñêèõ ñâîéñòâ àìîð�íîé ìèøåíè íà äè�ðà-

ãèðîâàííîå ïåðåõîäíîå èçëó÷åíèå. Íà ðèñ. 3 ïðåäñòàâëåíû êðèâûå, îïèñûâàþùèå ñïåê-

òðàëüíî-óãëîâûå ïëîòíîñòè Ï�È è ÄÏÈ, ïîñòðîåííûå ïî �îðìóëàì (52) è (54) ïðè

�èêñèðîâàííûõ çíà÷åíèÿõ óãëà íàáëþäåíèÿ θ, Ëîðåíö-�àêòîðà ýëåêòðîíà γ è ïàðà-

ìåòðîâ êðèñòàëëè÷åñêîé ïëàñòèíû. Ïðè ýòîì òîëùèíà àìîð�íîé è êðèñòàëëè÷åñêîé

ïëàñòèí âûáðàíà îäèíàêîâîé a/b = 1. Èç ðèñóíêà ñëåäóåò ñóùåñòâåííîå óâåëè÷åíèå

ïëîòíîñòè ÄÏÈ ïðè óâåëè÷åíèè ñîîòíîøåíèÿ χ
′
a/χ

′
0 = Zana/Z0n0, òî åñòü ïðè óâå-

ëè÷åíèè ïëîòíîñòè ìàòåðèàëà àìîð�íîé ñðåäû. Ïðè ýòîì ñïåêòðàëüíî-óãëîâàÿ ïëîò-

íîñòü Ï�È íå èçìåíÿåòñÿ. Òàêèì îáðàçîì, èçìåíÿÿ ìàòåðèàë àìîð�íîé ñðåäû ìîæ-

íî ïîâûñèòü ñïåêòðàëüíî-óãëîâóþ ïëîòíîñòü ÄÏÈ, íå óâåëè÷èâàÿ ýíåðãèè ýëåêòðîíà,

ïðè ýòîì �îðìóëû, ïîëó÷åííûå â íàñòîÿùåé ðàáîòå, ïîçâîëÿþò ðàññ÷èòàòü âåëè÷èíû

ñïåêòðàëüíî-óãëîâîé ïëîòíîñòè ÄÏÈ è Ï�È â çàâèñèìîñòè îò ïàðàìåòðîâ ìèøåíè.

�èñ. 3. Ñïåêòð Ï�È è ñïåêòðû ÄÏÈ äëÿ ðàçíûõ àìîð�íûõ ñðåä

(ðàçëè÷íûõ ñîîòíîøåíèé χ
′
a/χ

′
0).

Âêëàäû â ñïåêòðàëüíî-óãëîâóþ ïëîòíîñòü ÄÏÈ ïåðåõîäíûõ èçëó÷åíèé, �îðìèðóå-

ìûõ íà ïåðâîé è âòîðîé ãðàíèöàõ êîìáèíèðîâàííîé ñðåäû è èõ èíòåð�åðåíöèîííîãî
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ñëàãàåìîãî äåìîíñòðèðóþò ïîñòðîåííûå ïî �îðìóëàì [55-58℄ êðèâûå, ïðåäñòàâëåííûå

íà ðèñ. 4 - 6.

�èñ. 4. Âêëàäû â ñïåêòð ÄÏÈ âîëí ÏÈ, âîçáóæäàåìûõ íà ïåðâîé è âòîðîé ãðàíèöå,

è èõ èíòåð�åðåíöèîííîãî ñëàãàåìîãî.

�èñ. 5. Òî æå, ÷òî íà ðèñ. 4, íî äëÿ ìåíüøåãî çíà÷åíèÿ ñîîòíîøåíèÿ χ
′
a/χ

′
0.

Â ÷àñòíîñòè, èç ðèñ. 4 âèäíî, ÷òî â ñëó÷àå, êîãäà àìîð�íàÿ ñðåäà ÿâëÿåòñÿ áî-

ëåå ïëîòíîé, ÷åì êðèñòàëëè÷åñêàÿ, îñíîâíîé âêëàä â âûõîä ÄÏÈ äàåò âîëíà, âîçáóæ-

äåííàÿ íà ïåðâîé ãðàíèöå. Ïðè ýòîì èíòåð�åðåíöèîííîå ñëàãàåìîå îêàçûâàåòñÿ áîëåå
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ñóùåñòâåííûì, ÷åì ñëàãàåìîå, îïðåäåëÿþùåå âêëàä âîëíû, âîçáóæäåííîé íà âòîðîé

ãðàíèöå êîìáèíèðîâàííîé ñðåäû.

�èñ. 6. Òî æå, ÷òî íà ðèñ. 5, íî äëÿ ìåíüøåãî çíà÷åíèÿ ñîîòíîøåíèÿ χ
′
a/χ

′
0.

Ïðè óìåíüøåíèè ïëîòíîñòè àìîð�íîé ñðåäû èíòåð�åðåíöèîííîå ñëàãàåìîå ìîæåò

äàâàòü äåñòðóêòèâíûé âêëàä â ñïåêòðàëüíî-óãëîâóþ ïëîòíîñòü ÄÏÈ (ñì. ðèñ. 5). Åñ-

ëè æå ïëîòíîñòü àìîð�íîé ñðåäû ñóùåñòâåííî óìåíüøèòü, âêëàä â ñóììàðíûé ÄÏÈ

âîëíû ïåðåõîäíîãî èçëó÷åíèÿ, âîçáóæäåííîé íà âòîðîé ãðàíèöå, ìîæåò ñòàòü ïîäàâëÿ-

þùèì. Êî âñåì ýòèì âûâîäàì ìîæíî ïðèéòè íåïîñðåäñòâåííî, àíàëèòè÷åñêè àíàëèçè-

ðóÿ âûðàæåíèÿ [54-59℄. Îòìåòèì, ÷òî èçìåíåíèå òîëùèíû àìîð�íîé ñðåäû a â ñëó÷àå
òîíêîé íåïîãëîùàþùåé ìèøåíè âëèÿåò, êàê ñëåäóåò èç [54-59℄, òîëüêî íà èíòåð�åðåí-

öèîííîå ñëàãàåìîå è ñóùåñòâåííî ïîâëèÿòü íà ñïåêòðàëüíóþ ïëîòíîñòü íå ìîæåò.

�àññìîòðèì âëèÿíèå àìîð�íîé ñðåäû, ÷åðåç ïàðàìåòð χ
′
a/χ

′
0, íà óãëîâóþ ïëîòíîñòü

ÄÏÈ. Äëÿ ýòîãî ïðîèíòåãðèðóåì âûðàæåíèÿ (51) è (54) ïî ÷àñòîòíîé �óíêöèè η(s)(ω).

dN
(s)
PXR

dΩ
=

e2P (s)2

8π2 sin2 θB
F

(s)
PXR(θ) , (60)

F
(s)
PXR(θ) = ν(s)

∫ +∞

−∞
T

(s)
PXRdη

(s)(ω) , (61)

dN
(s)
DTR

dΩ
=

e2P (s)2

8π2 sin2 θB
F

(s)
DTR(θ) , (62)

F
(s)
DTR(θ) = ν(s)

∫ +∞

−∞
T

(s)
DTRdη

(s)(ω) . (63)
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�èñ. 7. Óãëîâàÿ ïëîòíîñòü Ï�È è óãëîâûå ïëîòíîñòè ÄÏÈ äëÿ ðàçíûõ àìîð�íûõ ñðåä.

Íà ðèñ. 7 ïîñòðîåíû êðèâûå, îïèñûâàþùèå óãëîâûå ïëîòíîñòè ÄÏÈ è Ï�È, èç

êîòîðûõ ñëåäóåò, ÷òî, êàê è äëÿ ñïåêòðàëüíî-óãëîâîé ïëîòíîñòè, ïðè �èêñèðîâàííîì

óãëå íàáëþäåíèÿ (ñì. ðèñ. 3), óâåëè÷åíèå ñîîòíîøåíèÿ χ
′
a/χ

′
0 ïðèâîäèò ê ñóùåñòâåííîìó

ðîñòó óãëîâîé ïëîòíîñòè ÄÏÈ. Äàííûé �àêò ìîæåò áûòü èñïîëüçîâàí ïðè ñîçäàíèè

êîìïàêòíûõ, èíòåíñèâíûõ àëüòåðíàòèâíûõ èñòî÷íèêîâ ðåíòãåíîâñêîãî èçëó÷åíèÿ íà

îñíîâå âçàèìîäåéñòâèÿ ðåëÿòèâèñòñêèõ ýëåêòðîíîâ ñî ñëîæíûìè ñòðóêòóðèðîâàííûìè

ìàòåðèàëàìè.

�èñ. 8. Âëèÿíèå ÏÈ èç àìîð�íîé ïîäëîæêè, íà óãëîâóþ ïëîòíîñòü Ï�È.

Â ñëó÷àå ìåíüøèõ ýíåðãèé èçëó÷àþùèõ ýëåêòðîíîâ, êîãäà âêëàä Ï�È â ñóììàð-

íîå óãëîâóþ ïëîòíîñòü ñòàíîâèòñÿ îïðåäåëÿþùèì, ÄÏÈ ìîæåò ïðèâåñòè ê ðàçëè÷íûì
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äå�îðìàöèÿì èëè îñöèëëÿöèÿì â óãëîâîé ïëîòíîñòè ñóììàðíîãî êîãåðåíòíîãî èçëó÷å-

íèÿ (ñì. ðèñ. 8), â çàâèñèìîñòè îò ñîîòíîøåíèÿ a/b, îïðåäåëÿþùåãî òîëùèíó àìîð�íîé
ïëàñòèíêè ïðè �èêñèðîâàííîé òîëùèíå b êðèñòàëëè÷åñêîé ïëàñòèíêè. Ýòîò �àêò òàê-

æå ìîæíî èñïîëüçîâàòü ïðè ïîñòàíîâêå ðåàëüíûõ ýêñïåðèìåíòîâ, â êîòîðûõ àìîð�íàÿ

ñðåäà âûñòóïàåò â êà÷åñòâå ïîäëîæêè óëüòðàòîíêîé êðèñòàëëè÷åñêîé ïëàñòèíêè.

Çàêëþ÷åíèå. Â ðàìêàõ äèíàìè÷åñêîé òåîðèè äè�ðàêöèè ðàçâèòà òåîðèÿ êîãåðåíò-

íîãî ðåíòãåíîâñêîãî èçëó÷åíèÿ ðåëÿòèâèñòñêîãî ýëåêòðîíà, ïåðåñåêàþùåãî êîìáèíèðî-

âàííóþ ñðåäó, ñîñòîÿùóþ èç àìîð�íîé è êðèñòàëëè÷åñêîé ïëàñòèí. Â ðàáîòå íà îñíîâå

äâóõ âîëíîâîãî ïðèáëèæåíèÿ äèíàìè÷åñêîé òåîðèè äè�ðàêöèè ïîëó÷åíû âûðàæåíèÿ,

îïèñûâàþùèå ñïåêòðàëüíûå óãëîâûå ïëîòíîñòè ïàðàìåòðè÷åñêîãî ðåíòãåíîâñêîãî è äè-

�ðàãèðîâàííîãî ïåðåõîäíîãî èçëó÷åíèé. �àñ÷åòû ñïåêòðàëüíî óãëîâûõ ðàñïðåäåëåíèé,

ïðîâåäåííûå íà îñíîâå ýòèõ âûðàæåíèé, ïîçâîëèëè ïîêàçàòü, ÷òî ïðè óâåëè÷åíèè ïëîò-

íîñòè àìîð�íîé ñðåäû ïî ñðàâíåíèþ ñ ïëîòíîñòüþ êðèñòàëëè÷åñêîé âêëàä ÄÏÈ â ñóì-

ìàðíîå èçëó÷åíèå èç êîìáèíèðîâàííîé ìèøåíè âîçðàñòàåò, ïðè ýòîì âêëàä Ï�È íå

èçìåíÿåòñÿ. Èññëåäîâàí âêëàä âîëí ïåðåõîäíûõ èçëó÷åíèé, âîçáóæäàåìûõ íà ïåðâîé

è âòîðîé ãðàíèöå è èõ èíòåð�åðåíöèîííîãî ñëàãàåìîãî â ñóììàðíûé âûõîä ÄÏÈ. Èñ-

ñëåäîâàíî âëèÿíèå ïåðåõîäíîãî èçëó÷åíèÿ èç àìîð�íîé ïîäëîæêè, äè�ðàãèðîâàííîãî

çàòåì íà ñèñòåìå ïàðàëëåëüíûõ àòîìíûõ ïëîñêîñòåé êðèñòàëëè÷åñêîé ÷àñòè ìèøåíè, íà

ñïåêòðàëüíî-óãëîâûå õàðàêòåðèñòèêè êîãåðåíòíîãî ðåíòãåíîâñêîãî èçëó÷åíèÿ èç êîì-

áèíèðîâàííîé ìèøåíè.
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COHERENT X-RAY RADIATION OF RELATIVISTIC ELECTRON

INTERSECTING AMORPHUS AND CRYSTAL PLATES

S.V. Blazhevih, R.A. Zagorodnyuk, A.V. Noskov, O.N. Satler

Belgorod State University,

Pobedy St., 85, Belgorod, 308015, Russia, e-mail: noskov_a�bsu.edu.ru

Abstrat. In frameworks of dynamial di�ration theory it is built the theory of oherent X-ray

radiation of relativisti eletron interseting the ombined medium that onsists of amorphus and

rystal plates. Theory takes into aount the asymmetry of �eld re�etion relative to the surfae

ìèøåíè. It is de�ned by the angle between atom planes and target surfae. Expressions desribing

spetral angular density of parametri X-ray radiation and di�ration transition irradiation in the

medium are obtained and investigated.

Key words: relativisti eletron, dynamial di�ration, di�rating ïåðåõîäíîå radiation.
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Àííîòàöèÿ. Èçó÷àþòñÿ ïðîöåññû ïðîäîëüíîãî èçãèáà è âûïó÷èâàíèÿ â óñëîâèÿõ ïîëçó÷å-

ñòè ìàòåðèàëà ñòåðæíÿ ñïëîøíîãî ñå÷åíèÿ. Óïðóãî-ïëàñòè÷åñêèå ñâîéñòâà ìàòåðèàëà ñòåðæíÿ

îïèñûâàþòñÿ ïðîèçâîëüíîé äèàãðàììîé σ ∼ ε. ×èñëåííûì ýêñïåðèìåíòîì äîêàçàíî, ÷òî èñ-

÷åðïàíèå íåñóùåé ñïîñîáíîñòè ñòåðæíÿ (íàðóøåíèå êîððåêòíîñòè êâàçèñòàòè÷åñêîé ïîñòàíîâ-

êè) ïðîèñõîäèò ïðè óñëîâèè ðàâåíñòâà ïðèëîæåííîé ïðîäîëüíîé ñèëû è æåñòêîñòè ñðåäèííîãî

ñå÷åíèÿ (â áåçðàçìåðíûõ ïàðàìåòðàõ).

Êëþ÷åâûå ñëîâà: ñòåðæåíü ñïëîøíîãî ñå÷åíèÿ, ïðîèçâîëüíàÿ äèàãðàììà σ ∼ ε, ïîëçó-

÷åñòü, êîððåêòíîñòü êâàçèñòàòè÷åñêîé ïîñòàíîâêè, íåñóùàÿ ñïîñîáíîñòü ñòåðæíÿ.

1. Óðàâíåíèÿ ðàâíîâåñèÿ. Óñëîâèå êîððåêòíîñòè êâàçèñòàòè÷åñêîé

ïîñòàíîâêè. Ïóñòü øàðíèðíî îïåðòûé ñòåðæåíü ñèììåòðè÷íîãî ïîïåðå÷íîãî ñå÷åíèÿ

íàãðóæàåòñÿ ïðîäîëüíîé ñèëîé , ïðèêëàäûâàåìîé òàêèì îáðàçîì, ÷òî äèíàìè÷åñêèìè

ý��åêòàìè ìîæíî ïðåíåáðå÷ü, ò. å. èçó÷àåòñÿ êâàçèñòàòè÷åñêèé ïðîöåññ. Çàâèñèìîñòü

äëÿ ñêîðîñòè äå�îðìàöèè â òî÷êàõ ñòåðæíÿ èìååò âèä:

ε̇ =
σ̇

E
+ f ′

σσ̇ϕ . (1.1)

Òî÷êîé îáîçíà÷àåì ïðîèçâîäíóþ ïî âðåìåíè t, åñëè èçó÷àþòñÿ ïðîöåññû âûïó÷è-

âàíèÿ, ëèáî � äè��åðåíöèðîâàíèå ïî ëþáîìó ïîëîæèòåëüíîìó ìîíîòîííî âîçðàñòàþ-

ùåìó ïàðàìåòðó â ñëó÷àå ðàññìîòðåíèÿ ïðîäîëüíîãî èçãèáà; � ìîäóëü Þíãà; f ′
σσ̇ �

ñêîðîñòü ïëàñòè÷åñêîé äå�îðìàöèè; ϕ � ñêîðîñòü äå�îðìàöèè ïîëçó÷åñòè. Ôóíêöèÿ

ϕ(·) ìîæåò çàâèñåòü îò òåêóùåãî íàïðÿæåíèÿ â òî÷êå, îò âðåìåíè, à òàêæå � îò ïàðà-

ìåòðîâ ñîñòîÿíèÿ, êîòîðûå ïîä÷èíÿþòñÿ ñîîòâåòñòâóþùèì êèíåòè÷åñêèì óðàâíåíèÿì

[2℄.

Ïðèíèìàåì îáû÷íûå ãèïîòåçû, èñïîëüçóåìûå â çàäà÷àõ î ïðîäîëüíîì èçãèáå ñòåðæ-

íåé. Òîãäà óðàâíåíèÿ ðàâíîâåñèÿ çàïèøóòñÿ ñëåäóþùèì îáðàçîì:

∫

F

σdF = P ,

∫

F

σzdF = −P (v + v00) . (1.2)

Çäåñü σ(z, t) � íàïðÿæåíèå â òî÷êàõ äàííîãî ñå÷åíèÿ; F � ïëîùàäü ïîïåðå÷íîãî

ñå÷åíèÿ; z � êîîðäèíàòà ïî âûñîòå ïîïåðå÷íîãî ñå÷åíèÿ, îòñ÷èòûâàåìàÿ îò öåíòðà

ìàññ ñå÷åíèÿ â ïëîñêîñòè èçãèáà â ñòîðîíó ¾ðàñòÿíóòûõ¿ âíåøíèõ âîëîêîí; v00(x) �
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íà÷àëüíîå èñêðèâëåíèå ñòåðæíÿ; v(x, t) � äîïîëíèòåëüíûé ïðîãèá; x � êîîðäèíàòà ïî

äëèíå ñòåðæíÿ, 0 ≤ x ≤ L.
Èñïîëüçóÿ ãèïîòåçó ïëîñêèõ ñå÷åíèé, ïîëó÷èì óðàâíåíèå, çàìûêàþùåå ñèñòåìó (1.1),

(1.2):

ε = ε0 + zκ

(
κ ≈ ∂2v

∂x2

)
, (1.3)

ãäå ε0(x, t) � äå�îðìàöèÿ â òî÷êàõ îñè ñòåðæíÿ; ïðîãèáû ñ÷èòàåì ìàëûìè, ò.å. ðåøàåì

çàäà÷ó â ãåîìåòðè÷åñêè ëèíåéíîé ïîñòàíîâêå, v(x, t) = L.
Óæå îòìå÷àëîñü (ñì. ×àñòü I, [1℄), ÷òî ãåîìåòðè÷åñêè ëèíåéíàÿ ïîñòàíîâêà äîñòà-

òî÷íà äëÿ áîëüøèíñòâà ïðàêòè÷åñêè âàæíûõ ñëó÷àåâ [3℄.

Äëÿ ñèñòåìû (1.1)�(1.3) èìååì: íà÷àëüíîå óñëîâèå êðàåâûå óñëîâèÿ

v(0, t) = 0 , v(L, t) = 0 .

Âûïèñàííàÿ ñèñòåìà óðàâíåíèé ìîæåò áûòü ðàçðåøåíà â çàìêíóòîì âèäå òîëüêî â

÷àñòíûõ ñëó÷àÿõ. Òàê, èçâåñòíû ðåøåíèÿ äëÿ óïðóãî-èäåàëüíî-ïëàñòè÷åñêîãî ñòåðæíÿ

[4℄, äëÿ ëèíåéíî âÿçêîãî ñòåðæíÿ [5℄, äëÿ ñòåðæíÿ èç ìàòåðèàëà, ñâîéñòâà êîòîðîãî

îïèñûâàþòñÿ â âèäå êîìáèíàöèè ëèíåéíîé âÿçêîñòè ñ èäåàëüíîé ïëàñòè÷íîñòüþ [6℄.

Îòëè÷èòåëüíîé îñîáåííîñòüþ ó÷åòà ïëàñòè÷åñêèõ äå�îðìàöèé ÿâëÿåòñÿ òî îáñòîÿ-

òåëüñòâî, ÷òî âèä �óíêöèè f(·) ñóùåñòâåííî çàâèñèò îò èñòîðèè íàãðóæåíèÿ â êàæäîé
òî÷êå ñòåðæíÿ. Ýòà òðóäíîñòü ÿâëÿåòñÿ îáùåé äëÿ áîëüøèíñòâà çàäà÷ òåîðèè ïëàñòè÷-

íîñòè, â êîòîðûõ ó÷èòûâàþòñÿ óïðî÷íåíèå, ïîñëåäóþùàÿ óïðóãàÿ ðàçãðóçêà, à òàêæå

ý��åêò Áàóøèíãåðà [2℄.

Âîñïîëüçóåìñÿ ìåòîäîì ðàñ÷åòà ¾ïî øàãàì¿ (ìåòîä ïîñëåäîâàòåëüíûõ íàãðóæåíèé

èëè ìåòîä ïðîäîëæåíèÿ ïî ïàðàìåòðó [7℄), âïåðâûå äëÿ çàäà÷ ïðîäîëüíîãî èçãèáà è

âûïó÷èâàíèÿ ïðåäëîæåííûì â ðàáîòàõ [8,9℄.

Â äàëüíåéøåì ðàññìàòðèâàåì äâà ïðîöåññà: ïðè àíàëèçå ïðîäîëüíîãî èçãèáà ïðè-

ðàùåíèå äàåòñÿ íàãðóçêå, ïðè èññëåäîâàíèè âûïó÷èâàíèÿ àíàëèçèðóåòñÿ ñëó÷àé, êîãäà

ñòåðæåíü äîñòàòî÷íî áûñòðî íàãðóæàåòñÿ ñèëîé P0 (ñòîëü áûñòðî, ÷òî ïîëçó÷åñòü â

ïðîöåññå âîçðàñòàíèÿ ñèëû ïðîÿâèòüñÿ íå óñïåâàåò, îäíàêî äèíàìè÷åñêèìè ý��åêòàìè

ìîæíî ïðåíåáðå÷ü) è â äàëüíåéøåì ïðèðàùåíèå äàåòñÿ âðåìåíè t.
Â îáîèõ ñëó÷àÿõ ñ÷èòàåì, ÷òî èçâåñòíî íàïðÿæåííî-äå�îðìèðîâàííîå ñîñòîÿíèå â

ïðåäûäóùèé, (i−1)-é ìîìåíò ïî âðåìåíè èëè ïî íàãðóçêå. Òîãäà äå�îðìàöèè è íàïðÿ-
æåíèÿ â ìîìåíò i áóäóò îòëè÷àòüñÿ îò äå�îðìàöèé è íàïðÿæåíèé â ìîìåíò (i − 1) íà
ìàëûå âåëè÷èíû ∆εi è ∆σi.

Èç óðàâíåíèÿ (1.1) ïîëó÷èì:

∆εi = ∆σi

(
1

E
+ f ′

σ

)
+ ∆εi , (1.4)

ãäå ∆εi = ϕ∆ti � ïðèðàùåíèå äå�îðìàöèè ïîëçó÷åñòè çà âðåìÿ ∆ti ïðè èçó÷åíèè

ïðîöåññà âûïó÷èâàíèÿ.

Èç (1.4) èìååì:

∆σi = E∗(∆εi − ∆ǫi) , (1.5)
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ïðè÷åì â óïðóãîé îáëàñòè è ïðè ðàçãðóçêå E∗ = E; ïðè àêòèâíîì íàãðóæåíèè â ïëà-

ñòè÷åñêîé îáëàñòè

E∗ =
E

1 + f ′
σE

.

�èïîòåçà ïëîñêèõ ñå÷åíèé (1.2) çàïèøåòñÿ â êîíå÷íûõ ïðèðàùåíèÿõ â âèäå

∆εi = ∆ε0i + z∆κi . (1.6)

Ëåâûå ÷àñòè óðàâíåíèé ðàâíîâåñèÿ (1.2) ïðèâîäÿòñÿ ê ñëåäóþùèì âûðàæåíèÿì â

ïðèðàùåíèÿõ:

∫

F

∆σidF =

∫

F

E∗(∆ε0i + z∆ςi − ∆ǫi)dF ,

∫

F

z∆σidF =

∫

F

E∗(z∆ε0i + z2∆ςi − z∆ǫi)dF .

Ââåäåì âåëè÷èíó áåçðàçìåðíîãî ¾ìîäóëÿ ïëàñòè÷íîñòè¿ ν = E∗/E. Òîãäà óðàâíåíèÿ
ðàâíîâåñèÿ èìåþò âèä:

E∗(I0∆ε
0
i + I1∆ςi − J0) = ∆Pi ; (1.7)

E∗(I1∆ε
0
i + I2∆ςi − J1) = −Pi−1vi − vi−1∆Pi . (1.8)

Çäåñü ââåäåíû îáîçíà÷åíèÿ:

Ik =

∫

F

νzkdF , Jk =

∫

F

νzk∆ǫidF , k = 0, 1, 2 .

Èç óðàâíåíèÿ (1.7) ïîëó÷èì âûðàæåíèå äëÿ ïðèðàùåíèÿ äå�îðìàöèè â òî÷êàõ îñè

ñòåðæíÿ:

∆ε0i =
1

EI0
∆Pi −

I1
I0

∆ςi +
J0
I0

,

êîòîðîå ïîäñòàâèì â óðàâíåíèå (1.8).

Ïîëó÷èì óðàâíåíèå îòíîñèòåëüíî ïðèðàùåíèÿ ïðîãèáà ∆vi:

(
I2 −

I21
I0

)
d2∆vi
dx2

+
Pi−1

E
∆vi =

Pi−1

E

(
vi−1 +

I1
I0

)
− J0I1 − J1I0

I0
. (1.9)

Ñèñòåìà óðàâíåíèé (1.9), (1.5), (1.6) ïîëíîñòüþ ðåøàåò çàäà÷ó íà êàæäîì øàãå.

Äëÿ èíòåãðèðîâàíèÿ ýòèõ óðàâíåíèé ñòåðæåíü äåëèì íà n ðàâíûõ ÷àñòåé ïî äëèíå

è íà m ÷àñòåé ïî âûñîòå ñå÷åíèÿ, ïîëó÷àåì mn óçëîâûõ òî÷åê, â êîòîðûõ ñëåäèì çà

íàïðÿæåííî-äå�îðìèðîâàííûì ñîñòîÿíèåì. Ñ÷èòàåì, ÷òî â i˘1 ìîìåíò âðåìåíè èëè íà-
ãðóæåíèÿ èçâåñòíî ñîñòîÿíèå â êàæäîì óçëå, ò.å. èçâåñòíû ìàòðèöû âåëè÷èí {σkj}i−1 è

{νkj}i−1 ò.ä., à òàêæå vi−1(x). Ïðè ïðèðàùåíèè íàãðóçêè èëè âðåìåíè ýòî ñîñòîÿíèå ñ÷è-
òàåòñÿ íåèçìåííûì, â ÷àñòíîñòè, íåèçìåííîé îñòàåòñÿ ìàòðèöà áåçðàçìåðíûõ ìîäóëåé

ïëàñòè÷íîñòè {νkj}i−1. Ñëåäîâàòåëüíî, â íåêîòîðîì k-îì ïîïåðå÷íîì ñå÷åíèè (ïî äëèíå

ñòåðæíÿ) èçâåñòíî çíà÷åíèå �óíêöèè νkj(z) (j = 1, z, k,m). Ïîýòîìó, èñïîëüçóÿ òîò

èëè èíîé ìåòîä èíòåãðèðîâàíèÿ, ìîæíî âû÷èñëèòü âñå èíòåãðàëû Ip =
∫
F
νkj(z)z

pdF
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(p = 0, 1), âõîäÿùèå â óðàâíåíèÿ ñèñòåìû (1.9), (1.5), (1.6). Òî æå ñàìîå îòíîñèòñÿ ê

èíòåãðàëàì J0, J1, çàâèñÿùèì îò �óíêöèè ∆ǫi(x, z) åñëè çàäàí êîíêðåòíûé çàêîí ïîë-

çó÷åñòè.

Îòñþäà ñëåäóåò, ÷òî óðàâíåíèå (1.9) åñòü îáûêíîâåííîå ëèíåéíîå äè��åðåíöèàëüíîå

óðàâíåíèå âòîðîãî ïîðÿäêà ñ êîý��èöèåíòàìè, çàâèñÿùèìè îò ïðîäîëüíîé êîîðäèíàòû

x (0 ≤ x ≤ L), ïðè÷åì çíà÷åíèÿ êîý��èöèåíòîâ çàäàíû â n òî÷êàõ äåëåíèÿ ïî äëèíå.

Çíàÿ óñëîâèÿ çàêðåïëåíèÿ ñòåðæíÿ, äëÿ óðàâíåíèÿ (1.9) ñòàâèì êðàåâóþ çàäà÷ó.

Êðàåâûå óñëîâèÿ çàäàåì â âèäå ∆vi(0) = ∆vi(L) = 0, ò.å. ðàññìàòðèâàåì øàðíèðíî

îïåðòûé ñòåðæåíü; �îðìó íà÷àëüíîãî èñêðèâëåíèÿ çàäàåì â âèäå

v0(x) = v00 sin
πx

L
. (1.10)

Íà íóëåâîì øàãå ê ñòåðæíþ ïðèëîæåíà òàêàÿ ñèëà P0, ÷òîáû âñå óçëû îñòàëèñü â ñî-

ñòîÿíèè óïðóãîñòè. Ìàêñèìàëüíîå çíà÷åíèå íàïðÿæåíèÿ ñæàòèÿ ïðè ýòîì äîñòèãàåòñÿ

â òî÷êå x = −L/2, z = −h, ñì. ðèñ. 1.

�èñ. 1.

Ñ÷èòàÿ, ÷òî äàëüíåéøåå óïðóãîå èçãèáàíèå ñòåðæíÿ ïðîèñõîäèò ïî ïîëóâîëíå ñèíóñî-

èäû, ïîëó÷èì (P̃ = P0/Pý):

v0

(
L/2, P̃

)
=

P̃ v00

1 − P̃
. (1.11)

Äå�îðìàöèþ òî÷åê óïðóãîé îñè ïðèíèìàåì â âèäå

ε0 =
P0

EF
,

ãäå F � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ (F = onst). Òîãäà ñîãëàñíî (1.6) è (1.5):

∆σ0 = σ0(x, z) = E∆ε(x, z) = E

(
P0

EF
+ z

d2v0
dx2

)
⇒ σmax =

P0

F
+h

π2

L2
· Ev00
1 − P0/Pý

. (1.12)

Èç òðåáîâàíèÿ σmax ≤ σ∗ íàéäåì òàêóþ íàãðóçêó P1, ÷òîáû ïðè P > P1 â òî÷êå

(L/2.− h) âïåðâûå íàñòóïèëî ñîñòîÿíèå ïëàñòè÷íîñòè; íàïðÿæåíèå â ýòîé òî÷êå íåîá-

õîäèìî âû÷èñëÿòü, èñïîëüçóÿ ìîäóëü E∗
. Íàõîäèì ðàñïðåäåëåíèÿ íàïðÿæåíèé {σkr}0

è ìîäóëåé {νkr}0. Ýòè ðàñïðåäåëåíèÿ ÿâëÿþòñÿ îòïðàâíûìè äëÿ ñëåäóþùåãî øàãà. Íà

ñëåäóþùåì øàãå ðåøàåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1.9); èñïîëüçóÿ ìåòîä êîíå÷-

íûõ ðàçíîñòåé [10℄, ïîëó÷àåì ∆ν1(x) è âû÷èñëÿåì {∆σkr}1. Â êàæäîé òî÷êå âû÷èñëÿåòñÿ
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òåêóùåå íàïðÿæåíèå σ(x, z) è íàõîäèòñÿ ñîñòîÿíèå íàãðóæåíèÿ: σ·σ̇ > 0 èëè σ·σ̇ < 0. Ïî
óðîâíþ íàïðÿæåííîãî ñîñòîÿíèÿ â êàæäîé òî÷êå �îðìèðóåì ìàòðèöó ìîäóëåé {νkr}1 è
ò.ä.

Äëÿ êîíêðåòíîñòè ñ÷èòàåì, ÷òî ñòåðæåíü èìååò ïðÿìîóãîëüíîå ïîïåðå÷íîå ñå÷åíèå,

ðèñ. 1: ïëîùàäü ñå÷åíèÿ F = 2bh, ìîìåíò èíåðöèè I = 2bh3/3.
Ââîäèì ñèñòåìó áåçðàçìåðíûõ ïàðàìåòðîâ: äåéñòâóþùóþ ñèëó îòíåñåì ê ýéëåðîâîé

ñèëå P̃ = P/P
ý

, P
ý

= π2EI/L2
; íàïðÿæåíèÿ � ê ýéëåðîâó íàïðÿæåíèþ σ̃ = σ/σ

ý

,

σ
ý

= π2EI/L2F ; äå�îðìàöèè � ê ýéëåðîâîé äå�îðìàöèè ε̃ = ε/ε
ý

, ε
ý

= π2I/L2F ;
ïðîãèá îòíåñåì ê ïîëîâèíå âûñîòû ṽ = v/h; ââåäåì áåçðàçìåðíûå êîîðäèíàòû ξ = πx/L
(0 ≤ ξ ≤ 1), η = z/h (−1 ≤ η ≤ 1).

Òîãäà ñèñòåìà óðàâíåíèé (1.9), (1.5), (1.6) çàïèøåòñÿ â âèäå:

3

2

(
Ĩ2 −

Ĩ21
Ĩ0

)
d2∆ṽi
dξ2

+ P̃i−1∆ṽi = −∆P̃i

(
ṽi−1 +

Ĩ1

Ĩ0

)
− 1

2

J̃0Ĩ1 − J̃1Ĩ0

Ĩ0
. (1.13)

Çäåñü �èãóðèðóþò áåçðàçìåðíûå èíòåãðàëû:

Ĩk =

1∫

−1

νηkdη , J̃k =

1∫

−1

ν
∆ǫ

ε
ý

ηkdη (η = 0, 1, 2) . (1.14)

Èç óðàâíåíèÿ (1.7) íàéäåì âûðàæåíèå äëÿ äå�îðìàöèè òî÷åê îñè ñòåðæíÿ:

(1.7) ⇒ ∆ε0i =
∆Pi

EI0
− I1
I0

d2∆vi
dx2

+
J0
I0

.

Ïîëó÷åííîå âûðàæåíèå ïðèâîäèì ê áåçðàçìåðíîìó âèäó (àíàëîãè÷íî (1.13)):

∆ε̃0 = 2
∆P̃i

Ĩ0
− 3

Ĩ1

Ĩ0

d2∆ṽi
dξ2

+
J̃0

Ĩ0
. (1.15)

Âûðàæåíèå äëÿ ïðèðàùåíèÿ íàïðÿæåíèé ïîñëå ïðèâåäåíèÿ ê áåçðàçìåðíîìó âèäó

çàïèøåì òàê:

(1.5) ⇒ ∆σi = E∗
i−1{∆εi − ∆ǫi} ⇒ 1

E
∆σi = νi−1{∆ε0i + z∆ςi − ∆ǫi} ⇒

∆σ̃i = νi−1

{
∆ε̃0 + 3η

d2∆ṽi
dξ2

− ∆ǫ̃i

}
. (1.16)

Ïîñëåäîâàòåëüíîñòü ðåøåíèÿ ñèñòåìû óðàâíåíèé (1.13), (1.15), (1.16) òàêîâà: ðåøèâ

óðàâíåíèå (1.13), íàéäåì ïðèðàùåíèå ïðîãèáà ∆ṽi(ξk) (i = 1, ..., n) íà i-òîì øàãå íà-

ãðóæåíèÿ; ïî ñîîòíîøåíèþ (1.15) íàõîäèì ïðèðàùåíèÿ äå�îðìàöèè îñè ñòåðæíÿ ε̃0(ξ);
íàêîíåö, èñïîëüçóÿ (1.16), îïðåäåëÿåì ïðèðàùåíèÿ íàïðÿæåíèé ∆σi(ξk, ηr); â óçëîâûõ
òî÷êàõ âû÷èñëÿåì âåëè÷èíû íàïðÿæåíèé â óçëîâûõ òî÷êàõ è îïðåäåëÿåì ñîñòîÿíèÿ
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íàãðóæåíèÿ èëè ðàçãðóçêè â óçëîâûõ òî÷êàõ ïî çíàêó ïðîèçâåäåíèÿ σi ·∆σi; �îðìèðó-
åì ìàòðèöó óïðóãî-ïëàñòè÷åñêèõ ìîäóëåé {ν(ξk, ηr)}i äëÿ ñëåäóþùåãî, (i + 1)-ãî øàãà
íàãðóæåíèÿ è ò.ä.

Â äàëüíåéøåì, ðàññìàòðèâàÿ óðàâíåíèÿ (1.13), (1.15), (1.16), çíà÷îê ¾òèëüäà¿ (∼)
íàä áóêâåííûìè (áåçðàçìåðíûìè) ñèìâîëàìè îïóñêàåì.

Âûïèøåì îñíîâíûå ñîîòíîøåíèÿ, âíåñÿ âûðàæåíèå (1.15) â (1.16):

3

2

(
I2 −

I21
I0

)
d2∆vi
dξ2

+ Pi−1∆vi = −∆Pi

(
vi−1 +

I1
I0

)
− 1

2

J0I1 − J1I0
I0

. (1.17)

∆εi = νi−1

{
2

∆Pi

I0
− 3

(
I1
I0

− η

)
d2∆vi
dξ2

+

(
J0
I0

− ∆ǫi

)}
. (1.18)

�àññìîòðèì íåêîòîðûå êà÷åñòâåííûå îñîáåííîñòè ïîëó÷åííûõ ñîîòíîøåíèé.

Ââåäåì îáîçíà÷åíèå

I(ξ) =
3

2

(
I2 −

I21
I0

)
. (1.19)

I(ξ) ïðåäñòàâëÿåò ñîáîé æåñòêîñòü óïðóãî-ïëàñòè÷åñêîãî ñòåðæíÿ íà èçãèá; äëÿ èäå-

àëüíî óïðóãîãî ñòåðæíÿ I(ξ) ≡ 1.
Òàê êàê âñå âåëè÷èíû áåçðàçìåðíû, ìû áóäåì ñðàâíèâàòü ïðèëîæåííóþ ñèëó ñ æåñò-

êîñòüþ ñòåðæíÿ íà èçãèá. Óïðóãèé ñòåðæåíü ¾íåñåò¿ íàãðóçêó P < P
ý

� â ðàçìåðíûõ

âåëè÷èíàõ, ïîýòîìó I(ξ) = 1 > P .
Äëÿ ñòåðæíÿ ñ ëèíåéíûì óïðî÷íåíèåì

P
ø

≤ I(ξ) < 1 ,

ãäå P
ø

= Et/E � áåçðàçìåðíîå çíà÷åíèå ñèëû Øýíëè. Äëÿ ñòåðæíåé ñ íåëèíåéíûì

óïðî÷íåíèåì I(ξ) ìîæåò èçìåíÿòüñÿ îò çíà÷åíèÿ, áëèçêîãî ê 0 äî 1 â çàâèñèìîñòè îò

äèàãðàììû σ ∼ ε.
Óðàâíåíèå (1.17) ïåðåïèøåì â âèäå

I(ξ)
d2∆vi
dξ2

+ Pi∆vi = ψi(ξ) , (1.20)

ãäå ψ(ξ) � èçâåñòíàÿ íà êàæäîì øàãå �óíêöèÿ.

Î÷åâèäíî, ÷òî óðàâíåíèå (1.20) â èçâåñòíîì ñìûñëå ýêâèâàëåíòíî óðàâíåíèþ ïðî-

äîëüíîãî èçãèáà íåîäíîðîäíîãî ñòåðæíÿ. Â ïåðâîì ïðèáëèæåíèè, ñ÷èòàÿ �óíêöèþ I(ξ)
ñëàáî çàâèñÿùåé îò êîîðäèíàòû ξ, ïðèìåì äëÿ çíà÷åíèÿ I(ξ) ñðåäíåå ïî ξ çíà÷åíèå

I(ξ) = I∗. Òîãäà, èç ðåøåíèÿ óïðóãîé çàäà÷è, ñ÷èòàÿ, ÷òî èçãèá ïðîèñõîäèò ïî ïîëó-

âîëíå ñèíóñîèäû ∆vi = ai sin ξ, ïîëó÷èì ìåòîäîì êîëëîêàöèè ïî ñå÷åíèþ ξ = π/2:

(1 − Pi)ai = A , (1.21)

ãäå A çàâèñèò îò ∆Pi èëè ∆ti.
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Èç (1.21) ñëåäóåò, ÷òî ïðè âûïîëíåíèè óñëîâèÿ

I − Pi = 0 (1.22)

èìååò ìåñòî îáðàùåíèå â áåñêîíå÷íîñòü ñêîðîñòè ïðîãèáà èëè ñàìîãî ïðîãèáà.

Óñëîâèå (1.22) õàðàêòåðèçóåò êðèòè÷åñêîå ñîñòîÿíèå ñòåðæíÿ: ñòåðæåíü ¾íåñåò¿

ïðèëîæåííóþ íàãðóçêó ïîêà âûïîëíÿåòñÿ óñëîâèå

I − Pi > 0 . (1.23)

Ýòî óñëîâèå îçíà÷àåò, ÷òî ïðè êâàçèñòàòè÷åñêîì íàãðóæåíèè íàãðóçêà íå äîëæíà ïðå-

âûøàòü æåñòêîñòü â ¾îïàñíîì¿ ñå÷åíèè [11, 12℄.

Ïðè ðàñ÷åòàõ íà êîìïüþòåðå, êîãäà çàäàåòñÿ øàã ∆i èëè ∆ti, òî÷íî îïðåäåëèòü

ìîìåíò âûïîëíåíèÿ óñëîâèÿ (1.22) ïðàêòè÷åñêè íåâîçìîæíî. Ïðè ýòîì íà íåêîòîðîì

øàãå íàãðóæåíèÿ ïðèðàùåíèå ∆vi ìåíÿåò çíàê, ñòàíîâèòñÿ îòðèöàòåëüíûì. Ïàðàìåòðû
êðèòè÷åñêîãî ñîñòîÿíèÿ îêàçûâàþòñÿ çàêëþ÷åííûìè â äîñòàòî÷íî æåñòêèõ ãðàíèöàõ.

Óñëîâèå ñìåíû çíàêà ïðèðàùåíèåì ∆vi àíàëîãè÷íî êðèòåðèþ âûïó÷èâàíèÿ, ââå-

äåííîìó â ðàáîòå [13℄: êâàçèñòàòè÷åñêàÿ ïîñòàíîâêà êîððåêòíà, ïîêà ∆vi > 0, ëèáî
0 < vi <∞.

Ïðèâåäåííûå âûøå êà÷åñòâåííûå îñîáåííîñòè ïîëíîñòüþ ïîäòâåðæäàþòñÿ ïðîâå-

äåííûìè ÷èñëåííûìè ðàñ÷åòàìè [11, 14, 15℄. Êðîìå òîãî, ðàñ÷åòû ïîêàçàëè, ÷òî ïðè

ðåøåíèè ñèñòåìû (1.17), (1.18) (áåç êàêèõ áû òî íè áûëî óïðîùåíèé) è ïðè èñïîëüçî-

âàíèè êîëëîêàöèè ïî ñðåäèííîìó ñå÷åíèþ (ò.å. ïðè ¾íàçíà÷åíèè¿ ñòåðæíþ ïîñòîÿííîé

ïî äëèíå æåñòêîñòè, ðàâíîé òåêóùåé æåñòêîñòè ñðåäèííîãî ñå÷åíèÿ) ïàðàìåòðû êðè-

òè÷åñêîãî ñîñòîÿíèÿ ïðàêòè÷åñêè ñîâïàäàþò ñ òî÷íîñòüþ äî 2�3%.

Âîñïîëüçóåìñÿ ýòèì çàìå÷àíèåì è áóäåì ñ÷èòàòü, ÷òî íà êàæäîì øàãå ïðèðàùåíèå

ïðîãèáà ìîæíî àïïðîêñèìèðîâàòü â âèäå

∆vi = ai sin ξ .

Â óðàâíåíèè ïðîäîëüíîãî èçãèáà

I(i)(ξ)
d2∆vi
dξ2

+ Pi∆vi = −∆Pi

(
vi−1 +

I1
I0

)
(1.24)

æåñòêîñòü I(i)(ξ) è èíòåãðàëû I
(i)
k âû÷èñëÿåì â ñðåäèííîì ñå÷åíèè ξ = π/2.

Ïîäñòàâëÿÿ ∆vi = ai sin ξ â óðàâíåíèå (1.20), íàéäåì ïðèðàùåíèå àìïëèòóäû ïðî-

ãèáà íà êàæäîì øàãå:

ai =
∆Pi(vi−1 + I1I

−1
0 )

I(i)
(π

2

)
− Pi

. (1.25)

Ïðåäïîëîæèì, ÷òî ìàòåðèàë ñòåðæíÿ ëèíåéíî óïðî÷íÿåòñÿ, ïðè÷åì ý��åêò Áàó-

øèíãåðà íå ó÷èòûâàåòñÿ, ðèñ. 2.

Ñ÷èòàåì, ÷òî P
ø

> P∗ (Pø = Et/E � ñèëà êàñàòåëüíî-ìîäóëüíàÿ, ñèëà Øýíëè; P∗ �
çíà÷åíèå íàãðóçêè, ïðè êîòîðîé â èäåàëüíî ïðÿìîì ñòåðæíå äîñòèãàåòñÿ íàïðÿæåíèå

σ∗ âî âñåõ åãî òî÷êàõ).
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�èñ. 2.

Íàéäåì íàãðóçêó P1, ïðè êîòîðîé â óïðóãîì ñòåðæíå (ñ íà÷àëüíîé ïîãèáüþ) â íàèáî-

ëåå ¾íàïðÿæåííîé¿ òî÷êå (1/2π,−1) íàïðÿæåíèå äîñòèãíåò âåëè÷èíû σ∗. Ïðèðàùåíèå
êðèâèçíû ãåîìåòðè÷åñêîé îñè óïðóãîãî ñòåðæíÿ ñ íà÷àëüíîé ïîãèáüþ v00 â ñðåäèííîì
ñå÷åíèè èìååò çíà÷åíèå â ñèëó (1.25):

∆ς = −P1v00/(1 − P1) . (1.26)

Â ñëó÷àå óïðóãèõ äå�îðìàöèé âî âñåõ òî÷êàõ ñòåðæíÿ èìååì ñëåäóþùèå âåëè÷èíû

ââåäåííûõ ïàðàìåòðîâ: I0 = 2, I1 = 0, I2 = 2/3; J0 ≡ 0, ∆ǫ ≡ 0.
Ïîäñòàâëÿÿ âûðàæåíèå êðèâèçíû ñå÷åíèÿ ξ = π/2 (1.26) â óðàâíåíèå (1.18), ïîëó÷èì

óðàâíåíèå îòíîñèòåëüíî èñêîìîé íàãðóçêè P1(η = −1):

P1 + 3
P1v00
1 − P1

= P∗ ⇒ P 2
1 − (1 + P∗ + 3v00)P1 + P∗ = 0 ⇒

P
(1,2)
1 =

1

2

(
1 + P∗ + 3v00 ±

√
(1 + P∗ + 3v00)2 − 4P∗

)
. (1.27)

Ñ÷èòàåì, ÷òî íà÷àëüíûé ïðîãèá ìàë: v200 = v00 = 1. Òîãäà ïîëó÷åííîå âûðàæåíèå

(1.27) óïðîùàåòñÿ:

P
(1,2)
1 =

1

2

(
1 + P∗ + 3v00 ± (1 − P∗)

√
1 + 6v00

1 + P∗
(1 − P∗)2

)
. (1.28)

Ïðè âûáîðå çíàêà ¾+¿ ïåðåä ðàäèêàëîì ïîëó÷èì P1 > 1 � ýòî ðåøåíèå íå ãîäèòñÿ,

òàê êàê P < 1.
Ïîýòîìó èñêîìîå çíà÷åíèå P1 ñîîòâåòñòâóåò çíàêó ¾�¿ ïåðåä ðàäèêàëîì. Èìååì:

P1 = P∗ −
3v00P∗
1 − P∗

(P1 < P∗ < 1) . (1.29)

Íàéòè òî÷íîå çíà÷åíèå ñèëû P2, ïðè êîòîðîì è â òî÷êå (1/2π, 1) áóäåò äîñòèãíóòî íà-
ïðÿæåíèå σ∗, ò.å. âñå òî÷êè ñå÷åíèÿ ξ = 1/2π âûéäóò â ñîñòîÿíèå (ðèñ. 2), íåâîçìîæíî,

òàê êàê íà êàæäîì øàãå èíòåãðèðîâàíèÿ æåñòêîñòü I èçìåíÿåòñÿ.
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Î÷åâèäíî, âåðõíþþ îöåíêó íàãðóçêè P2 ïîëó÷èì, ïðåäïîëîæèâ, ÷òî âïëîòü äî ìî-

ìåíòà σ(π/2, 1) = σ∗ (σ∗ = P∗ � áåçðàçìåðíûå âåëè÷èíû) ñå÷åíèå ξ = 1/2π èìååò æåñò-

êîñòü I = 1. Òîãäà àíàëîãè÷íûìè âûêëàäêàìè, êàê ýòî ñäåëàíî âûøå, â ñèëó (1.26),

(1.18) ïîëó÷èì:

P2 −
3P2v00
1 − P2

= P∗ ⇒ P
(1,2)
1 =

1

2

(
1 − 3v00 + P∗ ±

(
(1 − P∗) −

3v00(1 + P∗)

1 − P∗

))
.

Âûáèðàÿ çíàê ¾+¿, èìååì

P2 = P∗ +
3v00P∗
1 − P∗

. (1.30)

Ôîðìóëû (1.29) è (1.30) äàþò èíòåðâàë, êóäà ïîïàäàåò íàãðóçêà P2, ïðè êîòîðîé âñå

òî÷êè ñå÷åíèÿ ξ = π/2 ¾âûéäóò¿ â ñîñòîÿíèå AB.
Ïóñòü ñâîéñòâà ìàòåðèàëà, ãåîìåòðèÿ ñòåðæíÿ (åãî ãèáêîñòü � îòíîøåíèå äëèíû

ê ðàäèóñó èíåðöèè ñå÷åíèÿ) è íà÷àëüíûé ïðîãèá v00 òàêîâû, ÷òî ñèëà êàñàòåëüíîãî

ìîäóëÿ áîëüøå ñèëû P ∗
:

P
ø

= Et/E > P ∗ . (1.31)

Òîãäà âñå òî÷êè ñå÷åíèÿ ξ = π/2 ¾âûéäóò¿ â ñîñòîÿíèå AB ïðåæäå, ÷åì ïðèëîæåí-

íàÿ ñèëà äîñòèãíåò çíà÷åíèÿ êàñàòåëüíî-ìîäóëüíîé íàãðóçêè.

Ïóñòü P ≥ P ∗
. Ïðè ýòîì âñå òî÷êè ñå÷åíèÿ íàõîäÿòñÿ íà ó÷àñòêå AB êðèâîé σ ∼ ε,

è ñòåðæåíü ðàáîòàåò êàê ¾óïðóãèé¿ ñ æåñòêîñòüþ

I =
3

2

(
I2 −

I21
I0

)
= ν = Et/E .

Íàéäåì ñèëó P3, ïðè êîòîðîé â òî÷êå (π/2, 1) íà÷íåòñÿ ðàçãðóçêà.

Ïóñòü σ2 = σ(π/2, 1) è v2 = v00/(1 − P2) � íàïðÿæåíèå è ïðîãèá, ñîîòâåòñòâóþùèå

ñèëå P2. Ïðè P = P3 íàïðÿæåíèå â òî÷êå (π/2, 1) äîñòèãàåò ñâîåãî ìàêñèìóìà. Ïðè

P ≥ P2 èìååì:

σ
(π

2
, 1
)

= σ2 + (P − P2) −
3(P − P2)v2

ν − P
⇒ dσ

dP

∣∣∣∣
P=P3

= 1 − 3v2
ν − P3

(
1 +

P3 − P2

ν − P3

)
= 0 ⇒

⇒ P3 = ν −
√

3v2(ν − P2) ⇒ P3 = P
ø

−
√

3v2(Pø − P2) ⇒ (1.32)

⇒ lim
v00→0

P3 = P
ø

. (1.33)

Òàêèì îáðàçîì, â òî÷êå (π/2, 1) ðàçãðóçêà íà÷èíàåòñÿ òàê: åñëè v00 6= 0, òî ïðè

çíà÷åíèè P3 < P
ø

; åñëè v00 = 0, òî ïðè P = P
ø

(ñì. ×àñòü I äàííîé ðàáîòû). Â

ëþáîì èç ýòèõ ñëó÷àåâ ïðîäîëüíûé èçãèá áåç ðàçãðóçêè âîçìîæåí ëèøü ïðè çíà÷åíèè

ïðèëîæåííîé ñèëû, ìåíüøåì êàñàòåëüíî-ìîäóëüíîé.

Ïðè ðàñïðîñòðàíåíèè çîíû ðàçãðóçêè ïî ãëóáèíå ñå÷åíèÿ æåñòêîñòü I(ξ = π/2) âîç-
ðàñòàåò. Ïðè äîñòèæåíèè ñèëîé çíà÷åíèÿ P

ø

æåñòêîñòü I(π/2) > ν = Et/E. Ïîýòîìó
ïðè ïåðåõîäå ñèëû ÷åðåç êàñàòåëüíî-ìîäóëüíîå çíà÷åíèå íèêàêèõ îñîáåííîñòåé íà êðè-

âîé ¾ñèëà�ïðîãèá¿ íå íàáëþäàåòñÿ.
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�àññìîòðèì ïîäðîáíî îäèí ÷àñòíûé ñëó÷àé. Ïóñòü ìàòåðèàë íà ðàñòÿæåíèå ðàáîòàåò

êàê èäåàëüíî óïðóãèé, ò.å. â çîíå ðàçãðóçêè ν ≡ 1 (ñõåìà Øýíëè��àáîòíîâà [16, 17℄).

�ðàíèöà çîíû ðàçãðóçêè õàðàêòåðíà òåì, ÷òî ∆σ/∆P = 0 ïðè η = ϑ, òàê êàê òî÷êè

1 ≥ η > ϑ íàõîäÿòñÿ â ñîñòîÿíèè CD è äëÿ íèõ ∆σ/∆P < 0; òî÷êè ϑ > η ≥ −1 â

ñîñòîÿíèè AB è ∆σ/∆P > 0 (ðèñ. 2).

Ïðåäïîëîæèì, ÷òî ñòåðæåíü ðàáîòàåò â îêðåñòíîñòè êðèòè÷åñêîãî ñîñòîÿíèÿ, ò.å.

∆σ/∆P → ∞ èëè vi → ∞.

Íàéäåì ñîîòâåòñòâóþùèå çíà÷åíèÿ ϑ = ϑ∗ è I(π/2)|η=ϑ∗
. Ïðèðàùåíèå êðèâèçíû, ïî

(1.25), ðàâíî −ai, ïîýòîìó èç (1.18) (ïðè J0 = 0, ∆ǫi = 0):

∆σ

∆P

∣∣∣∣
η=ϑ∗

= ν

[
2

I0
+ 3

(
I1
I0

− ϑ∗
)
vi−1 + I1I

−1
0

I − Pi

]
= 0 . (1.34)

Â îêðåñòíîñòè êðèòè÷åñêîãî ñîñòîÿíèÿ âòîðîå ñëàãàåìîå â ñêîáêàõ ïîëó÷åííîãî âû-

ðàæåíèÿ (1.34) ÿâëÿåòñÿ áåñêîíå÷íî áîëüøîé âåëè÷èíîé, òàê êàê (I−Pi) → 0. Ñîêðàòèâ
(1.34) íà ν 6= 0 è îòáðîñèâ ñëàãàåìîå 2/I0 èìååì:

3

(
I1
I0

− ϑ∗
)
vi−1 + I1I

−1
0

I − Pi
= 0 ⇒ I1 − I0ϑ

∗ = 0

� óðàâíåíèå îòíîñèòåëüíî èñêîìîé âåëè÷èíû ϑ∗.
Èíòåãðàëû I1 è I0, â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé, âû÷èñëÿþòñÿ ñëåäóþùèì îá-

ðàçîì:

I1 =

ϑ∗∫

−1

νηdη +

1∫

ϑ∗

ηdη =
1

2

(
ϑ∗2(ν − 1) + (1 − ν)

)
,

I0 =

ϑ∗∫

−1

νηdη +

1∫

ϑ∗

ηdη = ϑ∗(ν − 1) + ν + 1 .

Òàêèì îáðàçîì, ïîëó÷àåì óðàâíåíèå äëÿ îïðåäåëåíèÿ ìàêñèìàëüíîé âûñîòû çîíû

ðàçãðóçêè:

I1 − ϑ∗I0 = 0 ⇒ ϑ∗2(ν − 1) + 2ϑ∗(1 + ν) + (ν − 1) = 0 ⇒ ϑ∗1,2 =

(
1 ±√

ν
)2

1 − ν
. (1.35)

Âûáèðàÿ çíàê ¾ìèíóñ¿ â ÷èñëèòåëå âûðàæåíèÿ (1.35) (òàê êàê ϑ∗ < 1), ïîëó÷èì ãðàíèöó

çîíû ðàçãðóçêè [12℄:

ϑ∗ =
1 −√

ν

1 +
√
ν

(ν = Et/E) . (1.36)

Ïîäñòàâèâ çíà÷åíèå ϑ∗ â �óíêöèþ I(η), ïîëó÷èì

I(ϑ∗) =
4ν

(
1 +

√
ν
)2 ,
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ò.å. âåëè÷èíó æåñòêîñòè (â áåçðàçìåðíûõ ïàðàìåòðàõ), ñîîòâåòñòâóþùóþ ìîäóëþ Êàð-

ìàíà.

Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè ìîæíî óáåäèòüñÿ â òîì, ÷òî I ′(ϑ∗) = 0, I ′′(ϑ∗) <
0, è òàê êàê I(η) ìîíîòîííî âîçðàñòàåò ïðè ϑ < 1 òî çíà÷åíèå η = ϑ∗ äàåò àáñîëþòíûé
ìàêñèìóì �óíêöèè I(η). Ýòè çíà÷åíèÿ ϑ∗ è I(ϑ∗) ñîîòâåòñòâóþò âåëè÷èíå çîíû ðàçãðóç-

êè è ìîäóëþ, ïîëó÷åííûì ïðè èçó÷åíèè óñòîé÷èâîñòè óïðóãî-ïëàñòè÷åñêîãî ñòåðæíÿ

â ïîñòàíîâêå Êàðìàíà [17,18℄.

Îäíàêî äëÿ ñòåðæíÿ èç îáû÷íîãî óïðóãî-ïëàñòè÷åñêîãî ìàòåðèàëà, ðèñ. 2, çíà÷åíèå

I(ϑ∗) áóäåò ëèøü âåðõíåé ãðàíèöåé äëÿ çíà÷åíèé æåñòêîñòè (èìåþòñÿ â âèäó çíà÷åíèÿ

I, êîòîðûå ñîîòâåòñòâóþò P > P2), òàê êàê â ýòîì ñëó÷àå íåèçáåæíî ïîÿâëåíèå ïëàñòè-

÷åñêèõ äå�îðìàöèé ðàñòÿæåíèÿ â òî÷êå (π/2, 1). Äåéñòâèòåëüíî, â ïðîòèâíîì ñëó÷àå

ñòåðæåíü áóäåò ðàáîòàòü ïî ñõåìå Øýíëè��àáîòíîâà, ïðè ýòîì â îêðåñòíîñòè êðèòè-

÷åñêîãî ñîñòîÿíèÿ: v → ∞ è |∆σ| → ∞, à ýòî îçíà÷àåò, ÷òî íàéäåòñÿ òàêîé êîíå÷íûé

ïðîãèá, ïðè êîòîðîì σ(π/2, 1) = −σ∗.
Òàêèì îáðàçîì, I(ϑ∗) > I(ϑ) , ïîýòîìó êðèòè÷åñêàÿ ñèëà P ∗

ìåíüøå ñèëû Êàðìàíà

Pk. Äëÿ ñòåðæíåâîé ìîäåëè Øýíëè íà ýòîò �àêò áûëî óêàçàíî â ðàáîòå [19℄. Íåòðóäíî

ïîêàçàòü, ÷òî êðèòè÷åñêîå ñîñòîÿíèå îñóùåñòâëÿåòñÿ ïðè êîíå÷íîì ïðîãèáå.

Ïðîèëëþñòðèðóåì âñå âûøåñêàçàííîå ðåçóëüòàòàìè ðåøåíèÿ óðàâíåíèé (1.17), (1.18)

(J0 = J1 = 0, ∆ǫi = 0). Ýòè óðàâíåíèÿ ðåøàëèñü áåç êàêèõ-ëèáî óïðîùåíèé ñïîñîáîì,

ïîäðîáíî îïèñàííûì â [11, 12℄. Ìàòåðèàë ñòåðæíÿ èìåë õàðàêòåðèñòèêè P∗ = σ∗ = 0, 1;
ν0 = P

ø

= 0, 15; I(ϑ∗) = Pk = 0, 3122. Íà÷àëüíûé ïðîãèá v00 = 0, 001. Íåðàâåíñòâî
P
ø

> P2 óäîâëåòâîðåíî.

Ïðè èçìåíåíèè ñèëû îò íóëåâîãî çíà÷åíèÿ äî P = P1 âåñü ñòåðæåíü íàõîäèòñÿ â

óïðóãîì ñîñòîÿíèè, I(ξ) ≡ 1. Ïðè ñèëå P > P1 æåñòêîñòü ñðåäèííîãî ñå÷åíèÿ ñòàëà

ïàäàòü, òàê êàê òî÷êà η = −1 è ñëåäóþùèå çà íåé âûøëè â ñîñòîÿíèå AB (ðèñ. 2).

Íàêîíåö, ïðè P ≈ P2 âñå òî÷êè ñòåðæíÿ ñîîòâåòñòâóþò ñîñòîÿíèþ , ïðè ýòîì I(ξ) ≡ ν =
Et/E. Íà ðèñ. 3,à ïîêàçàíî ñîñòîÿíèå ñòåðæíÿ, êîãäà ïðîèñõîäèò ¾ïðîäîëüíûé èçãèá

áåç ðàçãðóçêè¿, îòìå÷åííûé âïåðâûå Øýíëè [16℄. Íåçàøòðèõîâàííàÿ îáëàñòü ñòåðæíÿ

íà ðèñ. 3 îçíà÷àåò òî÷êè, êîòîðûå íàõîäÿòñÿ â ñîñòîÿíèè AB. Ïðè ñèëå P = P3 â

òî÷êå (1/2π, 1) íà÷àëàñü ðàçãðóçêà, I > ν. Ïîÿâèâøàÿñÿ çîíà ðàçãðóçêè, îòìå÷åííàÿ

ãîðèçîíòàëüíîé øòðèõîâêîé, óâåëè÷èâàåò æåñòêîñòü ñðåäèííîãî ñå÷åíèÿ (ñì. ðèñ. 3,á).

Îòìåòèì, ÷òî âïåðâûå, ïî-âèäèìîìó, â ðàáîòå [19℄ áûëî îòìå÷åíî, ÷òî ïðîäîëüíûé

èçãèá áåç ðàçãðóçêè ïðè P ≥ P
ø

íåâîçìîæåí. �èñ. 3,â ïîêàçûâàåò ñîñòîÿíèå ñòåðæíÿ

ïðè P = 0, 195: âûñîòà çîíû ðàçãðóçêè ϑ = 0, 5, æåñòêîñòü I = 0, 312. Ýòè çíà÷åíèÿ

áëèçêè ê òåîðåòè÷åñêèì ϑ∗ = 0, 442 è I(ϑ∗) = Pk = 0, 3122. Ïðîãèá ïðè ýòîì v = 0, 3.

Íà ðèñ. 3,ã â òî÷êå (π/2, 1) ïîÿâèëàñü çîíà ïëàñòè÷åñêèõ äå�îðìàöèé ðàñòÿæåíèÿ

(âåðòèêàëüíàÿ øòðèõîâêà). Æåñòêîñòü ïðè ýòîì óìåíüøàåòñÿ.

Æåñòêîñòü ñïëîøíîãî ñòåðæíÿ èçìåíÿåòñÿ íåïðåðûâíî, ïîýòîìó íèêàêèõ îñîáåí-

íîñòåé â ïîâåäåíèè ñòåðæíÿ ïðè ïîÿâëåíèè ïëàñòè÷åñêèõ äå�îðìàöèé ðàñòÿæåíèÿ â

âîëîêíàõ ñ âûïóêëîé ñòîðîíû ñòåðæíÿ íå íàáëþäàåòñÿ. Àíàëîãè÷íûé âûâîä ñäåëàí â

ðàáîòå [20℄.

Ñèëà âîçðàñòàåò, æåñòêîñòü ñðåäèííîãî ñå÷åíèÿ ïàäàåò, òàê êàê çîíà ïëàñòè÷åñêèõ

äå�îðìàöèé ðàñòÿæåíèÿ ðàñïðîñòðàíÿåòñÿ ïî âûñîòå ñå÷åíèÿ. Íà ðèñ. 3,ã ïîêàçàíî
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ñîñòîÿíèå íåïîñðåäñòâåííî ïåðåä êðèòè÷åñêèì: P = 0, 213, I(π/2) = 0, 216.
Íà ñëåäóþùåì øàãå íàãðóæåíèÿ I = P , ïðè ýòîì ïðè êîíå÷íîì ïðîãèáå v∗ = 0, 49,

P ∗ = 0, 2135, ò.å. P ∗ < Pk. Íà ðèñ. 4 ïîêàçàíà õàðàêòåðíàÿ çàâèñèìîñòü æåñòêîñòè

ñðåäèííîãî ñå÷åíèÿ îò ïðèëîæåííîé íàãðóçêè äëÿ ñòåðæíÿ èç ëèíåéíî óïðî÷íÿþùåãîñÿ

ìàòåðèàëà ïðè óñëîâèè P
ø

> P∗. Íà ðèñ. 4 ñèëà P ′
åñòü áåçðàçìåðíîå çíà÷åíèå ñèëû

Øåíëè P
ø

.

à)

á)

â)

ã)

�èñ. 3.

�èñ. 4.
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Îòìåòèì, ÷òî âïåðâûå â ðàáîòàõ [20, 21℄ äàí àíàëèç ïðîäîëüíîãî èçãèáà óïðóãî-

ïëàñòè÷åñêîãî ñòåðæíÿ â ñâÿçè ñ ðàñïðîñòðàíåíèåì ïî äëèíå ñòåðæíÿ è ãëóáèíå ïî-

ïåðå÷íûõ ñå÷åíèé çîíû ïëàñòè÷åñêèõ äå�îðìàöèé (ïðè óñëîâèè P
ø

> P∗). Îäíàêî
îïðåäåë¼ííîãî âûâîäà î çàâèñèìîñòè ¾æ¼ñòêîñòü � ñèëà¿, ïîäîáíîãî íåðàâåíñòâó (1.23):

I > P , â óïîìÿíóòûõ ðàáîòàõ ñäåëàíî íå áûëî.
Àâòîðû âñåõ èçâåñòíûõ ðàáîò (öèòèðîâàííûõ âûøå, ×àñòü I, èñêëþ÷àÿ [22℄) èçó-

÷àëè ïðîäîëüíûé èçãèá ñòåðæíÿ, ìàòåðèàë êîòîðîãî èìååò ëèíåéíîå óïðî÷íåíèå, ïðè

óñëîâèè P
ø

> P∗ (õîòÿ ÿâíî ýòî âî ìíîãèõ ðàáîòàõ íå îãîâàðèâàåòñÿ), â ñèëó êîòîðîãî
òî÷êè ïîïåðå÷íûõ ñå÷åíèé ïåðåõîäÿò â ïëàñòè÷åñêîå ñîñòîÿíèå ðàíüøå, ÷åì âîçðàñòà-

þùàÿ ñèëà äîñòèãíåò êàñàòåëüíî-ìîäóëüíîãî çíà÷åíèÿ.

�èñ. 5. P
ø

= 0, 4, P∗ = 0, 4, w0 = v∞ = 0, 001.

2. Ìàòåðèàë ñòåðæíÿ èìååò ïðîèçâîëüíóþ äèàãðàììó σ : ε. Â ñòàòüÿõ [14, 15℄
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ñîãëàñíî ìåòîäèêå ÷èñëåííîãî èññëåäîâàíèÿ, èçëîæåííîé âûøå, ðàññìîòðåíî ïîâåäåíèå

óïðóãîïëàñòè÷åñêîãî ñòåðæíÿ, ìàòåðèàë êîòîðîãî èìååò ïðîèçâîëüíóþ äèàãðàììó σ : ε.
1) Ìàòåðèàë ñòåðæíÿ ëèíåéíî óïðî÷íÿåòñÿ, P

ø

≤ P∗.
Ïðè óñëîâèè P

ø

≈ P∗ òî÷êè ñòåðæíÿ íå ïåðåõîäÿò â ñîñòîÿíèå DE, ðèñ. 2, è ïðè

óâåëè÷åíèè ðàçíîñòè P∗ − P
ø

> 0 ¾íå óñïåâàþò¿ âûéòè â ñîñòîÿíèå âñëåäñòâèå ðåç-

êîãî ïàäåíèÿ æ¼ñòêîñòè ñðåäèííîãî ñå÷åíèÿ. Ïðîèëëþñòðèðóåì ñêàçàííîå ãðà�èêà-

ìè ¾æ¼ñòêîñòü�ñèëà¿ è êàðòèíàìè ðàñïðîñòðàíåíèÿ ïëàñòè÷íîñòè ïî ãëóáèíå ñå÷åíèé

ñòåðæíÿ (ðèñ. 5 è 6).

Íà ðèñ. 5à áîëüøàÿ ÷àñòü òî÷åê ñòåðæíÿ ïåðåøëà â ñîñòîÿíèå ïëàñòè÷åñêîãî íàãðó-

æåíèÿ (ñîñòîÿíèå AB � áåëàÿ çîíà). Íà ðèñ. 5á íà÷èíàåòñÿ ðàçãðóçêà (ñîñòîÿíèå CD
� çîíà ñ ãîðèçîíòàëüíîé øòðèõîâêîé). Ïðè ýòîì ÷àñòü òî÷åê ñòåðæíÿ îñòà¼òñÿ â çîíå

óïðóãîñòè (ñîñòîÿíèå OA � ñåðàÿ çîíà). Íà ðèñ. 5â ÷àñòü òî÷åê, êîòîðûå îñòàâàëèñü â

çîíå óïðóãîñòè OA, ïåðåõîäèò â ïëàñòè÷íîñòü AB, îò ÷åãî ïàäàåò æåñòêîñòü ñå÷åíèÿ

ξ = π/2.
Â ðåçóëüòàòå ïðîèñõîäèò íàðóøåíèå êîððåêòíîñòè êâàçèñòàòè÷åñêîé ïîñòàíîâêè:

Pi > I(π/2) ⇒ ∆vi < 0.

�èñ. 6. P
ø

= 0, 4, P∗ = 0, 7, v0 = 0, 001.

Íà ðèñ. 6à âñå òî÷êè ñòåðæíÿ íàõîäÿòñÿ â óïðóãîé çîíå OA � ñåðàÿ çîíà. Äàëåå ïðî-

èñõîäèò ïåðåõîä ÷àñòè òî÷åê â ïëàñòè÷íîñòü (ñîñòîÿíèå AB � áåëàÿ çîíà), ÷òî âûçûâàåò
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ðåçêîå óìåíüøåíèå æ¼ñòêîñòè è íàðóøåíèå êîððåêòíîñòè êâàçèñòàòè÷åñêîé ïîñòàíîâêè

(ðèñ. 6á è 6â)).

2) Â öèòèðîâàííûõ âûøå ñòàòüÿõ [14, 15℄ ñäåëàí âûâîä: ïðè èçó÷åíèè ïðîäîëüíîãî

èçãèáà ñòåðæíÿ, ìàòåðèàë êîòîðîãî èìååò ïðîèçâîëüíóþ äèàãðàììó σ : ε, êâàçèñòàòè-
÷åñêàÿ ïîñòàíîâêà êîððåêòíà äî òåõ ïîð, ïîêà âûïîëíÿåòñÿ óñëîâèå (1.23): I > P . Ïðè
íàðóøåíèè ýòîãî óñëîâèÿ ãîâîðèì îá èñ÷åðïàíèè íåñóùåé ñïîñîáíîñòè ñòåðæíÿ.

3. Îáñóæäåíèå êëàññè÷åñêèõ ðåçóëüòàòîâ [29℄. Ë. Ýéëåð, çàëîæèâøèé îñíîâû

òåîðèè ïðîäîëüíîãî èçãèáà, âûâåë �îðìóëó êðèòè÷åñêîé ñèëû, ¾ñèëû êîëîííû¿:

P
ý

= π2EI

L2
. (3.1)

�àññìîòðèì óïðóãî-ïëàñòè÷åñêèé ìàòåðèàë ñ ëèíåéíûì óïðî÷íåíèåì, ðèñ. 2. Ïðåä-

ïîëîæèì, ÷òî ïîä äåéñòâèåì ïðîäîëüíîé ñèëû, ïðèëîæåííîé ê èäåàëüíî ïðÿìîìó ñòåðæ-

íþ (ïðè óñëîâèè Pt > P∗, Pt � ñèëà êàñàòåëüíîãî ìîäóëÿ, P∗ � ñèëà, ñîîòâåòñòâóþùàÿ
ïðåäåëó ïðîïîðöèîíàëüíîñòè), âñå åãî òî÷êè ¾âûøëè¿ â ñîñòîÿíèå AB. Òîãäà äëÿ âû-
÷èñëåíèÿ êðèòè÷åñêîé ñèëû â �îðìóëå (3.1) ìîäóëü E ñëåäóåò çàìåíèòü ìîäóëåì óïðî÷-

íåíèÿ (êàñàòåëüíûì ìîäóëåì):

Pt = π2EtI

L2
. (3.2)

Ê ýòîìó â ñâî¼ âðåìÿ ïðèø¼ë Ô. Ýíãåññåð [30℄, íî, ïîä âëèÿíèåì êðèòèêè ñî ñòîðî-

íû Ô.Ñ. ßñèíñêîãî [31℄, Ýíãåññåð ââîäèò ïîíÿòèå ïðèâåä¼ííîãî ìîäóëÿ, â âûðàæåíèè

êîòîðîãî ó÷èòûâàåòñÿ óïðóãàÿ ðàçãðóçêà. Äëÿ ïðÿìîóãîëüíîãî ñå÷åíèÿ ïðèâåä¼ííûé

ìîäóëü èìååò âèä:

Ek =
4EEt(√
E +

√
Et

)2 . (3.3)

Ò. Êàðìàí â ñâîåé äîêòîðñêîé äèññåðòàöèè ðàñïðîñòðàíèë ïîíÿòèÿ êàñàòåëüíîãî è

ïðèâåä¼ííîãî ìîäóëåé íà ìàòåðèàëû ñ ïðîèçâîëüíîé äèàãðàììîé σ : ε. Áûëè ïîñòàâëå-
íû ýêñïåðèìåíòû ïî ïðîäîëüíîìó èçãèáó, äî ñèõ ïîð ÿâëÿþùèåñÿ îáðàçöîâûìè [22℄.

Ïðèâîäèì èíòåðïðåòàöèþ èäåé Êàðìàíà, äàííóþ À.Ñ. Âîëüìèðîì [23℄.

Îáúåäèíèì �îðìóëû (3.1)�(3.3):

P
êð

= π2 ẼI

L2
⇒ P

êð

F
= σ

êð

= π2 Ẽ

λ2
. (3.4)

Çäåñü F = onst � ïëîùàäü, ì

2
; λ = L/r � ãèáêîñòü ñòåðæíÿ; r � ðàäèóñ èíåðöèè

ñå÷åíèÿ, ì; Ẽ ìîæåò ïðèíèìàòü çíà÷åíèÿ: E, Et, Ek.

Èç (3.4) ïîëó÷èì ãèáêîñòü êàê �óíêöèþ êðèòè÷åñêîãî íàïðÿæåíèÿ:

λ = π

√
Ẽ

σ
êð

. (3.5)

Â [23℄ ïðèâåäåíû äàííûå îá ýêñïåðèìåíòå ïî ïðîäîëüíîìó èçãèáó äþðàëþìèíîâûõ

ñòåðæíåé ïðÿìîóãîëüíîãî ñå÷åíèÿ.
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Ïóñòü, íàïðèìåð íàïðÿæåíèå σ1(P1/F ) åñòü êðèòè÷åñêîå (áè�óðêàöèîííîå) íàïðÿ-
æåíèå äëÿ äàííîãî ñòåðæíÿ. Íà äèàãðàììå σ : ε ìàòåðèàëà íàõîäèì òî÷êó (σ1, ε1),
ðèñ. 7, è â ýòîé òî÷êå èçìåðÿåì çíà÷åíèå êàñàòåëüíîãî ìîäóëÿ Et1; ïî �îðìóëå (3.3)

îïðåäåëÿåì ïðèâåä¼ííûé ìîäóëü Ek1.

�èñ. 7.

Äàëåå âû÷èñëÿþòñÿ ¾êðèòè÷åñêèå¿ ãèáêîñòè, ñîîòâåòñòâóþùèå çíà÷åíèÿì íàéäåí-

íûõ ìîäóëåé:

λt1 = π

√
Et1

σ1
, λk1 = π

√
Ek1

σ1
. (3.6)

Äåéñòâóÿ ïîäîáíûì îáðàçîì, ìîæíî ïîñòðîèòü ãðà�èêè σ
êð

: λ, ïî êîòîðûì äëÿ

ñòåðæíÿ äàííîé ãèáêîñòè ìîæíî îöåíèòü êðèòè÷åñêóþ ñèëó. Â ëèòåðàòóðå ãîâîðèòñÿ

î òîì, ÷òî ýêñïåðèìåíòàëüíûå òî÷êè (σ
êð

, λ) ëîæàòñÿ áëèæå ê êðèâîé σ
êð

: λt, [22,
23, 24℄. Çàìåòèì, ÷òî ïðè ïîñòðîåíèè êðèâûõ σ

êð

: λ íà÷àëüíûé ïðîãèá ñòåðæíÿ íå

ó÷èòûâàåòñÿ.

Â ðàáîòàõ [14, 15℄ ïðèâåäåíû äàííûå ÷èñëåííûõ ýêñïåðèìåíòîâ, âûïîëíåííûõ ñî-

ãëàñíî îïèñàííîìó âûøå ìåòîäó ïîñëåäîâàòåëüíûõ íàãðóæåíèé, äëÿ ñòåðæíåé ñ íà-

÷àëüíûì ïðîãèáîì (íåèçáåæíûì â ðåàëüíûõ óñëîâèÿõ) äëÿ ëþáûõ çàêîíîâ σ : ε. Â
ðàáîòå [23℄ äàíà òàáëèöà çíà÷åíèé σ : ε, ñîîòâåòñòâóþùàÿ èñïûòàíèÿì íà ñæàòèå îá-

ðàçöîâ èç äþðàëþìèíà Ä16Ò.

Ìîäóëü óïðóãîñòè ïðèíÿò ðàâíûì E = 7.35×1010
Í/ì

2
(â ðàáîòå E = 7.5×109

êãñ/ì

2
);

ïðåäåë ïðîïîðöèîíàëüíîñòè σ∗ = 1.96 × 108
Í/ì

2
(σ∗ = 2 × 107

êãñ/ì

2
).

Èíòåðïîëèðóåì êóáè÷åñêèìè ñïëàéíàìè äàííûå òàáëèöû, ÷òîáû ïîëó÷èòü áîëåå ïî-

äðîáíûé ãðà�èê σ : ε è â êàæäîé òî÷êå âû÷èñëÿåì ÷åðåç ðàçíîñòíóþ ïðîèçâîäíóþ

çíà÷åíèå êàñàòåëüíîãî ìîäóëÿ Et. Ïî �îðìóëå (3.3) ïîëó÷àåì çíà÷åíèÿ ïðèâåä¼ííîãî

ìîäóëÿ Ek.

Çàäàäèì íà÷àëüíûå ïðîãèáû {w0k}k=1,n ; ïî âû÷èñëèòåëüíîé ìåòîäèêå, èçëîæåííîé

âûøå, [11, 12℄, îïðåäåëÿåì êðèòè÷åñêèå ñèëû, ò.å. ñèëû, ñîîòâåòñòâóþùèå èñ÷åðïàíèþ

íåñóùåé ñïîñîáíîñòè (íàèìåíüøèå áåçðàçìåðíûå ñèëû, ïðè êîòîðûõ íàðóøàåòñÿ óñëî-

âèå I > p:
{w0k}k=1,n ⇒ {p̃k}k=1,n .
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Â ñèëó îïðåäåëåíèÿ áåçðàçìåðíîé íàãðóçêè èìååì:

p̃ =
P
êð

P
ý

⇒ P
êð

= p̃P
ý

= p̃π2EI

L2
= p̃π2EF

λ2
⇒ σ

êð

=
P
êð

F
= π2 p̃F

λ2
. (3.7)

Çàäàâàÿ ïîñëåäîâàòåëüíîñòü {λi}, ïîëó÷èì ïî (3.7) çíà÷åíèÿ êðèòè÷åñêèõ íàïðÿæåíèé

äëÿ äàííîãî çíà÷åíèÿ íà÷àëüíîãî ïðîãèáà.

Äëÿ äàííîãî çíà÷åíèÿ w0 ñòðîèòñÿ äèàãðàììà σ
êð

: λ. Ïîëó÷åííàÿ äèàãðàììà ¾íà-
êëàäûâàåòñÿ¿ íà äèàãðàììû ðàáîòû [23℄. Â òàáëèöàõ 1 è 2 ïîêàçàíû çàâèñèìîñòè äëÿ

¾ìàëîãî¿ è ¾áîëüøîãî¿ íà÷àëüíûõ ïðîãèáîâ.

Òàáëèöà 1

w0 = 0.00001

λ 62,25 56,08 50,8 43,76 37, 6 32, 32 26, 16 20

σ
êð

(Í/ì

2 × 10−8
) 1,87 2 2,12 2,38 2,49 2,64 2,88 3,05

Òàáëèöà 2

w0 = 0.1

λ 62,2 56,08 50,8 43,76 37, 6 32, 32 26, 16 20

σ
êð

(Í/ì

2 × 10−8
) 1,87 2,06 2,3 2,51 2,74 2,94 3,15 3,33

Ïðè ñðàâíåíèè íàøèõ çàâèñèìîñòåé (σ
êð

, λ) ñ ïîñòðîåííûìè â [23℄ îòìå÷àåì òåíäåí-

öèþ: ïðè ìàëûõ çíà÷åíèÿõ w0 òî÷êè ãðà�èêà (σ
êð

, λ) â îñíîâíîì ïîïàäàþò íà êðèâóþ

(σ
êð

, λt); ïðè áîëüøèõ çíà÷åíèÿõ w0 òî÷êè (σ
êð

, λ) ïîïàäàþò íà êðèâóþ (σ
êð

, λk), ðèñ. 8.

�èñ. 8.

Îòñþäà çàêëþ÷àåì: ïðè ìàëûõ çíà÷åíèÿõ w0 ïðîäîëüíûé èçãèá ïðîèñõîäèò â îñíîâ-

íîì áåç ðàçãðóçêè (ñì. äèàãðàììó I : P , ðèñ. 9à); ïðè áîëüøèõ w0 � ñâîþ ðîëü èãðàåò

ðàçãðóçêà â ñðåäèííîì ñå÷åíèè, ðèñ. 9á.
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a á

�èñ. 9.

Ïîäîáíàÿ òåíäåíöèÿ âûÿâëåíà è ïðè èçìåíåíèè ñêîðîñòè íàãðóæåíèÿ: ïðè �èêñè-

ðîâàííîì w0 è ¾áûñòðîì íàãðóæåíèè¿: ∆p : 10−3
(çäåñü è äàëåå ïîä ∆p ïîäðàçóìåâàåì

ìèíèìàëüíîå ïî âñåì λt ïðèðàùåíèå áåçðàçìåðíîé íàãðóçêè) ïðîäîëüíûé èçãèá ïðîòå-
êàåò áåç ðàçãðóçêè (æ¼ñòêîñòü ñðåäèííîãî ñå÷åíèÿ ïîñòîÿííà, I = 1, çàòåì ìîíîòîííî

ïàäàåò) � êîíöåïöèÿ Øýíëè [16℄, ðèñ. 10à; ïðè ìåäëåííîì íàãðóæåíèè, ∆p : 10−5
, òî÷êè

ñðåäèííîãî ñå÷åíèÿ ïðîõîäÿò âñå ñòàäèè äèãðàììû σ : ε � êîíöåïöèÿ Êàðìàíà, ðèñ. 10â.
Îáðàùàåì âíèìàíèå íà ñëåäóþùåå:

1). Ïî ñóòè ñâîåé êàñàòåëüíî- è ïðèâåäåííî-ìîäóëüíûé ïîäõîäû àíàëîãè÷íû ðåøå-

íèþ çàäà÷è ìåòîäîì êîëëîêàöèè ïî ñðåäèííîìó ñå÷åíèþ: ïî âñåìó ñòåðæíþ ñ÷èòàåì

æ¼ñòêîñòè ïîïåðå÷íûõ ñå÷åíèé ïî êàñàòåëüíîìó èëè ïðèâåä¼ííîìó ìîäóëÿì.

2). Â ðàáîòàõ [11, 15℄ äàíî îáîñíîâàíèå èñïîëüçîâàíèÿ ìåòîäà êîëëîêàöèè â çàäà÷àõ î

ïðîäîëüíîì èçãèáå. Â ýòîì � îáúÿñíåíèå �àêòà ñîâïàäåíèÿ äèàãðàìì (σ
êð

, λ) ñ (σ
êð

, λt)
èëè ñ (σ

êð

, λk).
Ïîñëåäíåå çàâèñèò îò íà÷àëüíîãî ïðîãèáà è ñêîðîñòè íàãðóæåíèÿ.

3). Èç îïðåäåëåíèÿ óñòîé÷èâîñòè ïî Êàðìàíó: âî âðåìÿ èçìåíåíèÿ íàãðóçêè ïðè-

íèìàþòñÿ ìåðû ê íåäîïóùåíèþ èñêðèâëåíèÿ è èññëåäóåòñÿ âîçìîæíîñòü áè�óðêàöèè

ïðè ïîñòîÿííîé íàãðóçêå, [18℄.

Òàêèì îáðàçîì, â îïûòàõ Êàðìàíà ñêîðîñòü íàãðóæåíèÿ äîñòàòî÷íî ìàëà, ïîýòîìó

òî÷êè (σ
êð

, λ) ïîïàäàþò íà êðèâóþ (σ
êð

, λk), ðèñ. 10â. Ïðè óâåëè÷åíèè ñêîðîñòè íà-

ãðóæåíèÿ, ïðîäîëæàþùååñÿ íàãðóæåíèå, [16℄, òî÷êè (σ
êð

, λ) ãðóïïèðóþòñÿ íà êðèâîé

(σ
êð

, λt), ðèñ. 10à.
�èñ. 10á äà¼ò ïðåäñòàâëåíèå î ïðîìåæóòî÷íîì ñëó÷àå: òî÷êè ïðàêòè÷åñêè ðàâíî-

ìåðíî ðàñïðåäåëåíû ìåæäó äèàãðàììàìè (σ
êð

, λt) è (σ
êð

, λk).

4. Âûïó÷èâàíèå â óñëîâèÿõ ïîëçó÷åñòè. Ïðè èçó÷åíèè ïðîöåññà âûïó÷èâà-

íèÿ ïðè ïîëçó÷åñòè çà êðèòåðèé ¾ïîòåðè óñòîé÷èâîñòè¿ (äîñòàòî÷íîå óñëîâèå) îáû÷íî

ïðèíèìàåòñÿ êàêàÿ-òî õàðàêòåðíàÿ îñîáåííîñòü êðèâîé ¾ïðîãèá � âðåìÿ¿. Íàïðèìåð,

îáðàùåíèå ïðîãèáà â áåñêîíå÷íîñòü ïðè êîíå÷íîì âðåìåíè [27℄, òî÷êà ìèíèìóìà [2℄,
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òî÷êà ïåðåãèáà [25, 26℄, îáðàùåíèå ñêîðîñòè ïðîãèáà â áåñêîíå÷íîñòü (ïðè êîíå÷íîì

ïðîãèáå) [28℄. Ïîäðîáíûé îáçîð ýòèõ êðèòåðèåâ ñîäåðæèòñÿ â ìîíîãðà�èÿõ [23, 24℄.

�èñ. 10.

Ïóñòü óïðóãî-ïëàñòè÷åñêèé ñòåðæåíü ðàáîòàåò â óñëîâèÿõ ïîëçó÷åñòè. Ïðèìåì óñëî-

âèå àääèòèâíîñòè äëÿ óïðóãèõ, ïëàñòè÷åñêèõ è äå�îðìàöèé ïîëçó÷åñòè:

ε =
σ

E
+ f(σ) + ǫ(σ, t) . (4.1)
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Ïðèëîæåííàÿ ê ñòåðæíþ ñ íà÷àëüíîé íåïðàâèëüíîñòüþ v00(x) ïðîäîëüíàÿ ñèëà êâà-
çèñòàòè÷åñêè âîçðàñòàåò äî çíà÷åíèÿ p0. Ïðè ýòîì ñòåðæåíü óïðóãî-ïëàñòè÷åñêè íàãðó-

æàåòñÿ, âû÷èñëÿåòñÿ åãî íàïðÿæ¼ííî-äå�îðìèðîâàííîå ñîñòîÿíèå (ÍÄÑ) è äîñòèãíó-

òûé ïðîãèá v0(x). Ýòè äàííûå ÿâëÿþòñÿ èñõîäíûìè äëÿ èçó÷åíèÿ ïðîöåññà âûïó÷èâà-

íèÿ ïîä äåéñòâèåì ïîñòîÿííîé ñèëû p0. Ïðèâîäèì îñíîâíûå ðåçóëüòàòû èññëåäîâàíèÿ,

ïîëó÷åííûå â ðàáîòå [11℄.

Ïðè ëèíåéíîì óïðî÷íåíèè è óñòàíîâèâøåéñÿ ïîëçó÷åñòè õàðàêòåðíûå çàâèñèìîñòè

¾âðåìÿ�ïðîãèá¿ (áåçðàçìåðíûå âåëè÷èíû) ïðåäñòàâëåíû íà ðèñ. 11.

�èñ. 11.

Â ýòîì ñëó÷àå ðàçëè÷àþòñÿ äâà âèäà õàðàêòåðíûõ êðèâûõ v : τ â çàâèñèìîñòè îò

ñîîòíîøåíèÿ ìåæäó ïðèëîæåííîé ñèëîé p0 è êàñàòåëüíî-ìîäóëüíîé íàãðóçêîé pt (ïðè
óñëîâèè pt > p∗, äëÿ îïðåäåë¼ííîñòè).

Ïðè pt > p0 êðèâàÿ v : τ èìååò âåðòèêàëüíóþ àñèìïòîòó τ : τ ∗, êðèâàÿ 1, ðèñ. 11;

êðèòè÷åñêîå âðåìÿ τ = τ ∗ � ¾âðåìÿ æèçíè¿ êîíñòðóêöèè. Çäåñü æ¼ñòêîñòü íà èçãèá

ñðåäèííîãî ñå÷åíèÿ âî âñ¼ âðåìÿ ïðîöåññà áîëüøå ïðèëîæåííîé ñèëû: I > p0.
Ïðè p0 > pt èìåþòñÿ êîíå÷íîå âðåìÿ τ∗ (êðèòè÷åñêîå âðåìÿ) è êîíå÷íûé ïðîãèá v∗:

â òî÷êå (τ∗, v∗) ñêîðîñòü ïðîãèáà v̇ → ∞. Òî÷êà (τ∗, v∗) õàðàêòåðíà òåì, ÷òî â íåé I = p0,
ò.å. íàðóøàåòñÿ êîððåêòíîñòü êâàçèñòàòè÷åñêîé ïîñòàíîâêè [13℄, ðèñ. 11, êðèâàÿ 2.

�åçóëüòàòû ðåøåíèÿ ñèñòåìû (1.17), (1.18) � çíà÷åíèÿ v∗ è τ∗ îòðàæåíû â íåáîëüøèõ

òàáëèöàõ (4.2) è (4.4); σ∗ = p∗ = 0, 45, ñêîðîñòü óñòàíîâèâøåéñÿ ïîëçó÷åñòè ǫ̇ = σ7
.

1) Ìàòåðèàë ñ ëèíåéíûì óïðî÷íåíèåì: ν = Et/E = 0, 7

p0 = 0, 65 0, 7 0, 75
v∗ = ∞ ∞ 0, 71
τ ∗ = 1, 02 0, 25 0, 02

(4.2)

2) Ìàòåðèàë ñ íåëèíåéíûì óïðî÷íåíèåì: ε = σ+A(σ−σT )5 (A = 7/15) (4.3)

p0 = 0, 525 0, 72 0, 82
v∗ = 1, 12 0, 46 0, 22
τ ∗ = 28, 1 0, 82 0, 7

(4.4)
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Íà ðèñ. 12 ïîêàçàíà êðèâàÿ v : τ , ñîîòâåòñòâóþùàÿ ïðîöåññó âûïó÷èâàíèÿ ñòåðæíÿ ñ
óïðóãî-ïëàñòè÷åñêîé äèàãðàììîé σ : ε (4.3) è çàêîíîì ïîëçó÷åñòè ïî òåîðèè óïðî÷íåíèÿ

[2℄: ǫ̇ǫα = σ7
. Íà ýòîé êðèâîé (α = 1, p0 = 0.72, v00 = 0.01) èìåþòñÿ õàðàêòåðíûå òî÷êè:

τ = τ1 � òî÷êà ïåðåãèáà ãðà�èêà; (τ ∗, v∗) � òî÷êà, ãäå âûïîëíÿåòñÿ óñëîâèå I = p0 è
v̇ → ∞.

Îòìåòèì, ÷òî ñ ðîñòîì ïîêàçàòåëÿ ñòåïåíè α îòíîøåíèå τ1/τ
∗ → 1, ò.å. êðèòåðèé

v′′(τ1) = 0 [25, 26℄ ñáëèæàåòñÿ ñ óñëîâèåì I = p.

�èñ. 12.

Èòàê, ïðåäñòàâëåííûå â äàííîé ðàáîòå èññëåäîâàíèÿ ïîêàçûâàþò, ÷òî áîëüøèíñòâî

èçâåñòíûõ ¾êðèòåðèåâ óñòîé÷èâîñòè¿ êàê äëÿ óïðóãî-ïëàñòè÷åñêîãî äå�îðìèðîâàíèÿ,

òàê è äëÿ óñëîâèé ïîëçó÷åñòè, èìåþò âåñüìà îãðàíè÷åííóþ îáëàñòü ïðèìåíåíèÿ, ëèáî

âîîáùå íå îòðàæàþò íèêàêèõ îñîáåííîñòåé íà êðèâûõ v : p èëè v : τ .
Óñëîâèå I > p ìîæíî ñ÷èòàòü íàèáîëåå îáùèì óñëîâèåì, ïðè âûïîëíåíèè êîòîðî-

ãî êâàçèñòàòè÷åñêàÿ ïîñòàíîâêà êîððåêòíà (íåïðîòèâîðå÷èâà). Î÷åâèäíî, ÷òî â îáùåì

ñëó÷àå íåîáõîäèìî ðåøàòü çàäà÷ó î ïðîäîëüíîì èçãèáå èëè âûïó÷èâàíèè ñ ó÷¼òîì âñåé

èñòîðèè íàãðóæåíèÿ â êàæäîé òî÷êå ñòåðæíÿ. Îäíàêî ðàñ÷¼òû ïîêàçàëè, ÷òî ïðîöåññ

âû÷èñëåíèé ìîæíî ñóùåñòâåííî óïðîñòèòü, èñïîëüçóÿ ìåòîä êîëëîêàöèè.

Çàìå÷àíèå. Îòìåòèì, ÷òî óñëîâèå I > p åñòü ïî ñóòè ðàçâèòèå êîíöåïöèè Õî��à-

Âåóáåêå [27, 28℄: ïðè âûïó÷èâàíèè ñòåðæíÿ (â óñëîâèÿõ ïîëçó÷åñòè) ïîä äåéñòâèåì

ïîñòîÿííîé ñèëû æ¼ñòêîñòü ñðåäèííîãî ñå÷åíèÿ ñ òå÷åíèåì âðåìåíè íåïðåðûâíî ïàäàåò

(ñì. çàâèñèìîñòü σ : ε (4.3)) è, íàêîíåö, â ìîìåíò τ = τ ∗ ñòàíîâèòñÿ ðàâíîé ïðèëîæåííîé
ñèëå, ò.å. ëþáàÿ ïðèëîæåííàÿ ñèëà ñòàíîâèòñÿ â ìîìåíò τ = τ ∗ êðèòè÷åñêîé ïî Ýéëåðó.
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LONGITUDINAL BEND AND SWELLING.

Part II: ROD OF COMPLETE CROSS SECTION

V.I. Vanko, E.S. Perelygina

Bauman MSÒU

2d Bauman St., 5, Mosow, 105005, Russia, e-mail: vvanko�mail.ru

Abstrat. Proesses of longitudinal bend and swelling of the rod with omplete ross setion are

studied at the ondition of material reep. Elasti-plasti properties of the rod material are desribed

by an arbitrary diagram σ ∼ ε. By the numeri experiment it is proved that the exhausting of

bearing ability of the rod (the orretness destrution of quasistati setting) ours at the ondition

when applied longitudinal fore is equal to the rigidity of the enter ross setion (at dimensionless

parameters).
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Abstrat. A loud of aerosol partiles sediments in air ontaining reatants. On the basis of

a marosopi hemial and mass transfer model founded on the kineti theory of heterogeneous

reations we analyzed the spreading of hemial reation through the loud of aerosol partiles. In

this paper we onsidered a binary reation with one volatile and one non-volatile produt at the

surfae of aerosol partiles. If the �nite saturation apaity with respet to non-volatile reation

produt aumulated in the droplet is taken into aount, the eventual deeleration of the reation

results in the propagation of a saturation front. The spatial distributions of onentrations and their

evolution in time are determined, as well as the veloity of saturation front.

Key words: aerosol, droplet, heterogeneous hemial reation, mass transfer.

1. Introdution. Heterogeneous hemial reations are known to play an important

role in a wide lass of geophysial phenomena, inluding atmospheri proesses [1℄. This was

�rst reognized in the late 1970s for the prodution of H2SO4 and HNO3 in aid rain [2℄.

Their ritial role for the depletion of stratospheri O3 was established in the late 1980s

[3℄. While the �homogeneous� hemistry of most of the proesses is quite well understood,

their ¾heterogeneous¿ ounterparts still remain the subjet of onsiderable debate (see, e.g.,

[3℄, pp. 216-229). The term ¾heterogeneous¿ is used both for true heterogeneous reations

taking plae at the surfae of a partile or a liquid droplet and for the reations that our

homogeneously in the dispersed ondensed phase [1℄. In the present work we onsider the

former type.

The theory of heterogeneous reations of gas with individual liquid droplets is onsidered

in many papers [4�6℄ and books [7℄ and [8℄. This overall proess inludes several steps: mass

transfer of reating speies in gaseous phase, adsorption or/and mass transport aross the

aerosol surfae, hemial reation at the surfae, mass transport and the hemial reation

within the liquid droplets, possible evolution of volatile produt speies into the gas phase,

and subsequent gas-phase mass transport of the evolved gaseous produt. Some of the steps

may beome rate-limiting. In order to evaluate the rate of the overall proess one needs to

identify suh a step (or steps) and to evaluate the rate of suh step(s). If the mass-transport

proesses are essentially faster than the hemial reations, then the rate of the overall proess

is governed essentially by hemial kinetis. In the opposite limit, for very fast reations, the

overall proess is ontrolled by the rate of gas-phase mass transport [4℄.
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Investigations in atmospheri physis and hemistry are often aimed at understanding

and prediting spae-time distributions of reatants and reation produts at marosopi

sales (at the sales muh larger then the size of aerosol partiles and their mutual distanes)

whih is important for prediting air pollution at regional and global sales as well as

for limatology. The importane of heterogeneous atmospheri reation is now ommonly

reognized (see e.g. [9℄ and [8℄). The �rst generation of global multiphase atmospheri

models were termed equilibrium models [10,11℄. However it was soon reognized [11,12℄ that

no suh equilibrium is ever attained. So the problem of treating the time-dependent mass

exhange, uptake and prodution due to hemial reation arises. The kineti expressions,

one obtained, usually are inorporated into elaborate global models, whih inlude tens

of reatants and hundreds of reations. However, the fully nonlinear desription of the

hemial kinetis is omputationally demanding and often introdues instabilities. Therefore,

the treatment of heterogeneous reations is typially simpli�ed by the assumption of exess

of one of the reatants [2, 9, 13, 14℄.

In the present paper we apply a marosopi approah proposed in the hemial reator

engineering ontext by [15�19℄ to desribe the spatial-temporal distribution of reatants and

the produt for fast binary heterogeneous reations in a loud of liquid droplets. The theory

has been experimentally validated in two phase liquid-liquid hemial reators by [20,21℄. The

treatment here takes into aount a seond order fast irreversible reation at the surfae of

the droplets, overall mass transfer due to bulk onvetion as well as due to turbulent di�usion.

The heterogeneous harater of the hemial reation is taken into aount by distinguishing

the mean reatant onentration in the bulk �uid and the mean loal onentrations at the

surfaes of partiles as marosopi variables of the model. The resulting model, whih is

desribed in the next setion, is non-linear, yet it admits an analysis by approximation theory

in losed form. We show below for an example of a single binary heterogeneous reation, that

the reatant whih is in a global exess still may be in loal (at the reative surfae) de�it in

some spae-time domains if the loal mass transfer between partiles and gas phase is taken

into aount properly. If the �nite apaity with respet to non-volatile reation produt

aumulated in the droplet is taken into aount, the eventual deeleration of the reation

results in the spreading of a saturation front. This qualitative e�et is targeted in the present

ommuniation. The spatial distributions and their evolution in time of onentrations are

determined, as well as the veloity of saturation front. Contrary to the ommon pratie of

dealing with a binary heterogeneous reation, we do not a priori assume loal exess of one

of the reatants. Our analysis reveals oexistene of a spatial domain where one reatant is

in loal exess with another domain where the other reatant is in exess and the �rst one

is depleted.

We applied our theory to a partiular type of reation where gaseous reatants are

distributed in the air, but one of the reation produts is gaseous and the other one is

non-volatile. The latter produt is soluble and aumulates in the droplets. Reations of

this kind play an important role in the hain of reations of ozone depletion in polar

stratospheri louds. As an example we onsidered the binary hemial reation of hlorine

nitrate ClONO2 and HCl yielding the gaseous produt Cl2, and the non- volatile produt

HNO3. These reations are well known to be slow in the gaseous phase even at room
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temperature; they beome feasible only as a result of hydration on the surfae of liquid

droplets and the formation of ioni intermediates [3℄. The partiles are assumed to be of the

kind normally referred to as polar stratospheri louds type Ib, that is superooled ternary

H2SO4/HNO3/H2O solutions. The non volatile produt HNO3 is taken up by droplets whih

�nally turn into quasi-binary HNO3/H2O droplets with lose to 1:3 stoihiometry. This

reation is onsidered in the literature to be pratially irreversible under stratospheri

onditions [3℄.

The paper is organized as follows. In the setion 1 we desribe the marosopi model

that is applied in the setion 3 to study marosopi dynamis of spatial distributions of

onentrations of the reatants and the reation produts when a loud of liquid droplets

sediments in the stratosphere. It is assumed that the binary reation takes plae on the

surfae of aerosol partiles. If the �nite solubility apaity of droplets is taken into aount,

the theory predits formation of a stationary advaning reation saturation front. In the

setion 4 we applied the theoretial results to the above mentioned stratospheri reation

and give numerial estimates for this ase. We disuss in the same setion the results obtained

and the auray of approximations. The details of alulations are presented in Appendies

A, B, and C.

2. The model. We onsider an ensemble of idential droplets sedimenting in air with

onstant veloity determined by the balane of gravitational fore and Stokes frition. Pre-

mixed reatants A1 and A2, with onentrations c1 and c2 reat on the surfae of the liquid
droplets, a single gaseous produt A3 with a onentration c3 is injeted to the air. Sine

the reation is fast at the surfae of aerosols and is slow in the bulk air, the heterogeneous

nature of the reation should be taken into aount and will e�et marosopi dynamis.

At the sale of a single partile both moleular di�usion and onvetion ontribute to

the 3-dimensional mass transport between the loal gas and the droplet, however, for the

partiular problem addressed in the present paper, mass transport at the partile sale is

approximated by moleular di�usion. Thus the �ux densities to/from the surfae j
(s)
i are

driven by the di�erene between bulk ci and surfae c
(s)
i onentrations

j
(s)
i = κi

(
ci − c

(s)
i

)
, i = 1, 2, 3, (1)

where κi are the mass transfer oe�ients. The bulk onentrations ci are de�ned as on-

entrations of reagents and reation produt far away from the aerosol partiles (that is at

distanes muh larger than the partile size) and the surfae onentrations c
(s)
i are de�ned

as values of the onentrations at the surfae of aerosol partiles. The di�erene between bulk

and surfae onentrations is maintained by hemial reation at the surfae. Conentrations

ci and c
(s)
i are measured in mole frations and therefore are non-dimensional.

To determine the �uxes of reatants to the partiles, it is neessary to evaluate, in the

viinity of eah partile, the distribution of onentrations, whih approahes onentration

c
(s)
i at the surfae and ci far from the partile. Impliit in the de�nition of the mass transfer

oe�ients κi, both moleular di�usion and onvetion ontribute to the mass transport

between the loal gas and the droplets, whih move relative to the surrounding gas. For

the partiular example whih is onsidered in the present paper, Stokes sedimentation
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at low Reynolds and P�elet numbers of the small partiles is assumed (see setion 4).

Equation (1) j
(s)
i follows from the solution of the steady di�usion problem. The overall

large-sale gradient introdues slight anisotropy, however for a purely di�usion problem the

orresponding orretions will be of the order of the ratio: (partile size)/(sale of the overall

gradients). To apply the model to larger partiles or faster �ow, known orrelations for κi may
be used [6,6,7℄ and [8℄. We onsider a dilute suspension of droplets following the estimate of

the mean ratio of diameter to inter-drop spaing in louds less than 10

−2
[4℄. Consequently,

the loal onentration distributions around a partile is una�eted by the presene of other

partiles.

For binary surfae reation of �rst order with respet to eah reagent, the reation rate

R is given by the kineti mass ation law:

R = k
(
c
(s)
1 c

(s)
2 − 1

K
c
(s)
3

)
, (2)

where k is the reation rate oe�ient and K is the equilibrium onstant. The latter equation

impliitly assumes that the adsorption/desorption kinetis for reagents and produt is fast

and that it is not rate-limiting. Equation (2) also implies that the relative surfae overage

is low. Disussion of the rate (2) is given in the Appendix A). For further disussion see

also [19℄.

The rate of generation of the produt at the surfae (per unit of surfae, per unit of time)

equates to the absolute value of the �ux density of the volatile produt from the surfae in

a pseudo-steady-state. Due to stoihiometry, the �ux density of the reagents to the surfae

is j
(s)
1 = j

(s)
2 = −j(s)3 = R or:

κ1

(
c1 − c

(s)
1

)
= κ2

(
c2 − c

(s)
2

)
= κ3

(
c
(s)
3 − c3

)
= R . (3)

The ¾mirophysis¿ of the model is ontained in this equation. In the present ommuniation

we assume the reation to be fast, i.e. the external mass transfer in the gaseous phase to be

rate-limiting, see [4, 5℄ and [6℄. This means that the ratio of the mass transfer oe�ients κ
to surfae reation rate onstant k is large κ/k ≪ 1 (sine onentrations ci are measured in
dimensionless units, κ and k for the surfae reation are measured in the same units).

Our goal at this stage is to elaborate marosopi equations to desribe dynamis of

onentrations at large sales. Therefore, we need to average out small sale phenomena at

the single partile sale, but to take into aount the mean e�et of heterogeneous reation

to large sale dynamis. Thus, we need to introdue mean variables, averaged over an

ensemble of partiles. At this point we introdue the onept of loal onentration. The

loal onentrations c̃i of speies result from averaging of surfae onentration c
(s)
i over all

ondensed phase partiles of the same size in a physially small volume, positioned at a point

with oordinates (x, y, z), at the time t, that still ontains a big number of aerosol partiles.
A size of this volume is supposed to be smaller than the typial sale of bulk gradients (loud

sale), but muh larger than the droplet size. Thus, for a marosopially nonuniform system,

the loal onentrations c̃i(t, x, y, z) are marosopi variables, depending on marosopi

time and on large sale oordinates. We onsider here an ensemble of idential partiles,
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that is monodisperse aerosols. In this ase, the averaging proedure is simpli�ed and one an

assoiate the loal onentrations c̃i with mean values of surfae onentrations c
(s)
i . That

allows the next step � to average out surfae onentrations in the mass ation law (3) and

to arrive at equations for marosopi variables ci and c̃i only:

κ1 (c1 − c̃1) = κ2 (c2 − c̃2) = κ3 (c̃3 − c3) = k

(
c̃1c̃2−

1

K
c̃3

)
. (4)

Now we turn to the marophysis of the problem. At large sales (a loud sale) the dynamis

of bulk onentrations ci is governed by three mass-onservation equations that take the form
of the advetion-di�usion equations with the soure/sink term Φi in the right-hand side

∂ci
∂t

+ U · ∇ci = D∇2ci − Φi , i = 1, 2, 3, (5)

where D is the dispersion oe�ient and U = const is the veloity of super�ial uniform �ow

in the frame of referene attahed to the sedimenting droplets. At the loud sale, that is at

the sale whih is muh larger than the size of a single droplet, dispersion is due to turbulent

mixing, so D may be identi�ed as the turbulent di�usion oe�ient and Φ1, Φ2 are sinks

and Φ3 is a soure due to hemial reation. The di�erene in sales allows us to treat the

mesosale (sale of a single partile) transport by introduing marosopi distributed sink

and soure terms Φi in (5), phenomenologially averaging out mesosale phenomena suh as

loal mass transfer to and from the droplet surfaes. Using ci and c̃i introdued above, we

write the sink and soure terms in the onventional way

Φi = S κi (ci − c̃i) , i = 1, 2, 3, (6)

where S is the reative surfae per unit volume.

For uniform overall �ow the marosopi transport is essentially one dimensional. Thus,

bulk onentrations ci(t, z) and the loal onentrations c̃i(t, z) depend on time and a single
marosopi oordinate z. This, partiularly, is a reasonable approximation for sedimenting
partiles.

Substituting equations for the Φi (6) into (5) and taking into aount the e�etive one-

dimensionality of the marosopi �uxes one arrives at

∂ci
∂t

+ U
∂ci
∂z

= D
∂2ci
∂z2

− S κi (ci − c̃i) , i = 1, 2, 3, (7)

where U = |U| and z is a marosopi oordinate in the diretion of the uniform �ow U.

For further analysis it is onvenient to put the equations in non-dimensional form.

All onentrations are measured in mole frations and are already non-dimensional. The

harateristi time sale τ for the loal mass transfer is τ = [S κ2]
−1
. The harateristi

length of turbulent di�usion during the time τ is l =
√
Dτ =

√
D/S κ2. The intrinsi sale

l appears in the problem due to distintion between the bulk and loal onentrations. The

dimensionless time and oordinate are t′ = t/τ ; x = z/l respetively. We de�ne also the

dimensionless parameters η = k/κ2; ν1 = κ1/κ2; ν2 = 1; ν3 = κ3/κ2; and p = Ul/D. The
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latter ombination looks like a P�elet number; however, it is not a usual P�elet number,

beause D is not a moleular, but eddy di�usivity and the orresponding lengthsale l is
not a geometrial size, but the intrinsi length haraterizing the heterogeneous reation.

Finally, in the non-dimensional form, the basi system of equations reads:

∂c1
∂t′

=
∂2c1
∂x2

− p
∂c1
∂x

− ν1 (c1 − c̃1) , (8)

∂c2
∂t′

=
∂2c2
∂x2

− p
∂c2
∂x

− (c2 − c̃2) , (9)

∂c3
∂t′

=
∂2c3
∂x2

− p
∂c3
∂x

− ν3 (c3 − c̃3) , (10)

ν1 (c1 − c̃1) = (c2 − c̃2) = ν3 (c̃3 − c3) = η

(
c̃1c̃2−

1

K
c̃3

)
. (11)

This losed system (8)-(11) is strongly nonlinear due to the nonlinear oupling between

the bulk and loal onentrations introdued by the equation (11). The equations (8)-(11),

with suitable initial and boundary onditions, are a di�erential algebrai system (DAE),

with three partial di�erential equation (PDE) onstraints and three nonlinear algebrai

onstraints. DAEs are notoriously sti�, requiring areful numerial integration shemes to

avoid instability. The model in this form in the ontext of heterogeneous hemial reators

theory was introdued and analyzed in [15�19℄.

In present ommuniation we onsider a partiular type of heterogeneous reation of two

gaseous reatants with two reation produts, one of them is gaseous and the other one is

non-volatile. The latter produt is soluble and aumulates in the droplets. It is reasonable to

assume that the onentrations of the non-volatile produt at the surfae of the droplet and

inside the droplet rapidly reah the thermodynami equilibrium desribed, e.g., by Henry's

law. When a non-volatile produt of reation aumulates within the droplet, the ratio of

reverse to forward reation rates is inreased. Therefore, due to shift of thermodynami

equilibrium with respet to solubility, the forward reation eventually stops. Instead of

following a gradual hange of the equilibrium, we introdue the assumption of a �nite apaity

of droplets, due to solubility limitations, whih yields a physially similar e�et. Supposing

that a loud of droplets has a �nite apaity for the aumulated speies per unit volume

Q =(number of moleules, stored in a droplet) × (number of droplets per unit volume),

we assume quenhing of the reation when the atual amount of non-volatile produt in the

droplets reahes this value (see Fig. 1). Due to stoihiometry, the amount of non-volatile

produt is proportional to the onsumed amount of eah reatant. Mathematially, the �nite

solubility assumption results in the imposition of an additional integral ondition:

N

∫
(c2 − c̃2) dt = Q (12)

where the integral is taken over time to saturation and N is the number of moleules per

unit volume in the atmosphere. Despite the ¾kinemati appearane¿ of this onstraint, it

originates from thermodynami equilibrium.
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Fig. 1. Shemati presentation of the model: a uniform air �ow with veloity U through a loud

of liquid partiles. The downwards gradually inreasing graysale intensity orresponds to inreasing

ontent of non-volatile produt. zf is the far boundary of the reation domain, where reation starts;

z = V t is the position of saturation front, where the reation eases.

Additionally, assuming that the marosopi sale L over whih onentration hanges

is muh less than the extent of the spatial domain, we analyze our model over an in�nite

domain.

3. Propagating saturation front. In this setion we study the propagation of the

reation front through a loud of aerosol droplets. When the air �ow, ontaining premixed

reatants A1 and A2, enters the loud, the reation starts at the surfae of the droplets.

After a ertain time, due to the �nite apaity of droplets, the reation eases. Therefore,

one an subdivide the whole domain into three regions: one where reation has not yet

started, the reation zone, and the region where partiles are already saturated with a non-

volatile produt and thus there is no reation despite of the presene of both reatants in the

surrounding air. Introduing the non-dimensional veloity v of the saturation front, we make
a oordinate transformation to the frame moving with this front (see Fig. 1). The veloity

V in Fig. 1 is related to non-dimensional veloity v by V = vl/τ = v
√
DSκ2. De�ning the

new oordinate by ξ = x − vt′, and looking for stationary solutions in the moving frame,

equations (8)-(10) for the reation zone take the form

∂2ci
∂ξ2

− s
∂ci
∂ξ

= νi (ci − c̃i) ; i = 1, 2, 3 , (13)

where s = p− v and due to our normalization ν2 = 1. It is worth notiing that a stationary
solution exists only in this referene frame; both in the frame oupled with the partiles and

in the frame moving with the overall �ow, the proess is essentially non-stationary.

In the domains without reation the governing equations are

∂2ci
∂ξ2

− s
∂ci
∂ξ

= 0 ; i = 1, 2, 3 . (14)

The above equations should be supplemented by boundary onditions. In the domain

−∞ < ξ < 0 the droplets are saturated by the non-volatile produt. The spatial distribution
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of onentrations is governed by the equations (14). The boundary onditions are

c1|ξ→−∞ = c∞1 , (15)

c2|ξ→−∞ = c∞2 , (16)

c3|ξ→−∞ = 0 . (17)

In the reation zone, 0 < ξ < ξ∗, the onentrations are governed by the equations

(11) and (13). The far boundary of this domain ξ∗ orresponds to the point where the

bulk onentrations of all omponents equal their loal (surfae) onentrations, that is, the

di�erene ϕ = c2 − c̃2 vanishes. For ξ
∗ < ξ < ∞ the onentrations are again governed by

equations (14). For ξ → ∞ all onentrations approah onstant values. At ξ = 0 and ξ = ξ∗

the bulk onentrations and �uxes of all speies are ontinuous.

In the present paper we onsider an irreversible reation, that is K, whih is the ratio of

reation rate onstants for the forward and reverse reations tends to in�nity. This means

the limit 1/K → 0 in the kineti mass ation law, last equality in (11) reads

ν3 (c̃3 − c3) = ηc̃1c̃2 . (18)

As already mentioned above, we assume reation to be fast as ompared to the external

mass transfer in the gaseous phase [4℄, [5℄ and [6℄ This means that η = k/κ2 tends to

in�nity η → ∞ and the quasi-stationary surfae onstraint (18) at leading order reads

c̃1 c̃2 = 0 . (19)

This equation means that for fast irreversible reation in viinity of the surfae of a droplet

at least one of the reatants is ompletely depleted. This does not mean, of ourse, the

quenhing of the reation but just the immediate onsumption of the reatant that is loally

in de�it as it arrives at the surfae of the droplet. For a single omponent suh a situation

at the surfae of an individual partile is referred to as the ¾ideally absorbing ondition¿ [4℄.

For the fast irreversible binary homogeneous reation in a liquid layer a similar approah

was developed by [24℄.

The non-linear analyti solution for large, but �nite K and for large and �nite η are also
available [15℄ and [19℄. The evaluation of orretions to this theory beomes essential for

multiple reations systems.

The equations governing the onentration of the produt c3 are deoupled in the limit

(19) from the equations governing onentrations of the reatants. Thus, the distribution of

the produt may be evaluated afterwards. In addition, the far boundary ξ∗ of the reation
domain (i.e. zf in laboratory frame, (see Fig. 1) is taken to in�nity. Thus, only the reation
zone 0 < ξ <∞ and the ¾saturated¿ region where the reation is swithed o� −∞ < ξ < 0
remain.

From the overall onservation of mass, see Appendix B, or alternatively, from smooth

mathing of solutions in reative and non-reative domains, it follows that s should be
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positive. This implies that v < p , that is the saturation front moves slower than the �ow.

The general solutions of equations (14) in the non-reative domain are

ci = ai exp{s ξ} + c∞i ; ξ < 0 ; i = 1, 2 . (20)

where a1 and a2 are onstants to be determined from the smooth mathing of the solutions

in adjaent domains.

Let us onsider some global orollaries of (19). As mentioned above, the loal onentration

of at least one reatant is ompletely depleted, while the bulk onentrations c1, c2 remain
nonzero for any �nite ξ; the bulk onentration of the reagent whih is in overall de�it (as
ompared to stoihiometri ratio) approahes zero in the limit ξ → ∞. Obviously, either

c̃1 or c̃2 may be zero everywhere, just beause of an overall de�it of A1 or A2 respetively.

However, the non-trivial possibility is the oexistene of domains of loal depletion of di�erent

onentrations. This means that while in the viinity of the surfaes of all partiles in some

marosopi domain say, the reagent A1 is depleted, in the adjaent marosopi domain in

the viinity of the surfaes of all partiles are depleted is the reagent A2. We show below that

the neessary, but not su�ient ondition for this to happen is the di�erene of the rates of

loal mass transfer. Generally, there are four possibilities:

1. A1 is in exess everywhere, that is due to the de�it of A2

c̃2 = 0, c̃1(ξ) 6= 0, 0 < ξ <∞ ; (21)

2. A2 is in exess everywhere, that is due to the de�it of A1

c̃1 = 0, c̃2(ξ) 6= 0, 0 < ξ <∞ ; (22)

3. Both reatants are ompletely depleted due to the reation. Suppose, that the reatant

A1 is more depleted near the origin (ξ = 0), that is the loal (in the viinity of the

partile surfae) onentration c̃1 equals to zero. The reatant A2 is more depleted far

away from the origin; in that domain the loal onentration c̃2 in the viinity of the

partile surfae is zero. The self-onsisteny of these assumptions will be veri�ed later.

There must be a point ξ = X , suh that

c̃1 = 0, c̃2(ξ) 6= 0, 0 < ξ < X , (23)

c̃1(ξ) 6= 0, c̃2 = 0, X < ξ <∞ ; (24)

4. Again both reatants are essentially depleted, but now the reatant A2 is more depleted

near the origin (ξ = 0). For this ase

c̃1(ξ) 6= 0, c̃2 = 0, 0 < ξ < X , (25)
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c̃1 = 0, c̃2 (ξ) 6= 0, X < ξ <∞ . (26)

Of ourse, only two of these possibilities are physially di�erent, therefore we onsider

below only ases 1 and 3. We would like to note here that the non-linear basi system

degenerates in this limit to pieewise-linear system in adjaent spatial domains in ases 3

and 4. Thus, the problem remains non-linear due to the mathing of the solutions in the

adjaent domains. The fully nonlinear analysis by [15℄, [19℄ reveals the pieewise solution to

be the orret leading order approximation in both small parameters proportional to 1/K
and 1/η.

The ases 1 and 2 are simpler. The onditions (21) and (22), respetively, linearize the

system. For the �rst ase, for c̃2 = 0, c̃1 6= 0, 0 < ξ <∞ equations (13) for i = 1, 2 read

∂2ϕ

∂ξ2
− s

∂ϕ

∂ξ
− ϕ = 0, (27)

∂2c1
∂ξ2

− s
∂c1
∂ξ

= ϕ. (28)

where for this partiular ase ϕ = c2.
The solutions to (27) and (28), are exponentially deaying. Performing the smooth

mathing at ξ = 0 for the solutions (20) and solutions of the system (27)-(28), we obtain for

c1 and c2 �nally

c1 = c∞1 − βc∞2
β + s

exp {s ξ} , ξ < 0; (29)

c2 = c∞2 − βc∞2
β + s

exp {s ξ} , ξ < 0; (30)

c1 =
sc∞2
β + s

exp {−βξ} + c∞1 − c∞2 , ξ > 0 , (31)

c2 = c∞2
s

β + s
exp {−βξ} , ξ > 0, (32)

where β =

√(s
2

)2
+ 1 − s

2
.

The above solutions exist for arbitrary positive s = p − v. However, the atual value
of non-dimensional veloity of the saturation front v is determined by the �nite apaity

assumption (see Setion 2). Let us onsider droplets at the (marosopi) point x = 0, where
x is a oordinate in the frame of referene immobile with respet to droplets. The reation

starts at time t′start = −∞ and is turned o� when the saturation front ξ = 0− vt′ = 0 arrives
at this point, that is t′fin = 0. Taking t′start and t

′
fin as integration limits in the equation (12)

one gets

N

0∫

−∞

ϕ(−vτ ′)dτ ′ = Q . (33)
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Changing the integration variable ζ = −vτ ′ in (33) one obtains vQ/N =

∞∫

0

ϕ(ζ)dζ. The

integral may be evaluated either diretly, using solution (32), or from the onservation of

mass by integration of the equation (13) and (14) (see the Appendix B). This �nally yields

v =
p

1 + Q̄
; s =

p

1 + Q̄−1
, (34)

where dimensionless Q = Q/Nc∞2 . If the apaity of the droplets is large enough Q >> 1,
then from eq. (34) it follows that s ≈ p; however the veloity of the saturation front v is

neessarily smaller.

To determine the range of parameters orresponding to the present ase c̃1 6= 0 one has

to alulate c̃1 for ξ > 0 using the solution (32) and eq. (11):

c̃1 = sc∞2
1

β + s

(
1 − 1

ν1

)
exp {−βξ} + c∞1 − c∞2 , (35)

If ν1 > 1 then c̃1 dereases with ξ and

min {c̃1} = c∞1 − c∞2 . (36)

If ν1 < 1 then c̃1 inreases with ξ and

min {c̃1} = c∞1 − c∞2
ν1β + s

ν1(β + s)
. (37)

If min {c̃1} beomes negative, the assumption of preferential depletion of the reatant A2 in

the whole domain (21), is violated either in the viinity of ξ = 0 or at in�nity, so either ase
3 or ase 4 must be onsidered. If suh ¾exhange of depletion¿, or ¾rossover¿, takes plae

for ξ > 0, one has two subdomains. In eah subdomain the method of solution is essentially
the same; however the mathing of solutions in both subdomains at the point ξ = X , is

needed, see (23)-(26).

Fig. 2. Shemati presentation of the loal onentrations c̃1 and c̃2
as funtions of the oordinate ξ in the moving frame for the ase 3.
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For the third ase, (see Fig. 2) in the subdomain 0 < ξ < X, where c̃1 = 0, c̃2(ξ) 6= 0,
one obtains

∂2c1
∂ξ2

− s
∂c1
∂ξ

− ν1c1 = 0, (38)

∂2c2
∂ξ2

− s
∂c2
∂ξ

= ν1c1. (39)

Solutions of these equations should be mathed with (20) at ξ = 0.
In the subdomain X < ξ < ∞ onentrations c1 and c2 are governed by the equations

(27)-(28). Their solutions should be mathed with the solutions of (38) and (39) at the

boundary ξ = X . Then X is determined by the transendental equation:

α2
1(1 + α2β)eα2X + α2

2(α1β − 1)e−α1X

s(1 − ν1)(α1 + α2)
=

σ

σ − 1
, (40)

where σ = c∞1 /c
∞
2 , α1 =

√(s
2

)2
+ ν1 +

s

2
and α2 =

√(s
2

)2
+ ν1−

s

2
. Thus, four onditions

of smooth mathing of the solutions at ξ = X result in a single transendental equation that

we analyze numerially below. The omplete solution to the problem (27), (28), (38), (39)

and (40) with orresponding boundary onditions an now be easily written down; being

umbersome they are given in the Appendix C). This solution depends parametrially on X
whih is a root of the equation (40). For the existene of this ase the parameter σ should

satisfy

1 < σ < 1 +
sβ(1 − ν1)

ν1
, (41)

that is, the ¾faster¿ reagent should have lower value of the initial onentration, but this

di�erene should not be too large.

4. Disussion and onlusions. The solution obtained desribes propagation of a

heterogeneous hemial reation through a loud of liquid droplets. The saturation front,

that is the boundary of the region where the partiles are already saturated, moves with a

onstant veloity v whih is expressed through the uniform �ow veloity p by equation (34)
for ases 1 and 3 and equation (57) for ases 2 and 4. It also depends on the dimensionless

apaity Q of the droplets. The solutions are stationary in a frame moving with the veloity

v with respet to the loud of droplets; v is neessarily smaller then p.
The steady lag of the saturation front relative to overall �ow translates into a steady

widening of marosopi reation domain. Qualitatively this ontinuously dereases the

observed loal intensity of reation. Consequently, the observed mean rate for a heterogeneous

reation produing a produt stored in the partiles, will be lower for an desending loud of

partiles, than for a quiesent loud. Thus we hypothesize that the observed on�nement of

the reations of this type in polar stratospheri louds to a de�nite altitude, whih is rightly

attributed to temperature, pressure and radiative onditions, may have an additional, purely

dynami ause.

The point ξ = X , whih is also moving with the veloity v with respet to droplets,

separates the region where the loal onentration c̃1 is depleted from the region where c̃2 is
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depleted. In the approximation of irreversible reation (K → ∞) both loal onentrations

c̃1 and c̃2 vanish at the X -point. We would like to emphasize that the position of this

�swith-point� X is determined in a self-onsistent way. X as solution of the equation (40)

depends on σ, s and ν1. In Fig. 3 we present X as funtion of σ and s for �xed value of ν1.
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s

Fig. 3. Position of swith point X as funtion of onentration ratio σ

and �ow veloity s in moving frame for ν1 = 0.2.

It is easily seen from (41), that ν1 < 1 is the neessary though not su�ient ondition for
the existene of the swith-point X . Sine ν1 = κ1/κ2 is the ratio of mass-transfer oe�ients
ν1 6= 1 is a manifestation of the asymmetry in mesosopi mass-transfer. An aerosol partile
in the �ow is surrounded by a boundary layer. Even though the boundary layer an be

turbulent, in the near �eld of the surfae there is always a laminar boundary layer in whih

the transport of the moleules is due to moleular di�usion whih is di�erent for di�erent

speies, that is ν1 6= 1. X as funtion of ν1 at �xed values of σ and s is presented in Fig. 4.

0.1 0.2 0.3 0.4
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10
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20
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30

X

Fig. 4. Position of swith point X as funtion of the ratio

of mass transfer oe�ients ν1 at �xed σ = 2.0 and s = 2.5.
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The uptake of reatants and, respetively, the generation of the produt are spae/time

dependent and fundamentally ontrolled by the existene of a swith point X . At the swith-

point, the loal exess of reatant A2 is replaed by the loal exess of reatant A1. For the

ase onsidered, the ratio of the initial onentrations c∞1 /c
∞
2 of the reatants A1 and A2

exeeds the stoihiometri ratio. Therefore one is tempted to onsider the reation in the

whole domain as quasi-�rst order with respet toA2. This would be equivalent to a traditional

model, whih neglets the hange of the loal onentration due to the ¾swith¿. However,

the hange of the regime has a dramati e�et on the distribution of the reation produt.

Indeed, let us ompare the modeling of the reation with and without the swith point; the

latter orresponds to traditional modeling.

The generation of the produt (uptake of the reatants) is proportional to the integrals

of supersaturation ϕ over reation domain (see eq. (12) and (54)). To estimate the error

in uptake of the reatants (or the yield of the reation produts) in the domain [0, ξm],
whih is introdued by ignoring the swith, that is not onsidering the evolution of the loal

onentrations, it is expedient to onsider the relative error E
rel

E
rel

(ξm) =
( ξm∫

0

ϕ∗dξ −
ξm∫

0

ϕdξ
)/ ξm∫

0

ϕdξ , (42)

where ϕ∗
is evaluated ignoring the existene of the swith, assuming the loal exess of the

reatant A1 in the whole domain. The relative error E
rel

as a funtion of ξm is shown in the

Fig. 5.

n1 0.5 1 1.5 2 2.5 3
xm

2
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8
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12

Erel

Fig. 5. The relative error E
rel

as funtion of ξm at �xed values of σ = 2.0, s = 2.0 and ν1 = 0.2.

The position ξm = 1/β = 2.41 and the orresponding value E
rel

(2.41) = 1.42 are indiated.

If we ignore the swith and admit quasi-�rst order deay (40), the harateristi deay

length of ϕ is 1/β. So to estimate the lower bound of the error, we take ξm = 1/β (see Fig. 5).
For this speial position the error is about 40%; however, for ξm = 1 the error inreases
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tenfold up to 400%. That is, even for the simple ase of a single-reation, negleting loal

onentration hanges may result in a substantial error in the uptake of reatants.

The dependene of E
rel

(β−1) as a funtion of parameters σ and s is presented in Fig. 6.

This dependene learly resembles the funtion X(σ, s), presented in the Fig. 3. This is a

manifestation of the importane of the rossover or swith point.

To estimate the value of s = p/(1 + Q̄−1), where Q is a relative apaity of the droplets

with respet to nonvolatile reation produt, we notie that the e�et of saturation of the

droplets on the overall distribution of onentration is substantial only if Q ≫ 1. Thus, as
an estimate of s one an take s ≈ p , where p is the non-dimensional relative veloity of

droplets with respet to ambient air. Considering an ensemble of droplets sedimenting in the

air one an estimate the veloity using the Stokes formula (see e.g. [4℄).
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Fig. 6. Relative error E
rel

(1/β) as funtion of the σ and s at �xed value of ν1 = 0.2.

Now we give some estimates using known atmospheri data, for the example of the

heterogeneous reation of hlorine nitrate with hydrohlori aid at the surfae of stratospheri

aerosol partiles. Assuming a free moleular regime for mass transfer (see e.g. [6℄), the mass

transfer oe�ients κ1 and κ2 may be evaluated using the formula κ = αv/4 , where

α is the mass aommodation oe�ient and v =
√

8kT/πm0. Here k is Boltzmann's

onstant, and m0 is the mass of a moleule of speies in question. Taking the value of

T = 222 K at the altitude 25 km (see Appendix B in [8℄) and assuming the values of mass

aommodation oe�ients of HCl and ClONO2 as 0.1 and 0.03 respetively one arrives at

the values of κ1 = 1.68 and κ2 = 9.14 m/s. The estimate of sedimentation veloity at the

same altitude using the Stokes formula (see e.g. [4℄) yields the value of order 10

−4
m/s. To

estimate the approximate value of s ≈ p, where the non-dimensional veloity p is de�ned
above as p = U/

√
Sκ2D, we use the surfae to volume ratio S = 10−6

m

2
/m

3
[13℄ and

D ≈ 10−3
m

2
/s. Dole at al. [25℄ give the estimate of turbulent di�usion in the stratosphere

as D less than 10−2
m

2
/s based on the measurement by atmospheri radar PROUST. Then

s is of the order of one; the ratio ν1 ≈ 0.2. We used values of this order of magnitude in the

examples exhibited in Figs. 3-6.



182 ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2014. �12(183). Âûï. 35

To avoid misunderstanding we would like to point out that the above numerial estimates,

based on partiular atmospheri data, reveal the importane of the exhange of loal depletion

and estimate a possible error introdued by ignoring the detailed evolution of the loal

onentrations in spae/time evolving systems.

On the other hand, the spreading of the saturation front, and as a onsequene ¾smearing¿

of reation over a wider spatial domain in a desending layer of partiles, is quite a ¾oarse¿

e�et for a mass-transfer-limited reation of the above mentioned type, based on onservation

of mass and on the interplay of overall mass transport and the sinks/soures due to the

presene of partiles, weakly dependent on the details of kinetis and values of the reation

rate onstant.

We have onsidered above an ensemble of idential partiles. Being reasonable �rst

approximation this is still a simpli�ation of reality. For idential partiles there is a single

loal onentration of the speies for all partiles at the same physial point, see Setion

2. For Ns disrete size lasses the averaging results in Ns di�erent variables, that is a loal

onentration, c̃ni , n = 1, 2, ..., Ns for eah size lass. This results in a drasti inrease in the

number of governing equations. All parameters of loal mass transfer and reation kinetis,

introdued in this ommuniation for an ensemble of idential partiles, will also di�er for

di�erent size lasses. Still, the same approah may be applied; however for polydisperse

aerosols the mathematis beomes muh more involved. The e�ets of partile size distribution

will be subjet of a speial ommuniation.

In summary, a model, desribing fast heterogeneous hemial reation and mass transfer

in a one-dimensional overall �ow has been developed. If the basi system of equations is

supplemented by the �nite apaity assumption re�eting the �nite storage ability with

respet to a non-volatile produt, a travelling-wave regime exists. In this regime, the width

of the reation domain tends to inrease. This system may be extended in a rather straight-

forward way to inlude multiomponent, multiple reations, several kinds of partiles and

di�erent size lasses. As shown in [15℄, essentially the same approah may be used to analyze

a ¾bath reator¿ � in the ontext of aerosol systems, this onstitutes a well mixed ¾parel¿

of air or laboratory experiments in a hamber. For a reversible reation �nite K should

be onsidered. To solve the problem for small, but �nite K we have to use the modi�ed

Thiele moduli (mTm) approah see [16�18℄ and [19℄. The interplay of loal and global mass-

transfer is taken into aount in a self-onsistent way. As a onsequene, even if one of

the reatants initially is in loal exess, rossover may happen due to asymmetry in mass

transfer oe�ients. This may result in signi�ant orretions to the uptake of reatants and

the spatial-temporal distribution of the produts.

Appendix A. We assume the following mehanism for heterogeneous reation

A1 + Particle ⇄ (A1)adsorbed , (43)

A2 + (A1)adsorbed ⇄ A3 + (A4)adsorbed , (44)

(A4)adsorbed ⇄ (A4)dissolved , (45)

where only the seond step represents hemial kinetis: k+ and k− are rate oe�ients

for the forward and reverse reations, respetively, on the surfae. If A1 is identi�ed with
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HCl, A2 with ClONO2, A3 with Cl2, and A4 with HNO3, the model (43)-(45) applies under

reasonable assumptions for the reation of hlorine ativation, onsidered in the present paper

as an example. The kineti expression for this mehanism will be derived below, but �rst we

introdue the following notations for the onentrations at the surfaes of the partiles c
(s)
i

and their relative surfae overages si

A1 c
(s)
1 s1

A2 c
(s)
2 -

A3 c
(s)
3 -

A4 - s4

If for A1 the Langmuir kinetis is assumed, the mass balane on the surfae is given by

equations

ds1
dt

= k1c
(s)
1 (1 − s1 − s4) − k′1s1 − k+s1c

(s)
2 + k−c

(s)
3 s4 , (46)

ds4
dt

= k+s1c
(s)
2 − k−c

(s)
3 s4 − b

[
s4 − (s4)equil

]
, (47)

where ki and k
′
i are adsorption and desorption rate onstants, respetively; b is the dissolution

rate onstant, and (s4)equil is the equilibrium value of s4, determined by the instantaneous

ontent of A4 inside the droplet (the di�usion of the non-volatile produt A4 inside the small

droplet is onsidered as fast and not rate-limiting).

Making the ommon assumption of a pseudo - stationary state at the surfae, we obtain

c
(s)
1 (1 − s1 − s4) − a1s1 −

k+

k1
s1c

(s)
2 +

k−

k1
c
(s)
3 s4 = 0, (48)

k+

k1
s1c

(s)
2 − k−

k1
c
(s)
3 s4 − a2

[
s4 − (s4)equil

]
= 0, (49)

where a1 = k′1/k1; a2 = b/k1. Solution of this system for s1, s4, though elementary, yields

quite umbersome expressions. However, the exat solutions are not needed within the sope

of the present ommuniation. Indeed, our onsideration is restrited to the ase when the

adsorption/desorption and dissolution kinetis are fast in omparison to all other proesses;

that is k+/k1 ≪ 1, k−/k1 ≪ 1, while a1, a2 are neither too large, nor too small. It follows
from (49), that s4 ≃ (s4)equil. Aording to our �nite apaity assumption, we do not treat
the gradual inrease of (s4)equil aused by inreased ontent of A4 in the droplet. Instead,

we assume it to be onstant and small; thus the reation is swithed o� when the limiting

ontent of A4 in the droplet is reahed.

For s1 the same assumptions yield

s1 =
c
(s)
1 /a1

1 + c
(s)
1 /a1

. (50)

Then the expression for the reation rate R is :

R =
k+

a1
· c

(s)
1 c

(s)
2

1 + c
(s)
1 /a1

− k− (s4)equil c
(s)
3 ; (51)
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or, introduing rate onstant k = k+/a1 and e�etive equilibrium onstant

K = k+
/[

a1k
− (s4)equil

]

for the surfae reation,

R = k

(
c
(s)
1 c

(s)
2

1 + c
(s)
1 /a1

− c
(s)
3

K

)
. (52)

This equation still di�ers from (2) of Setion 2 by the Langmuir multiplier, 1+c
(s)
1

/
a1, whih

is lose to unity only for the relatively low overage of the surfae. This multiplier is taken

into aount in [19℄ and shown to be of possible importane for reversible reation. In the

present paper, for large k and K → ∞, that is for fast irreversible reation, both (52) and

(40) result in the same limiting form, c
(s)
1 c

(s)
2 → 0. See the orresponding equation (19) for

the loal onentrations.

Appendix B. Let us integrate equation (14) over domain −∞ < ξ < 0, and equation

(13) over domain 0 < ξ <∞:

∂c2
∂ξ

∣∣∣∣
0

−∞
− sc2|0−∞ = 0, (53)

∂c2
∂ξ

∣∣∣∣
∞

0

− s c2|∞0 −
∞∫

0

ϕ (ξ) dξ = 0. (54)

Both c2 and ∂c2/∂ξ are ontinuous at ξ = 0; therefore

sc2|∞−∞ = −
∞∫

0

ϕ (ξ) dξ , (55)

or [
c∞2 − c2|+∞

]
s =

n

N
vQ . (56)

For the ases 1 and 3 c2|+∞ = 0; this immediately yields the result equation (34). Exatly
the same proedure, but applied to equations (14) and (13) yields for the ases 2 and 4:

v =
p

1 +Q/σ
. (57)

Appendix C. Here the full solution for the third ase, see (23)-(24) and (38)-(41), is

given. For 0 < ξ < X

c1 =
1

α1 exp(α2X) + α2 exp(−α1X)

[[
α1
c∞1 − c∞2
1 − ν1

exp(α2X) − sc∞1

]
×

× exp(−α1 (X − ξ))+

[
α2
c∞1 − c∞2
1 − ν1

exp(−α1X) + sc∞1

]
exp(α2 (X − ξ))

]
, (58)
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c2 = c1 − c∞1 + c∞2 , (59)

c̃1 = 0; c̃2 = (1 − ν1) c1 − c∞1 + c∞2 . (60)

For X < ξ <∞
c1 = ν1

c∞1 − c∞2
1 − ν1

exp(−β (ξ −X)) + c∞1 − c∞2 , (61)

c2 = ν1
c∞1 − c∞2
1 − ν1

exp(−β (ξ −X)) , (62)

c̃1 = c∞1 − c∞2 − (c∞1 − c∞2 ) exp(−β (ξ −X)), c̃2 = 0, (63)

Both bulk onentrations are dereasing for ξ → ∞; while the onentration of the reagent

A2 whih is in de�it with respet to stoihiometri ratio approahes zero, the onentration

of the reagent A1 approahes c
∞
1 −c∞2 . However, while the loal onentration c̃2 is dereasing

from some �nite value at ξ = 0 to zero at ξ = X and remains zero for larger ξ, the loal
onentration c̃1 inreases from zero at ξ = X to c∞1 − c∞2 for ξ → ∞, see Fig 1. The simple

relation between the bulk onentrations, (59), (61), and (62) is a diret onsequene of

the equal dispersion oe�ients for all speies in the equations for the marosopi mass

transport, eq.(7). However, the method of solution outlined in the present ommuniation

does not use this fat, so it is valid for the ase of di�erent dispersion oe�ients as well,

when there is no suh simple onnetion. The above solutions depend parametrially on X ,

whih is a root of the equation (40). For the present ase to exist the ratio σ of the initial

onentrations should belong to the interval [1, 1 + sβ(1 − ν1)/ν1], see (41). One an see

from (40), that X approahes zero when σ approahes the upper limit. This means that the

solutions (61)-(63), representing the loal de�it of A2, beome valid starting from ξ = 0,
that is the Case 1 � for su�iently large exess of initial onentration A1 is both in global

and (despite slower mass transfer) loal exess over whole reative domain. On the other

hand, if σ approahes the lower limit,X tends to in�nity, that is the domain where solutions

(58)- (60) are valid spreads over all ξ. This means, in its turn, that we approah the Case 2,
when A1 is in global and loal de�it in the whole reative domain.

The above onsideration presumes ν1 < 1. Of ourse, for ν1 > 1 the swith is also possible;
however, than it should be σ < 1, but again, not too small (Case 4). It is worth notiing,

that eah of the (physially equivalent) Cases 1 and 2 is possible both for ν1 < 1 and ν1 > 1,
see eqs. (36),(37) for the Case 1. This orresponds to a single non-zero loal onentration

either inreasing, or dereasing with ξ in the whole reative domain; of ourse, the di�erene
between the orresponding bulk and loal onentrations, whih is the driving fore for the

proess, always dereases with ξ. Suh non-trivial and non-monotoni parametri dependene
is a manifestation of the strongly nonlinear harater of the problem onsidered.
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Î �ÀÑÏ�ÎÑÒ�ÀÍÅÍÈÈ Ô�ÎÍÒÀ ÍÀÑÛÙÅÍÈß �ÅÒÅ�Î�ÅÍÍÎÉ

ÕÈÌÈ×ÅÑÊÎÉ �ÅÀÊÖÈÈ Â ÀÝ�ÎÇÎËÜÍÎÌ ÎÁËÀÊÅ

∣∣
�.À. Õîìåíêî,

∣∣ ∗
Ï.Î. Ì÷åäëîâ-Ïåòðîñÿí, Â.Á. Çèììåðìàí

∗
Íàöèîíàëüíûé íàó÷íûé öåíòð ÕÔÒÈ,

óë. Àêàäåìè÷åñêàÿ, 1, Õàðüêîâ, 61108, Óêðàèíà, e-mail: peter.mhedlov�free.fr

Àííîòàöèÿ.Îáëàêî àýðîçîëüíûõ ÷àñòèö îñàæäàåòñÿ â âîçäóõå, ñîäåðæàùåì ðåàãåíòû. Èñ-

õîäÿ èç ìàêðîñêîïè÷åñêîé ìîäåëè õèìèè è ìàññîïåðåíîñà, îñíîâàííîé íà êèíåòè÷åñêîé òåîðèè

ãåòåðîãåííûõ õèìè÷åñêèõ ðåàêöèé, ìû àíàëèçèðóåì ðàñïðîñòðàíåíèå õèìè÷åñêîé ðåàêöèè â

îáëàêå àýðîçîëüíûõ ÷àñòèö. Â ýòîé ðàáîòå ìû ðàññìàòðèâàåì áèíàðíóþ ðåàêöèþ ñ îäíèì

ëåòó÷èì è îäíèì íåëåòó÷èì ïðîäóêòîì, ïðîòåêàþùóþ íà ïîâåðõíîñòè àýðîçîëüíûõ ÷àñòèö.

Åñëè ïðèíÿòü âî âíèìàíèå êîíå÷íóþ ¼ìêîñòü êàïëè ïî íàñûùåíèþ íåëåòó÷èì ïðîäóêòîì ðå-

àêöèè, çàìåäëåíèå ðåàêöèè â êîíöå êîíöîâ ïðèâîäèò ê ðàñïðîñòðàíåíèþ �ðîíòà íàñûùåíèÿ.

Íàéäåíû ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå êîíöåíòðàöèé, èõ ýâîëþöèÿ ñî âðåìåíåì è ñêîðîñòü

�ðîíòà íàñûùåíèÿ.

Êëþ÷åâûå ñëîâà: àýðîçîëü, êàïëÿ, ãåòåðîãåííàÿ õèìè÷åñêàÿ ðåàêöèÿ, ìàññîïåðåíîñ.
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ÈÍÂÀ�ÈÀÍÒÍÛÅ ÏÎÄÌÎÄÅËÈ ÑÈÑÒÅÌÛ Ó�ÀÂÍÅÍÈÉ

ÄÈÍÀÌÈÊÈ �ÀÇÎÂÇÂÅÑÈ Â ÑËÓ×ÀÅ Ò�ÅÕ Ï�ÎÑÒ�ÀÍÑÒÂÅÍÍÛÕ

ÏÅ�ÅÌÅÍÍÛÕ

À.Â. Ïàíîâ

×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

óë. Áðàòüåâ Êàøèðèíûõ, 129, ×åëÿáèíñê, 454001, �îññèÿ, e-mail: gjd�bk.ru

Àííîòàöèÿ.Ìåòîäàìè ãðóïïîâîãî àíàëèçà èññëåäîâàíà ñèñòåìà óðàâíåíèé â ÷àñòíûõ ïðî-

èçâîäíûõ, îïèñûâàþùàÿ äèíàìèêó ñìåñè ãàçà è ìåëêèõ ÷àñòèö, â ñëó÷àå òðåõ ïðîñòðàíñòâåí-

íûõ ïåðåìåííûõ. Íàéäåíî ÿäðî îñíîâíûõ àëãåáð Ëè ñèñòåìû, âûïèñàíà îïòèìàëüíàÿ ñèñòåìà

îäíîìåðíûõ ïîäàëãåáð, äëÿ íèõ âûïèñàíû èíâàðèàíòíûå ïîäìîäåëè, íàéäåíû íåêîòîðûå òî÷-

íûå ðåøåíèÿ ñèñòåìû óðàâíåíèé.

Êëþ÷åâûå ñëîâà: ãàçîâçâåñü, àëãåáðà Ëè ñèììåòðèé, îïòèìàëüíàÿ ñèñòåìà ïîäàëãåáð,

äîïóñêàåìàÿ ãðóïïà, èíâàðèàíòíîå ðåøåíèå, ïîäìîäåëü.

1. Ââåäåíèå. Â ðàáîòå èññëåäóþòñÿ ñèììåòðèéíûå ñâîéñòâà [1℄ ñèñòåìû óðàâíå-

íèé â ÷àñòíûõ ïðîèçâîäíûõ, îïèñûâàþùåé äèíàìèêó ñìåñè ãàçà è ìåëêèõ ÷àñòèö. Èñ-

ñëåäóåìàÿ ìîäåëü îïèñûâàåò ïîäàâëåíèå íåêîíòðîëèðóåìîé äåòîíàöèè ãîðþ÷åãî ãàçà

èíåðòíûìè ÷àñòèöàìè (ìåòîä ãàøåíèÿ) [2℄.

Ïîäàâëåíèå äèñêðåòíûìè ÷àñòèöàìè âîëíû äåòîíàöèè ìîæåò ïðîòåêàòü ïî-ðàçíîìó,

â çàâèñèìîñòè îò ïëîòíîñòè, êîíöåíòðàöèè è ðàçìåðîâ ÷àñòèö, à òàêæå äðóãèõ ïàðà-

ìåòðîâ ñèñòåìû. Äàííûé ïðîöåññ îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé ìåõàíèêè ãåòåðîãåí-

íûõ ñðåä âçàèìîïðîíèêàþùèõ êîíòèíóóìîâ â äâóõñêîðîñòíîì ïðèáëèæåíèè. Ïåðâûì

êîíòèíóóìîì âûñòóïàåò ñìåñü ðåàãèðóþùèõ ãàçîâ è ïðîäóêòîâ èõ âîñïëàìåíåíèÿ è ãî-

ðåíèÿ, âòîðûì êîíòèíóóìîì � ìåëêèå ÷àñòèöû èíåðòíîãî âåùåñòâà. Ôóíêöèîíàëüíûì

ïàðàìåòðîì ñèñòåìû ÿâëÿåòñÿ äàâëåíèå ñìåñè, çàâèñÿùåå îò ïëîòíîñòåé �àç.

�ëàâíàÿ ãèïîòåçà, èñïîëüçóåìàÿ ïðè òåîðåòè÷åñêîì îïèñàíèè òå÷åíèé ãàçîâçâåñåé,

ñîñòîèò â ïðåäïîëîæåíèè î òîì, ÷òî ñðåäà â öåëîì è å¼ êîìïîíåíòû ÿâëÿþòñÿ ñïëîø-

íûìè. Òàêæå, ïðåäïîëàãàåòñÿ, ÷òî:

� ðàçìåðû âêëþ÷åíèé äèñïåðñíîé �àçû çíà÷èòåëüíî ïðåâîñõîäÿò ìîëåêóëÿðíî-

êèíåòè÷åñêèå ðàçìåðû â íåñóùåé �àçå è â òî æå âðåìÿ çíà÷èòåëüíî ìåíüøå õàðàê-

òåðíûõ ìàêðîìàñøòàáîâ ñðåäû;

� ãàçîâàÿ âçâåñü ÿâëÿåòñÿ äîñòàòî÷íî ðàçðåæåííîé, ÷òîáû íå ó÷èòûâàòü âçàèìîäåé-

ñòâèå ÷àñòèö ìåæäó ñîáîé;

� ý��åêòû âÿçêîñòè ïðîÿâëÿþòñÿ òîëüêî âî âçàèìîäåéñòâèè ìåæäó ãàçîì è ÷àñòè-

öàìè;

� òåìïåðàòóðà ÷àñòèö ïî âñåìó åå îáúåìó ïîñòîÿííà âñëåäñòâèå âûñîêîé òåïëîïðî-

âîäíîñòè ìàòåðèàëà ÷àñòèö;

� ýíåðãèåé è ý��åêòàìè, ñâÿçàííûìè ñ õàîòè÷åñêèì äâèæåíèåì ÷àñòèö, ìîæíî

ïðåíåáðå÷ü;
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� òå÷åíèå ÿâëÿåòñÿ íåñòàöèîíàðíûì;

� òåïëîâûìè ý��åêòàìè ïðåíåáðåãàåì;

� ïðîöåññû äðîáëåíèÿ, ñëèïàíèÿ è îáðàçîâàíèÿ íîâûõ äèñïåðñíûõ ÷àñòèö îòñóò-

ñòâóþò; ÷àñòèöû ñîñòîÿò èç íåñæèìàåìîãî ìàòåðèàëà;

� â êà÷åñòâå íåñóùåé ãàçîâîé ñðåäû âûñòóïàåò ãîðþ÷èé ãàç, êîòîðûé âîñïëàìåíÿ-

åòñÿ ïî äîñòèæåíèè íåêîòîðîé êðèòè÷åñêîé òåìïåðàòóðû;

� ñîñòàâ ãàçà ïðåäïîëàãàåòñÿ îäíîêîìïîíåíòíûì.

Òåîðåòè÷åñêèå èññëåäîâàíèÿ äàííîé ñèñòåìû áûëè ïðîâåäåíû, ãëàâíûì îáðàçîì, â

îäíîìåðíîì è äâóìåðíîì ñëó÷àÿõ (ñì. [2℄ è ññûëêè òàì æå). Ñèììåòðèéíûå ñâîéñòâà

ñèñòåìû â äàííûõ ðàáîòàõ íå èçó÷àëèñü.

Â ðàáîòàõ [3, 4℄ ñèñòåìà èññëåäîâàëàñü â ñëó÷àå ïðîñòðàíñòâà íåçàâèñèìûõ ïåðå-

ìåííûõ R2
(t, x): áûëî íàéäåíî ÿäðî îñíîâíûõ àëãåáð Ëè, äîêàçàíî, ÷òî ñèñòåìà íå èìååò

äîïîëíèòåëüíûõ ñèììåòðèé ïðè ëþáîé �óíêöèè äàâëåíèÿ, íàéäåíà îïòèìàëüíàÿ ñèñòå-

ìà ïîäàëãåáð ÿäðà îñíîâíûõ àëãåáð Ëè, îñóùåñòâëåí ïîèñê èíâàðèàíòíûõ è ÷àñòè÷íî

èíâàðèàíòíûõ ðåøåíèé ñèñòåìû. Â íàñòîÿùåé ðàáîòå íàéäåíî ÿäðî îñíîâíûõ àëãåáð

Ëè äàííîé ñèñòåìû â ñëó÷àå ïðîñòðàíñòâà íåçàâèñèìûõ ïåðåìåííûõ R4
(t, x, y, z), âûïèñà-

íû èíâàðèàíòíûå ïîäìîäåëè ðàíãà 3 è íàéäåíû íåêîòîðûå òî÷íûå ðåøåíèÿ ñèñòåìû.

2. ßäðî îñíîâíûõ àëãåáð Ëè. �àññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé:

dρ1
dt1

+ ρ1div ~u1 = 0 , (1)

dρ2
dt2

+ ρ2div ~u2 = 0 , (2)

ρ1
d~u1
dt1

+m1∇P (ρ1, ρ2) = −ρ2
τ

(~u1 − ~u2) , (3)

ρ2
d~u2
dt2

+m2∇P (ρ1, ρ2) =
ρ2
τ

(~u1 − ~u2) , (4)

îïèñûâàþùàÿ äèíàìèêó ñìåñè ãàçà è ìåëêèõ ÷àñòèö â ïðîñòðàíñòâå. Çäåñü

~u1 = (u1, v1, w1) � âåêòîð ñêîðîñòè ãàçà, ~u2 = (u2, v2, w2) � âåêòîð ñêîðîñòè ÷àñòèö, ρ1 �

ïëîòíîñòü ãàçà, ρ2 � ïëîòíîñòü ÷àñòèö, P � äàâëåíèå ñìåñè,m2 =
ρ2
b
� îáúåìíàÿ êîöåí-

òðàöèÿ ÷àñòèö, b � àáñîëþòíàÿ ïëîòíîñòü ÷àñòèö, m1 = 1−m2 � îáúåìíàÿ êîöåíòðàöèÿ

ãàçà,

d

dt1
=

∂

∂t
+ ~u1 · ∇,

d

dt2
=

∂

∂t
+ ~u2 · ∇.

Îïðåäåëåíèå 1. ßäðîì îñíîâíûõ àëãåáð Ëè ñèñòåìû óðàâíåíèé íàçûâàåòñÿ àëãåá-

ðà Ëè ïðåîáðàçîâàíèé çàâèñèìûõ è íåçàâèñèìûõ ïåðåìåííûõ, äîïóñêàåìûõ ïðè ëþáîì

çíà÷åíèè ïàðàìåòðà ñèñòåìû [1℄.

Îïåðàòîð ãðóïïû äîïóñêàåìûõ ïðåîáðàçîâàíèé èùåòñÿ â âèäå

X = θ
∂

∂t
+ ξ

∂

∂x
+ η

∂

∂y
+ ζ

∂

∂z
+ U1

∂

∂u1
+ V1

∂

∂v1
+
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+ W1
∂

∂w1
+ U2

∂

∂u2
+ V2

∂

∂v2
+W2

∂

∂w2
+R1

∂

∂ρ1
+R2

∂

∂ρ2
.

Âñå êîý��èöèåíòû îïåðàòîðà çàâèñÿò îò ïåðåìåííûõ (t, x, y, z, u1, v1, w1, u2, v2, w2, ρ1, ρ2).
Ïðîäîëæàÿ äàííûé îïåðàòîð íà ïðîñòðàíñòâî 1-ñòðóé, äåéñòâóÿ ïðîäîëæåííûì îïåðà-

òîðîì íà ñèñòåìó è ñóæàÿ ïîëó÷åííûå óðàâíåíèÿ íà ìíîãîîáðàçèå, çàäàâàåìîå ñèñòåìîé

â ðàñøèðåííîì ïðîñòðàíñòâå, ïîëó÷èì ñèñòåìó îïðåäåëÿþùèõ óðàâíåíèé íà êîý��èöè-

åíòû îïåðàòîðà. Èç îïðåäåëÿþùèõ óðàâíåíèé è ïðîèçâîëüíîñòè ïàðàìåòðà P ñëåäóåò,

÷òî R1 = 0, R2 = 0, θ = θ(t), ξ = ξ(t, x, y, z), η = η(t, x, y, z), ζ=ζ(t, x, y, z),

U1 =U1(t, x, y, z, u1, v1, w1) , V1=V1(t, x, y, z,u1,v1,w1) , W1 =W1(t, x, y, z,u1,v1,w1) ,

U2 =U2(t, x, y, z,u2,v2,w2) , V2 =V2(t, x, y, z,u2,v2,w2) , W2 =W2(t, x, y, z, u2, v2, w2) .

Êðîìå òîãî, èìåþòñÿ ñëåäóþùèå äâå èäåíòè÷íûå äðóã äðóãó ãðóïïû óðàâíåíèé (5)-(16)

è (17)-(28) äëÿ íàáîðîâ �óíêöèé {U1, V1,W1} è {U2, V2,W2}, ñîîòâåòñòâåííî:

U1u1 + θt − ξx = 0, V1v1 + θt − ηy = 0, W1w1 + θt − ζz = 0, (5)

U1 = ξt − u1θt + u1ξx + v1ξy + w1ξz, (6)

V1 = ηt − v1θt + u1ηx + v1ηy + w1ηz, (7)

W1 = ζt − w1θt + u1ζx + v1ζy + w1ζz, (8)

U1x + V1y +W1z = 0, (9)

U1v1 + ηx = 0, U1w1 + ζx = 0, (10)

V1u1 + ξy = 0, V1w1 + ζy = 0, (11)

W1u1 + ξz = 0, W1v1 + ηz = 0, (12)

θt − ξx − U1u1 = 0, θt − ηy − V1v1 = 0, θt − ζz −W1w1 = 0, (13)

ρ2
τ

(U1 − U2) + ρ1 (u1U1x + v1U1y + w1U1z + U1t) +

+
ρ2
τ

(θt − U1u1) (u1 − u2) −
ρ2
τ
U1v1(v1 − v2) −

ρ2
τ
U1w1(w1 − w2) = 0, (14)

ρ2
τ

(V1 − V2) + ρ1 (u1V1x + v1V1y + w1V1z + V1t) +

+
ρ2
τ

(θt − V1v1) (v1 − v2) −
ρ2
τ
V1u1(u1 − u2) −

ρ2
τ
V1w1(w1 − w2) = 0, (15)

ρ2
τ

(W1 −W2) + ρ1 (u1W1x + v1W1y + w1W1z +W1t) +

+
ρ2
τ

(θt −W1w1) (w1 − w2) −
ρ2
τ
W1u1(u1 − u2) −

ρ2
τ
W1v1(v1 − v2) = 0, (16)

U2u2 + θt − ξx = 0, V2v2 + θt − ηy = 0, W2w2 + θt − ζz = 0, (17)

U2 = ξt − u2θt + u2ξx + v2ξy + w2ξz, (18)
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V2 = ηt − v2θt + u2ηx + v2ηy + w2ηz, (19)

W2 = ζt − w2θt + u2ζx + v2ζy + w2ζz, (20)

U2x + V2y +W2z = 0, (21)

U2v2 + ηx = 0, U2w2 + ζx = 0, (22)

V2u2 + ξy = 0, V2w2 + ζy = 0, (23)

W2u2 + ξz = 0, W2v2 + ηz = 0, (24)

θt − ξx − U2u2 = 0, θt − ηy − V2v2 = 0, θt − ζz −W2w2 = 0, (25)

ρ2
τ

(U1 − U2) + ρ1 (u2U2x + v2U2y + w2U2z + U2t) +

+
ρ2
τ

(θt − U2u2) (u1 − u2) −
ρ2
τ
U2v2(v1 − v2) −

ρ2
τ
U2w2(w1 − w2) = 0, (26)

ρ2
τ

(V1 − V2) + ρ1 (u2V2x + v2V2y + w2V2z + V2t) +

+
ρ2
τ

(θt − V2v2) (v1 − v2) −
ρ2
τ
V2u2(u1 − u2) −

ρ2
τ
V2w2(w1 − w2) = 0, (27)

ρ2
τ

(W1 −W2) + ρ1 (u2W2x + v2W2y + w2W2z +W2t) +

+
ρ2
τ

(θt −W2w2) (w1 − w2) −
ρ2
τ
W2u2(u1 − u2) −

ρ2
τ
W2v2(v1 − v2) = 0, (28)

Äîñòàòî÷íî ðåøèòü îäíó èç ýòèõ ñèñòåì óðàâíåíèé. �åøèì, íàïðèìåð, ñèñòåìó (5)-

(16).

Ñêëàäûâàÿ ïåðâûå óðàâíåíèÿ â (5) è (13), ïîëó÷èì θt = ξx. Òàê æå èç âòîðûõ

óðàâíåíèé â (5) è (13) ïîëó÷èì θt = ηy, èç òðåòüèõ � θt = ζz. Ïîäñòàâëÿÿ (6) è (18) â

(14) è ïðèâîäÿ ïîäîáíûå ïðè ρ2, v1, w1, ïîëó÷èì, ÷òî ξx = 0, ξtt = 0, ξyy = 0, ξzz = 0,
ξty = 0, ξtz = 0, ξyz = 0. Òàêèì îáðàçîì, �óíêöèÿ ξ åñòü ìíîãî÷ëåí ïåðâîé ñòåïåíè

îò ïåðåìåííûõ t, y, z. Ôóíêöèÿ θ åñòü êîíñòàíòà. Äàëåå, ïîäñòàâèâ (7) è (19) â (15),

ó÷èòûâàÿ ðàâåíñòâà θt = ηy = 0 è ïðèâîäÿ ïîäîáíûå ïðè u1, w1, ïîëó÷èì ηtt = 0,
ηzz = 0, ηxx = 0, ηtz = 0, ηtx = 0, ηxz = 0. Òàêèì îáðàçîì, �óíêöèÿ η åñòü ìíîãî÷ëåí

ïåðâîé ñòåïåíè îò ïåðåìåííûõ t, x, z. Òàê æå, ïîäñòàâèâ (8) è (20) â (16), íàéäåì, ÷òî ζ
åñòü ìíîãî÷ëåí ïåðâîé ñòåïåíè îò ïåðåìåííûõ t, x, y. Èòàê, ïîëó÷åíû âûðàæåíèÿ θ = c,
ξ = a1t + a3y + a4z + a5, η = b1t + b2x + b4z + b5, ζ = c1t + c2x + c3y + c5. Ó÷èòûâàÿ
âûðàæåíèÿ äëÿ U1, V1, W1 èç (6)-(8), íàõîäèì

U1 = a1 + a3v1 + a4w1,

V1 = b1 + b2u1 + b4w1,

W1 = c1 + c2u1 + c3v1.

Îñòàëèñü óðàâíåíèÿ (9), (10), (11), (12). Óðàâíåíèå (9) ñëåäóåò èç äðóãèõ óðàâíåíèé.

Èç óðàâíåíèé (10), (11), (12) ïîëó÷èì

ηx + ξy = 0, ζx + ξz = 0, ζy + ηz = 0.
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Ïîñëå ïîäñòàíîâêè â ýòè óðàâíåíèÿ âûðàæåíèé äëÿ ξ, η, ζ ïîëó÷èì ðàâåíñòâà b2 = −a3,
a4 = −c2, c3 = −b4. Ïîäñòàâèâ â �îðìóëû (18), (19), (20) âûðàæåíèÿ äëÿ ξ, η, ζ , íàéäåì
U2, V2, W2. Èòàê, ïîñëå ïåðåîáîçíà÷åíèé b2 = d, a4 = e, c3 = f , ðåøåíèå îïðåäåëÿþùåé
ñèñòåìû óðàâíåíèé ìîæíî çàïèñàòü â âèäå

θ = c, ξ = a1t− dy + ez + a5, η = b1t+ dx− fz + b5, ζ = c1t− ex + fy + c5,

U1 = a1 − dv1 + ew1, V1 = b1 + du1 − fw1, W1 = c1 − eu1 + fv1,

U2 = a1 − dv2 + ew2, V2 = b1 + du2 − fw2, W2 = c1 − eu2 + fv2,

R1 = 0, R2 = 0.

Ïîëó÷åííûå �îðìóëû ïðèâîäÿò ê ñëåäóþùåìó óòâåðæäåíèþ.

Òåîðåìà 1. Áàçèñ ÿäðà îñíîâíûõ àëãåáð Ëè L10 ñèñòåìû óðàâíåíèé (1)-(4) ñîñòîèò

èç îïåðàòîðîâ

X1 =
∂

∂x
, X2 =

∂

∂y
, X3 =

∂

∂z
,

X4 = t
∂

∂x
+

∂

∂u1
+

∂

∂u2
, X5 = t

∂

∂y
+

∂

∂v1
+

∂

∂v2
, X6 = t

∂

∂z
+

∂

∂w1

+
∂

∂w2

,

X7 = y
∂

∂z
− z

∂

∂y
+ v1

∂

∂w1

− w1
∂

∂v1
+ v2

∂

∂w2

− w2
∂

∂v2
,

X8 = z
∂

∂x
− x

∂

∂z
+ w1

∂

∂u1
− u1

∂

∂w1
+ w2

∂

∂u2
− u2

∂

∂w2
,

X9 = x
∂

∂y
− y

∂

∂x
+ u1

∂

∂v1
− v1

∂

∂u1
+ u2

∂

∂v2
− v2

∂

∂u2
,

X10 =
∂

∂t
.

� Çàäàâàÿ â ïîñëåäíèõ �îðìóëàõ äëÿ êîý��èöèåíòîâ äîïóñêàåìîãî âåêòîðíîãî ïî-

ëÿ ïðîèçâîëüíûå êîíñòàíòû ðàâíûìè íóëþ, êðîìå îäíîé, ðàâíîé åäèíèöå, ïîëó÷èì

òðåáóåìûå âåêòîðíûå ïîëÿ. �

3. Ïîäìîäåëè. Â ðàáîòå Ë.Â. Îâñÿííèêîâà [5℄ áûëà ïðåäëîæåííà ïðîãðàììà ¾Ïîä-

ìîäåëè¿, íàïðàâëåííàÿ íà ìàêñèìàëüíîå èñïîëüçîâàíèå ñâîéñòâ ñèììåòðèé ñèñòåì óðàâ-

íåíèé, ñ öåëüþ èõ ðåøåíèÿ è êà÷åñòâåííîãî èññëåäîâàíèÿ: ïîñòàíîâêè êðàåâûõ çàäà÷,

èññëåäîâàíèå òðàåêòîðèé, õàðàêòåðèñòèê è ò. ä. Äëÿ íàõîæäåíèÿ âñåõ ñóùåñòâåííî ðàç-

ëè÷íûõ ïîäìîäåëåé íåîáõîäèìà êëàññè�èêàöèÿ âñåõ ïîäàëãåáð îñíîâíîé àëãåáðû Ëè ñ

òî÷íîñòüþ äî ïðåîáðàçîâàíèé âíóòðåííèõ àâòîìîð�èçìîâ, òàê êàê ðåøåíèÿ îäíîé ïîä-

ìîäåëè ïåðåâîäÿòñÿ â ðåøåíèÿ äðóãîé, åñëè ïîäàëãåáðû, ñîîòâåòñòâóþùèå ýòèì ïîäìî-

äåëÿì, ïåðåâîäÿòñÿ äðóã â äðóãà âíóòðåííèì àâòîìîð�èçìîì. Òàêèå ïîäàëãåáðû áóäåì

íàçûâàòü ïîäîáíûìè.

Îïðåäåëåíèå 2. Ñîâîêóïíîñòü ïðåäñòàâèòåëåé êëàññîâ ïîäîáíûõ ïîäàëãåáð ðàç-

ìåðíîñòè s (ïî îäíîìó îò êàæäîãî êëàññà) íàçûâàåòñÿ îïòèìàëüíîé ñèñòåìîé ïîäàëãåáð
ðàçìåðíîñòè s [1℄.
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Àëãåáðà Ëè L10 ÿâëÿåòñÿ àëãåáðîé Ëè ãðóïïû �àëèëåÿ. Îïòèìàëüíàÿ ñèñòåìà ïîäàë-

ãåáð âñåõ ðàçìåðíîñòåé äàííîé àëãåáðû áûëà íàéäåíà Ë.Â. Îâñÿííèêîâûì â ðàáîòå [6℄.

Â òàáëèöå 1 ïðèâåäåíà ñèñòåìà âñåõ îäíîìåðíûõ íåïîäîáíûõ ïîäàëãåáð èç ðàáîòû [6℄

âìåñòå ñ èõ èíâàðèàíòàìè. Ïðè ýòîì D îçíà÷àåò äåêàðòîâó ñèñòåìó êîîðäèíàò, à C �

öèëèíäðè÷åñêóþ.

Òàáëèöà 1

� Ñèñòåìà

êîîðäè-

íàò

Îïåðàòîð Èíâàðèàíòíûå

íåçàâèñèìûå

ïåðåìåííûå

Èíâàðèàíòíûå êîìïîíåíòû

U1, U2

1 D X1 t, y, z U1 = u1, U2 = u2
2 D X4 t, y, z U1 = u1 − x

t
, U2 = u2 − x

t

3 D βX3 +X4, β 6= 0 t, y, βx− zt U1 = u1 − z
β
, U2 = u2 − z

β

4 C δX1 +X7, δ ∈ R t, x− δθ, r U1 = u1c, U2 = u2c
5 C βX4 +X7, β 6= 0 t, x− βtθ, r U1 = u1c−βθ, U2 = u2c−βθ
6 D X10 x, y, z U1 = u1, U2 = u2
7 D βX4 +X10, β 6= 0 x− β t2

2
, y, z U1 = u1 − βt, U2 = u2 − βt

8 C βX4 + αX7 +
X10, α 6= 0, β ∈ R

αt−θ, x−β t2

2
, r U1 = u1c−βt, U2 = u2c−βt

Êîìïîíåíòû âåêòîðà ñêîðîñòè v1, w1, v2, w2 ÿâëÿþòñÿ èíâàðèàíòàìè âî âñåõ ïîäàëãåá-

ðàõ. Ïîäìîäåëè äëÿ ïîäàëãåáð ñ íîìåðàìè 4, 5, 8 óäîáíåé çàïèñûâàòü â öèëèíäðè÷åñêèõ

êîîðäèíàòàõ. Äëÿ ýòîãî ââîäÿòñÿ íîâûå íåçàâèñèìûå ïåðåìåííûå t, x, r, θ, ãäå

y = r cos θ, z = r sin θ, r =
√
y2 + z2, θ = arctg

z

y
.

Êîìïîíåíòû âåêòîðîâ ñêîðîñòè �àç â öèëèíäðè÷åñêèõ êîîðäèíàòàõ ~u1c = (u1c, v1c, w1c),
~u2c = (u2c, v2c, w2c) ââîäÿòñÿ çàìåíàìè

u1c = u1, v1c = v1 cos θ + w1 sin θ, w1c = −v1 sin θ + w1 cos θ,

u2c = u2, v2c = v2 cos θ + w2 sin θ, w2c = −v2 sin θ + w2 cos θ.

Îáðàòíàÿ çàìåíà

u1 = u1c, v1 = v1c cos θ − w1c sin θ, w1 = v1c sin θ + w1c cos θ,

u2 = u2c, v2 = v2c cos θ − w2c sin θ, w2 = v2c sin θ + w2c cos θ.

Çäåñü vic � ðàäèàëüíàÿ â ïëîñêîñòè (y, z), à wic � îêðóæíàÿ êîìïîíåíòû âåêòîðîâ ñêîðî-

ñòåé �àç. Îáîçíà÷åíèÿ äëÿ ïëîòíîñòåé è äàâëåíèÿ íå èçìåíÿþòñÿ. Âåêòîðà X1, X4, X10

íå èçìåíÿòñÿ â öèëèíäðè÷åñêèõ êîîðäèíàòàõ, âåêòîð X7 ïðèìåò âèä X7 = ∂θ.
Âûïèøåì èíâàðèàíòíûå äëÿ ïîäàëãåáð èç îïòèìàëüíîé ñèñòåìû ïîäìîäåëè ñèñòåìû

(1)-(4). Ïðè ýòîì íîìåð ïîäìîäåëè áóäåò ñîîòâåòñòâîâàòü íîìåðó ïîäàëãåáðû â òàáëèöå.
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3.1. Äâóìåðíûå äâèæåíèÿ. �àññìîòðèì ïðåäñòàâëåíèå ðåøåíèÿ (~u1, ~u2, ρ1, ρ2) =

(~U1, ~U2, ρ1, ρ2)(t, y, z). Ôàêòîðñèñòåìà óðàâíåíèé ïîäìîäåëè:

D1ρ1 + ρ1

(
∂V1
∂y

+
∂W1

∂z

)
= 0 , D2ρ2 + ρ2

(
∂V2
∂y

+
∂W2

∂z

)
= 0 ,

D1
~U1 +

m1

ρ1
grad(y,z)P = −ρ2

ρ1

~U1 − ~U2

τ
,

D2
~U2 +

m2

ρ2
grad(y,z)P =

~U1 − ~U2

τ
,

ãäå

D1 =
∂

∂t
+ V1

∂

∂y
+W1

∂

∂z
, D2 =

∂

∂t
+ V2

∂

∂y
+W2

∂

∂z
,

~U1 = (U1, V1,W1), ~U2 = (U2, V2,W2), grad(y,z) = (0, ∂y, ∂z).

3.2. �àëèëååâî-èíâàðèàíòíûå äâèæåíèÿ. �åøåíèÿ èìåþò âèä

u1 =
x

t
+ U1(t, y, z), u2 =

x

t
+ U2(t, y, z),

(v1, w1, v2, w2, ρ1, ρ2) = (V1,W1, V2,W2, ρ1, ρ2)(t, y, z),

à ñîîòâåòñòâóþùàÿ �àêòîðñèñòåìà óðàâíåíèé ïîäìîäåëè �

D1ρ1 + ρ1

(
1

t
+
∂V1
∂y

+
∂W1

∂z

)
= 0 , D2ρ2 + ρ2

(
1

t
+
∂V2
∂y

+
∂W2

∂z

)
= 0 ,

D1U1 +
1

t
U1 = −ρ2

ρ1

U1 − U2

τ
,

D1V1 +
m1

ρ1

∂P (ρ1, ρ2)

∂y
= −ρ2

ρ1

V1 − V2
τ

,

D1W1 +
m1

ρ1

∂P (ρ1, ρ2)

∂z
= −ρ2

ρ1

W1 −W2

τ
,

D2U2 +
1

t
U2 =

U1 − U2

τ
,

D2V2 +
m2

ρ2

∂P (ρ1, ρ2)

∂y
=
V1 − V2

τ
,

D2W2 +
m2

ρ2

∂P (ρ1, ρ2)

∂z
=
W1 −W2

τ
,

ãäå

D1 =
∂

∂t
+ V1

∂

∂y
+W1

∂

∂z
, D2 =

∂

∂t
+ V2

∂

∂y
+W2

∂

∂z
.
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3.3. Ñäâèãîâûå äâèæåíèÿ. �åøåíèÿ âèäà u1 =
z

β
+ U1(t, ξ, y), u2 =

z

β
+ U2(t, ξ, y),

(v1, w1, v2, w2, ρ1, ρ2) = (V1,W1, V2,W2, ρ1, ρ2)(t, ξ, y), ξ = x− tz

β
ñîîòâåòñòâóþò �àêòîðñè-

ñòåìå:

D1ρ1 + ρ1

(
∂U1

∂ξ
+
∂V1
∂y

− t

β

∂W1

∂ξ

)
= 0 , D2ρ2 + ρ2

(
∂U2

∂ξ
+
∂V2
∂y

− t

β

∂W2

∂ξ

)
= 0 ,

D1U1 +
1

β
W1 +

m1

ρ1

∂P (ρ1, ρ2)

∂ξ
= −ρ2

ρ1

U1 − U2

τ
,

D1V1 +
m1

ρ1

∂P (ρ1, ρ2)

∂y
= −ρ2

ρ1

V1 − V2
τ

,

D1W1 −
m1

ρ1

t

β

∂P (ρ1, ρ2)

∂ξ
= −ρ2

ρ1

W1 −W2

τ
,

D2U2 +
1

β
W2 +

m2

ρ2

∂P (ρ1, ρ2)

∂ξ
=
U1 − U2

τ
,

D2V2 +
m2

ρ2

∂P (ρ1, ρ2)

∂y
=
V1 − V2

τ
,

D2W2 −
m2

ρ2

t

β

∂P (ρ1, ρ2)

∂ξ
=
W1 −W2

τ
,

ãäå

D1 =
∂

∂t
+ (U1 −

t

β
W1)

∂

∂ξ
+ V1

∂

∂y
, D2 =

∂

∂t
+ (U2 −

t

β
W2)

∂

∂ξ
+ V2

∂

∂y
.

3.4. Âèíòîâûå äâèæåíèÿ. �åøåíèÿ, èìåþùèå âèä

(u1c, v1c, w1c, u2c, v2c, w2c, ρ1, ρ2) = (U1, V1,W1, U2, V2,W2, ρ1, ρ2)(t, ξ, r) , ξ = x− δθ,

ñîîòâåòñòâóþò �àêòîðñèñòåìå óðàâíåíèé ïîäìîäåëè

D1ρ1 + ρ1

(
∂U1

∂ξ
+
∂V1
∂r

+
V1
r

− δ

r

∂W1

∂ξ

)
= 0 ,

D2ρ2 + ρ2

(
∂U2

∂ξ
+
∂V2
∂r

+
V2
r

− δ

r

∂W2

∂ξ

)
= 0 ,

D1U1 +
m1

ρ1
Pξ = −ρ2

ρ1

U1 − U2

τ
,

D1V1 −
W 2

1

r
+
m1

ρ1
Pr = −ρ2

ρ1

V1 − V2
τ

,

D1W1 +
W1V1
r

− δ

r

m1

ρ1
Pξ = −ρ2

ρ1

W1 −W2

τ
,
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D2U2 +
m2

ρ2
Pξ =

U1 − U2

τ
,

D2V2 −
W 2

2

r
+
m2

ρ2
Pr =

V1 − V2
τ

,

D2W2 +
W2V2
r

− δ

r

m2

ρ2
Pξ =

W1 −W2

τ
,

ãäå

D1 =
∂

∂t
+ (U1 −

δ

r
W1)

∂

∂ξ
+ V1

∂

∂r
, D2 =

∂

∂t
+ (U2 −

δ

r
W2)

∂

∂ξ
+ V2

∂

∂r
.

3.5. Îáîáùåííûå âðàùàòåëüíî-ñèììåòðè÷íûå äâèæåíèÿ. Ïðåäñòàâëåíèå ðå-

øåíèÿ u1c = βθ + U1(t, ξ, r), u2c = βθ + U2(t, ξ, r), ξ = x − βtθ, (v1c, w1c, v2c, w2c, ρ1, ρ2) =
(V1,W1, V2,W2, ρ1, ρ2)(t, ξ, r).

Ôàêòîðñèñòåìà èìååò âèä

D1ρ1 + ρ1

(
∂U1

∂ξ
+
∂V1
∂r

+
V1
r

− β
t

r

∂W1

∂ξ

)
= 0 ,

D2ρ2 + ρ2

(
∂U2

∂ξ
+
∂V2
∂r

+
V2
r

− β
t

r

∂W2

∂ξ

)
= 0 ,

D1U1 + β
W1

r
+
m1

ρ1
Pξ = −ρ2

ρ1

U1 − U2

τ
,

D1V1 −
W 2

1

r
+
m1

ρ1
Pr = −ρ2

ρ1

V1 − V2
τ

,

D1W1 +
W1V1
r

− β
m1

ρ1

t

r
Pξ = −ρ2

ρ1

W1 −W2

τ
,

D2U2 + β
W2

r
+
m2

ρ2
Pξ =

U1 − U2

τ
,

D2V2 −
W 2

2

r
+
m2

ρ2
Pr =

V1 − V2
τ

,

D2W2 +
W2V2
r

− β
m2

ρ2

t

r
Pξ =

W1 −W2

τ
,

ãäå

D1 =
∂

∂t
+ (U1 − β

t

r
W1)

∂

∂ξ
+ V1

∂

∂r
, D2 =

∂

∂t
+ (U2 − β

t

r
W2)

∂

∂ξ
+ V2

∂

∂r
.

3.6. Ñòàöèîíàðíûå òå÷åíèÿ. �åøåíèÿ âèäà

(~u1, ~u2, ρ1, ρ2) = (~U1, ~U2, ρ1, ρ2)(x, y, z)
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ñîîòâåòñòâóþò �àêòîðñèñòåìå

D1ρ1 + ρ1div~U1 = 0 , D2ρ2 + ρ2div~U2 = 0 ,

D1
~U1 +

m1

ρ1
gradP = −ρ2

ρ1

~U1 − ~U2

τ
,

D2
~U2 +

m2

ρ2
gradP =

~U1 − ~U2

τ
,

ãäå

D1 = U1
∂

∂x
+ V1

∂

∂y
+W1

∂

∂z
, D2 = U2

∂

∂x
+ V2

∂

∂y
+W2

∂

∂z
.

3.7. Ñòàöèîíàðíûå òå÷åíèÿ â îäíîðîäíîì ïîëå ñèë, íàïðàâëåííûõ

ïàðàëëåëüíî îñè x. Ïðåäñòàâëåíèå ðåøåíèÿ u1 = βt+ U1(ξ, y, z), u2 = βt+ U2(ξ, y, z),
(v1, w1, v2, w2, ρ1, ρ2) = (V1,W1, V2,W2, ρ1, ρ2)(ξ, y, z), ξ = x−β t2

2
. Ôàêòîðñèñòåìà óðàâíå-

íèé ïîäìîäåëè:

D1ρ1 + ρ1

(
∂U1

∂ξ
+
∂V1
∂y

+
∂W1

∂z

)
= 0 ,

D2ρ2 + ρ2

(
∂U2

∂ξ
+
∂V2
∂y

+
∂W2

∂z

)
= 0 ,

D1U1 + β +
m1

ρ1

∂P (ρ1, ρ2)

∂ξ
= −ρ2

ρ1

U1 − U2

τ
,

D1V1 +
m1

ρ1

∂P (ρ1, ρ2)

∂y
= −ρ2

ρ1

V1 − V2
τ

,

D1W1 +
m1

ρ1

∂P (ρ1, ρ2)

∂z
= −ρ2

ρ1

W1 −W2

τ
,

D2U2 + β +
m2

ρ2

∂P (ρ1, ρ2)

∂ξ
=
U1 − U2

τ
,

D2V2 +
m2

ρ2

∂P (ρ1, ρ2)

∂y
=
V1 − V2

τ
,

D2W2 +
m2

ρ2

∂P (ρ1, ρ2)

∂z
=
W1 −W2

τ
,

ãäå

D1 = U1
∂

∂ξ
+ V1

∂

∂y
+W1

∂

∂z
, D2 = U2

∂

∂ξ
+ V2

∂

∂y
+W2

∂

∂z
.

3.8. Îáîáùåííûå âðàùàòåëüíûå äâèæåíèÿ â îäíîðîäíîì ïîëå ñèë,

íàïðàâëåííûõ ïàðàëëåëüíî îñè x. �åøåíèÿ âèäà u1c = βt+ U1(τ, ξ, r),
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u2c = βt+ U2(τ, ξ, r), (v1c, w1c, v2c, w2c, ρ1, ρ2) = (V1,W1, V2,W2, ρ1, ρ2)(τ, ξ, r), s = αt − θ,
ξ = x− β t2

2
, ñîîòâåòñòâóþò �àêòîðñèñòåìå óðàâíåíèé ïîäìîäåëè

D1ρ1 + ρ1

(
∂U1

∂ξ
+
∂V1
∂r

+
V1
r

− 1

r

∂W1

∂s

)
= 0 ,

D2ρ2 + ρ2

(
∂U2

∂ξ
+
∂V2
∂r

+
V2
r

− 1

r

∂W2

∂s

)
= 0 ,

D1U1 + β +
m1

ρ1
Pξ = −ρ2

ρ1

U1 − U2

τ
,

D1V1 −
W 2

1

r
+
m1

ρ1
Pr = −ρ2

ρ1

V1 − V2
τ

,

D1W1 +
W1V1
r

− m1

ρ1

1

r
Ps = −ρ2

ρ1

W1 −W2

τ
,

D2U2 + β +
m2

ρ2
Pξ =

U1 − U2

τ
,

D2V2 −
W 2

2

r
+
m2

ρ2
Pr =

V1 − V2
τ

,

D2W2 +
W2V2
r

− m2

ρ2

1

r
Ps =

W1 −W2

τ
,

ãäå

D1 =

(
α− W1

r

)
∂

∂s
+ U1

∂

∂ξ
+ V1

∂

∂r
, D2 =

(
α− W2

r

)
∂

∂s
+ U2

∂

∂ξ
+ V2

∂

∂r
.

4. Íåêîòîðûå ðåøåíèÿ ñèñòåìû óðàâíåíèé äèíàìèêè ãàçîâçâåñè. Ïðÿìîé

ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî �óíêöèè

ρ1 =
c1
t
, ρ2 =

c2
t
,

u1 =
x

t
+

1

t

(
c2

c1 + c2
ϕ(y, z) exp

{
−
(
c1 + c2
c1

)
t

τ

}
+ ψ(y, z)

)
,

u2 =
x

t
+

1

t

(
− c1
c1 + c2

ϕ(y, z) exp
{
−
(
c1 + c2
c1

)
t

τ

}
+ ψ(y, z)

)
,

v1 = w1 = 0, v2 = w2 = 0

çàäàþò ðåøåíèå ñèñòåìû (1)-(4), èíâàðèàíòíîå îòíîñèòåëüíî ãàëèëååâñêèõ ïðåîáðàçî-

âàíèé. Òàêæå íàéäåíû ñëåäóþùèå ðåøåíèÿ ñèñòåìû.

I.

~u2 = ~u1, ρ1 =
c1

(t+ c3)(t + c5)(t+ c7)
, ρ2 = c2 ρ1,

u1 =
x

t + c3
+

c4
t + c3

, v1 =
y

t+ c5
+

c6
t+ c5

, w1 =
z

t + c7
+

c8
t+ c7

.
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II.

ρ1 = ρ2 =
c1

(t + c3)(t+ c6)(t+ c9)
,

u1 =
x

t+ c3
+

c4
t + c3

− c5
t + c3

exp
{
− 2

τ
t
}
, u2 =

x

t + c3
+

c4
t+ c3

+
c5

t + c3
exp

{
− 2

τ
t
}
,

v1 =
y

t+ c6
+

c7
t+ c6

− c8
t+ c6

exp
{
− 2

τ
t
}
, v2 =

y

t+ c6
+

c7
t + c6

+
c8

t+ c6
exp

{
− 2

τ
t
}
,

w1 =
z

t + c9
+

c10
t+ c9

− c11
t+ c9

exp
{
− 2

τ
t
}
, w2 =

z

t+ c9
+

c10
t + c9

+
c11
t+ c9

exp
{
− 2

τ
t
}
.

5. Çàêëþ÷åíèå. Ïîëó÷åííûå ïîäìîäåëè áóäóò èñïîëüçîâàòüñÿ ïðè ïîèñêå èíâàðè-

àíòíûõ ðåøåíèé ñèñòåìû, äëÿ êà÷åñòâåííîãî èññëåäîâàíèÿ êîíêðåòíûõ äâèæåíèé ãà-

çîâîé âçâåñè: ïîèñê õàðàêòåðèñòèê, îáëàñòåé ãèïåðáîëè÷íîñòè, òðàåêòîðèé äâèæåíèÿ.

Íàéäåííûå ðåøåíèÿ ìîãóò áûòü èñïîëüçîâàíû êàê äëÿ àïðîáàöèè ÷èñëåííûõ ìåòîäîâ,

òàê è äëÿ ïîñòàíîâêè çàäà÷è Êîøè.
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Àííîòàöèÿ. Èçó÷àåòñÿ ñòîõàñòè÷åñêîå ýëåêòðîìàãíèòíîå ïîëå, îïèñûâàþùåå òåïëîâûå

�ëóêòóàöèè. Ñòðîÿòñÿ ãàóññîâñêèå ìîäåëè ñëó÷àéíîãî ýëåêòðîìàãíèòíîãî ïîëÿ â ðàìêàõ îá-

ùåïðèíÿòîãî â ñòàòèñòè÷åñêîé �èçèêå ïîäõîäà íà îñíîâå ðàçëîæåíèÿ ïîëÿ íà ïëîñêèå ëèíåéíî

ïîëÿðèçîâàííûå âîëíû â êîíå÷íîé îáëàñòè â �îðìå ïàðàëëåëåïèïåäà ñ áîëüøèì ëèíåéíûì

ðàçìåðîì è ïîñëåäóþùèì ïåðåõîäîì ê òåðìîäèíàìè÷åñêîìó ïðåäåëó. Ïîêàçûâàåòñÿ, ÷òî ìàòå-

ìàòè÷åñêè íåïðîòèâîðå÷èâûì îáðàçîì ìîãóò áûòü ïîñòðîåíû ìîäåëè ýëåêòðîìàãíèòíîãî ïîëÿ

ñ ïðîèçâîëüíîé êîððåëÿöèîííîé �óíêöèåé, íà êîòîðóþ íàëîæåíî ñïåöèàëüíîå äîïîëíèòåëüíîå

óñëîâèå, ñâÿçàííîå ñ åãî ïîïåðå÷íîñòüþ.

Êëþ÷åâûå ñëîâà: �ëóêòóàöèîííîå ýëåêòðîìàãíèòíîå ïîëå, ãàóññîâñêîå ñëó÷àéíîå ïîëå,

óðàâíåíèÿ Ìàêñâåëëà, ñòîõàñòè÷åñêàÿ ìîäåëü, êîððåëÿöèîííàÿ �óíêöèÿ, áåñêîíå÷íîìåðíûé

ìàðêîâñêèé ïðîöåññ, ïî÷òè-ïåðèîäè÷åñêèå �óíêöèè â ñðåäíåì êâàäðàòè÷íîì.

1. Ïîñòàíîâêà çàäà÷è. Íà÷àëî èçó÷åíèþ ñòîõàñòè÷åñêèõ ìîäåëåé ýëåêòðîìàãíèò-

íîãî ïîëÿ âîñõîäèò ê ðàáîòàì �ýëåÿ, Äæèíñà, Âèíà è Ïëàíêà ïðè ïîñòðîåíèè òåîðèè

èçëó÷åíèÿ àáñîëþòíî ÷åðíîãî òåëà (ñì., íàïðèìåð, [1℄). Â ñâÿçè ñ ðåøåíèåì ýòîé çàäà÷è,

â òåîðåòè÷åñêîé �èçèêå âîçíèêëî, â ÷àñòíîñòè, ïîíÿòèå êâàíòîâàíèÿ ýëåêòðîìàãíèò-

íîãî ïîëÿ. Ñëåäóåò çàìåòèòü, ÷òî â òî âðåìÿ, êîãäà áûëè îïóáëèêîâàíû ýòè èññëåäîâà-

íèÿ, ðàçäåë òåîðèè âåðîÿòíîñòåé, èäåéíî ñâÿçàííûé ñ èçó÷åíèåì òàêèõ ñòîõàñòè÷åñêèõ

ìîäåëåé, � òåîðèÿ ñëó÷àéíûõ ïðîöåññîâ (ïîëåé) íàõîäèëñÿ åùå â çà÷àòî÷íûì ñîñòîÿ-

íèè. Ýòèì îáñòîÿòåëüñòâîì, â ÷àñòíîñòè, îáóñëîâëåí, â çíà÷èòåëüíîé ìåðå, âûáîð ïóòè

ïîñòðîåíèÿ òåîðèè èçëó÷åíèÿ àáñîëþòíî ÷åðíîãî òåëà, ïðåäëîæåííûé Ïëàíêîì. Íàì

ïðåäñòàâëÿåòñÿ, ÷òî â íàñòîÿùåå âðåìÿ, áëàãîäàðÿ áóðíîìó ðàçâèòèþ â òå÷åíèå äâà-

äöàòîãî ñòîëåòèÿ òåîðèè ñëó÷àéíûõ ïðîöåññîâ, êîòîðîå ïðèâåëî ê ïîñòðîåíèþ ðàçâè-

òîé ìàòåìàòè÷åñêîé òåîðèè ñëó÷àéíûõ ïîëåé, ïðåäñòàâëÿåòñÿ âîçìîæíîñòü ïî íîâîìó

ïîäîéòè ê çàäà÷å îïèñàíèÿ òåïëîâûõ �ëóêòóàöèé ýëåêòðîìàãíèòíîãî ïîëÿ è, â ÷àñò-

íîñòè, ïî íîâîìó ïîäîéòè ê òåîðèè òåïëîâîãî èçëó÷åíèÿ àáñîëþòíî ÷åðíîãî òåëà (ñì.,

íàïðèìåð, [2, 3℄). Íàëè÷èå òàêîãî àëüòåðíàòèâíîãî ïîäõîäà ê èçó÷åíèþ ñòîõàñòè÷åñêèõ

ýëåêòðîìàãíèòíûõ ïîëåé îòíþäü íå âåäåò ê íåîáõîäèìîñòè ïåðåñìîòðà ñîâðåìåííîé

êâàíòîâîé òî÷êè çðåíèÿ íà ýëåêòðîìàãíèòíîå ïîëå, îäíàêî äàåò íîâûå ìàòåìàòè÷åñêèå

âîçìîæíîñòè ïðè òåîðåòè÷åñêîì ìîäåëèðîâàíèè òåïëîâîãî ýëåêòðîìàãíèòíîãî èçëó÷å-

íèÿ è, âîîáùå, ëþáîãî ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ, ñîäåðæàùåãî ñòîõàñòè÷åñêóþ ñî-

ñòàâëÿþùóþ.
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2. Ñòîõàñòè÷åñêèå ãàóññîâñêèå ýëåêòðîìàãíèòíûå ïîëÿ. �àññìîòðèì ñòîõà-

ñòè÷åñêîå ýëåêòðîìàãíèòíîå ïîëå 〈E,H〉 1)
â åâêëèäîâîì ïðîñòðàíñòâå, êîòîðîå ïîä÷è-

íÿåòñÿ óðàâíåíèÿì Ìàêñâåëëà

1

c

∂H

∂t
+ [∇,E] = 0 , (∇,H) = 0 ,

1

c

∂E

∂t
− [∇,H] = 0 , (∇,E) = 0 .

Ïðè ïîñòðîåíèè ñòîõàñòè÷åñêîé ìîäåëè óäîáíî èñïîëüçîâàòü �îðìàëèçì, ïðè êîòî-

ðîì äëÿ îïèñàíèÿ ýëåêòðîìàãíèòíîãî ïîëÿ èñïîëüçóåòñÿ òîëüêî îäíà êîìïëåêñíîçíà÷-

íàÿ âåêòîð-�óíêöèÿ F = E + iH, êîòîðàÿ ïîä÷èíåíà óðàâíåíèÿì

1

c

∂F

∂t
= −i[∇,F] , (∇,F) = 0 . (1)

Äëÿ îïðåäåëåíèÿ ñòîõàñòè÷åñêîãî ýëåêòðîìàãíèòíîãî ïîëÿ F(x, t) ìû áóäåì èñõî-

äèòü èç ñëåäóþùåé ñõåìû, ïðèíÿòîé â ñòàòèñòè÷åñêîé �èçèêå è êâàíòîâîé òåîðèè ïîëÿ.

Ñíà÷àëà ìû ïîñòðîèì ñëó÷àéíîå ýëåêòðîìàãíèòíîå ïîëå â êîíå÷íîé îáëàñòè Λ, êîòî-
ðóþ, ââèäó ïðîñòîòû, ïîëîæèì â âèäå êóáè÷åñêîãî ÿùèêà ñî ñòîðîíîé L, Λ = [0, L]3.
Çàòåì, ïðè âû÷èñëåíèè ìàòåìàòè÷åñêèõ îæèäàíèé, èíòåðïðåòèðóåìûõ êàê íàáëþäà-

åìûå çíà÷åíèÿ �èçè÷åñêèõ âåëè÷èí, áóäåì ïåðåõîäèòü ê ïðåäåëó L → ∞, êîòîðûé

íàçûâàåòñÿ òåðìîäèíàìè÷åñêèì ïðåäåëîì. Èíûìè ñëîâàìè, íàøà ìîäåëü ñòîõàñòè÷å-

ñêîãî ýëåêòðîìàãíèòíîãî ïîëÿ ïðåäñòàâëÿåò ñîáîé îáîáùåííîå ñëó÷àéíîå ïîëå, òàê êàê

ìû, ïîñðåäñòâîì òåðìîäèíàìè÷åñêîãî ïðåäåëüíîãî ïåðåõîäà, îïðåäåëÿåì òîëüêî ëèøü

õàðàêòåðèñòè÷åñêèé �óíêöèîíàë ñëó÷àéíîãî ïîëÿ F(x, t) â R3
.

Â ðàññìàòðèâàåìîé íàìè ñõåìå ñëó÷àéíîå ïîëå F(x, t) â Λ ìîæåò áûòü ðàçëîæåíî â

òðåõìåðíûé ðÿä Ôóðüå,

F(x, t) =
∑

κ∈Λ̄

F̄(κ, t) exp
(
i(κ,x)

)
, (2)

ãäå Λ̄ =
〈
κ = 2π

L
niei : nj ∈ Z, j = 1, 2, 3

〉
, ej , j = 1, 2, 3 � îðòû â R3

, îðèåíòèðîâàííûå

ïî ñòîðîíàì êóáà Λ. Âåêòîðíîå ïîëå F̄(κ, t) ïîä÷èíåíî óðàâíåíèÿì

1

c

∂F̄

∂t
= [κ, F̄] , (κ, F̄) = 0 . (3)

Çàäàíèå ñëó÷àéíîé êîìïëåêñíîçíà÷íîé âåêòîð-�óíêöèè F̄(κ, t), óäîâëåòâîðÿþùåé (3),

ýêâèâàëåíòíî çàäàíèþ ñëó÷àéíîãî ïîëÿ F(x, t), óäîâëåòâîðÿþùåãî óðàâíåíèÿì (1).

1

Çäåñü ìû, ÷òîáû íå óñëîæíÿòü çàïèñü �îðìóë, íå ââîäèì êàêîãî-ëèáî ñïåöèàëüíîãî îáîçíà÷åíèÿ,

ïîçâîëÿþùåãî îòëè÷àòü ñëó÷àéíûå ìàòåìàòè÷åñêèå îáúåêòû îò íåñëó÷àéíûõ. Ïîýòîìó, â äàëüíåéøåì,

ïî óìîë÷àíèþ, âñå âåêòîð-�óíêöèè Ej , Hj, Fj , Aj ÿâëÿþòñÿ ñëó÷àéíûìè. Îñòàëüíûå æå âñòðå÷àþùè-

åñÿ â òåêñòå âåëè÷èíû ÿâëÿþòñÿ íåñëó÷àéíûìè.
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Íàáîð ñëó÷àéíûõ êîý��èöèåíòîâ F̄i(κ, t), κ ∈ Λ̄, i = 1, 2, 3, êàê íàáîð êîý��èöèåí-
òîâ ðÿäà Ôóðüå êâàäðàòè÷íî èíòåãðèðóåìûõ �óíêöèé F(x, t), êâàäðàòè÷íî ñóììèðóåì

∑

κ∈ ˜̄Λ

|F̄i(κ, t)|2 <∞ ,

F̄i(κ, t) =
1

|Λ|

∫

Λ

Fi(x, t) exp(−i(x,κ))dx ,

|Λ| � îáúåì îáëàñòè Λ. Áîëåå òîãî, ââèäó ãëàäêîñòè ïîëÿ F(x, t) (êâàäðàòè÷íîé èíòå-

ãðèðóåìîñòè ïðîñòðàíñòâåííûõ ïðîèçâîäíûõ ïîëÿ F(x, t)), èìååò ìåñòî áîëåå ñèëüíîå
ñâîéñòâî ñóììèðóåìîñòè ýòîãî íàáîðà êîý��èöèåíòîâ,

∑

κ∈ ˜̄Λ

κ2|F̄i(κ, t)|2 <∞ ,

Ïðîñòåéøàÿ ñòîõàñòè÷åñêàÿ ìîäåëü, ó êîòîðîé ñëó÷àéíûå ðåàëèçàöèè ìîãóò áûòü

ïðåäñòàâëåíû ñ âåðîÿòíîñòüþ åäèíèöà â âèäå îáû÷íûõ (íå îáîáùåííûõ) ãëàäêèõ âåêòîð-

�óíêöèé, óäîâëåòâîðÿþùèõ óðàâíåíèþ (1), äàåòñÿ êîíñòðóêöèåé ãàóññîâñêîãî ñëó÷àé-

íîãî ïîëÿ. Áîëåå òîãî, ìîäåëü ãàóññîâñêîãî ñëó÷àéíîãî ïîëÿ ÿâëÿåòñÿ åñòåñòâåííîé â

òîì ñëó÷àå, êîãäà îíî ìàëî ñ �èçè÷åñêîé òî÷êè çðåíèÿ. Ìàòåìàòè÷åñêè, ýòó ìàëîñòü

íóæíî ïîíèìàòü â ñìûñëå ìàëîñòè ñðåäíèõ êâàäðàòè÷íûõ çíà÷åíèé ïîëÿ.

�àóññîâñêàÿ ìîäåëü ýëåêòðîìàãíèòíîãî ïîëÿ, åñòåñòâåííûì îáðàçîì, îïðåäåëÿåò-

ñÿ íà îñíîâå ïîíÿòèÿ õàðàêòåðèñòè÷åñêîãî �óíêöèîíàëà. Â îáùåì ñëó÷àå, ðàñïðåäå-

ëåíèå âåðîÿòíîñòåé ïàðû, âîîáùå ãîâîðÿ ñòàòèñòè÷åñêè ñâÿçàííûõ, ñëó÷àéíûõ ïîëåé

〈E(x, t),H(x, t)〉 (â òîì ÷èñëå è îáîáùåííûõ) îïðåäåëÿåòñÿ íà îñíîâå õàðàêòåðèñòè÷å-

ñêîãî �óíêöèîíàëà

Φ[〈v,w〉; 〈E(x, t),H(y, s)〉] ≡
〈〈

exp
(
i

∞∫

−∞

dt

∫

R3

(
vj(x, t)Ej(x, t) + wj(x, t)Hj(x, t)

)
dx
)〉〉

≥ 0

îò ïàðû 〈v(x, t),w(x, t)〉 �èíèòíûõ è íåïðåðûâíûõ âåêòîð-�óíêöèé íà R3 × R. Çäåñü
ìû èñïîëüçîâàëè îáîçíà÷åíèå 〈〈 · 〉〉 äëÿ îïåðàöèè âû÷èñëåíèÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ
ïî îïðåäåëÿåìîìó ðàñïðåäåëåíèþ âåðîÿòíîñòåé.

�àóññîâñêàÿ ìîäåëü îïðåäåëÿåòñÿ ñëåäóþùåé ÿâíîé �îðìóëîé äëÿ õàðàêòåðèñòè÷å-

ñêîãî �óíêöèîíàëà

Φ[u(α);F(β)(x, t)] = exp
(
− 1

2

∫

R2

dtds

∫

R6

K
(α,β)
ij (x, t,y, s)u

(α)
i (x, t)u

(β)
j (y, s)dxdy +

+ i

∫

R

dt

∫

R3

u
(α)
j (x, t)〈〈F (α)

j (x, t) 〉〉 dx
)
,
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ãäå α, β = 1, 2 è ââåäåíû îáîçíà÷åíèÿ u
(1)
j = vj, u

(2) = wj; F
(1)
j = Ej , F

(2)
j = Hj è

êîððåëÿöèîííàÿ �óíêöèÿ

K
(α,β)
ij (x, t,y, s) = 〈〈 (F

(α)
i (x, t) − 〈〈F (α)

i (x, t) 〉〉)(F (β)
j (y, s) − 〈〈F (β)

j (y, s) 〉〉) 〉〉 .

Â ðàìêàõ ãàóññîâñêîé ìîäåëè âñå ñðåäíèå âèäà

〈〈( m∏
k=1

Fik(xk, tk)
)( m∏

l=1

F ∗
j l

(yl, sl)
)〉〉

ñóùåñòâóþò (êîíå÷íû).

Ïóñòü ãàóññîâñêîå âåêòîðíîå êîìïëåêñíîçíà÷íîå ïîëå F(x, t) îáëàäàåò íóëåâûì ñðåä-

íèì, 〈〈F(x, t) 〉〉 = 0. Áîëåå òîãî, áóäåì, äàëåå, äëÿ ïðîñòîòû ïðåäïîëàãàòü, ÷òî åãî ýëåê-

òðè÷åñêàÿ è ìàãíèòíàÿ êîìïîíåíòû ÿâëÿþòñÿ ñòîõàñòè÷åñêè íåçàâèñèìûìè è ýêâèâà-

ëåíòíûìè. Ýòî îçíà÷àåò, â ÷àñòíîñòè, ÷òî

〈〈Ei(x, t)Hj(y, s) 〉〉 = 〈〈Ei(x, t) 〉〉 〈〈Hj(y, s) 〉〉 = 0 ,

à òàêæå 〈〈Ei(x, t)Ej(y, s) 〉〉 = 〈〈Hi(x, t)Hj(y, s) 〉〉 ≡ Kij(x, t;y, s)/2, ïðè ëþáûõ çíà÷åíèÿõ

x, t, i è y, s, j. Òîãäà ëþáûå ìàòåìàòè÷åñêèå îæèäàíèÿ îò ïðîèçâåäåíèé çíà÷åíèé ïîëÿ

〈〈
( m∏

k=1

Fik(xk, tk)
)( n∏

l=1

F ∗
jl

(yl, sl)
)
〉〉 , âî-ïåðâûõ, îòëè÷íû îò íóëÿ òîëüêî â ñëó÷àå, åñëè

m = n, è, âî-âòîðûõ, åñëè ýòî ðàâåíñòâî èìååò ìåñòî, òî îíè âûðàæàþòñÿ ïîñðåäñòâîì
ñëåäóþùåé �îðìóëû ÷åðåç êîððåëÿöèîííóþ �óíêöèþ

Kij(x, t;y, s) = 〈〈Fi(x, t)F
∗
j (y, s) 〉〉 . (4)

ñëåäóþùåé �îðìóëîé

〈〈( m∏

k=1

Fik(xk), tk

)( m∏

l=1

F ∗
j l

(yl, sl)
)〉〉

=
∑

P∈Pm

m∏

k=1

〈〈Fik(xk, tk)F ∗
jPk

(yjPk , sjPk) 〉〉 . (5)

Â ýòîé �îðìóëå ñóììèðîâàíèå ïðîèçâîäèòñÿ ïî âñåì âîçìîæíûì îïåðàöèÿì ïåðåñòà-

íîâîê P íîìåðîâ àðãóìåíòîâ, êîòîðûå ñîñòàâëÿþò ãðóïïó ïåðåñòàíîâîê Pm ïîðÿäêà m.
Çàìåòèì, ÷òî êîððåëÿöèîííàÿ �óíêöèÿ (4) â ðàññìàòðèâàåìîì íàìè ñëó÷àå ÿâëÿåò-

ñÿ âåùåñòâåííîçíà÷íîé, â ÷åì óáåæäàåìñÿ íåïîñðåäñòâåííîé ïîäñòàíîâêîé ðàçëîæåíèÿ

F = E+ iH â åå îïðåäåëåíèå. Ïðèíèìàÿ âî âíèìàíèå âåùåñòâåííîñòü ýòîé �óíêöèè, èç

(4) ñëåäóåò, ÷òî îíà îáëàäàåò ñëåäóþùèì ñâîéñòâîì

Kij(x, t;y, s) = Kji(y, s;x, t) . (6)

Çàïèñûâàÿ îïðåäåëåíèå õàðàêòåðèñòè÷åñêîãî �óíêöèîíàëà â òåðìèíàõ ñëó÷àéíîé

âåêòîð-�óíêöèè F = E + iH:

Φ[u;F(x, t)] =
〈〈

exp
(
iRe

∞∫

−∞

dt

∫

R3

u∗j(x, t)Fj(x, t)dx
)〉〉

,
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ãäå u = v + iw. Ïîäñòàâëÿÿ æå ïðàâóþ ÷àñòü îïðåäåëåíèÿ õàðàêòåðèñòè÷åñêîãî �óíê-

öèîíàëà ãàóññîâñêîé ìîäåëè, ñîãëàñíî ñâîéñòâàì ñòàòèñòè÷åñêîé íåçàâèñèìîñòè è ýê-

âèâàëåíòíîñòè ïîëåé E è H è ðàâåíñòâà íóëþ ñðåäíèõ êîìïîíåíò E è H, âûðàæåíèå

K
(α,β)
ij (x, t;y, s) = Kij(x, t;y, s)δα,β, íàõîäèì

Φ[u;F(x, t)] ≡
〈〈

exp
(
iRe

∞∫

−∞

dt

∫

R3

u∗j(x, t)Fj(x, t)dx
)〉〉

=

= exp
(
− 1

2

∞∫

−∞

dtds

∫

R3

ui(x, t)u
∗
j(y, s)Kij(x, t;y, s)dxdy

)
(7)

äëÿ ëþáîé íåïðåðûâíîé êîìïëåêñíîçíà÷íîé �èíèòíîé âåêòîð-�óíêöèè ui(x, t). Ñëå-
äîâàòåëüíî, êîìïëåêñíîçíà÷íàÿ òåíçîð-�óíêöèÿ Kij(x, t;y, s) ïîëíîñòüþ îïðåäåëÿåò, â

ðàññìàòðèâàåìîì íàìè ñëó÷àå, ðàñïðåäåëåíèå âåðîÿòíîñòåé êîìïëåêñíîçíà÷íîãî âåê-

òîðíîãî ãàóññîâñêîãî ñëó÷àéíîãî ïîëÿ F(x, t).
Êàæäàÿ èç �îðìóëû (5) è (6) ìîæåò ñëóæèòü õàðàêòåðèñòè÷åñêèì ñâîéñòâîì ñëó-

÷àéíîãî ïîëÿ F ñî ñòàòèñòè÷åñêè íåçàâèñèìûìè è ýêâèâàëåíòíûìè êîìïîíåíòàìè, îá-

ëàäàþùèìè íóëåâûìè ñðåäíèìè çíà÷åíèÿìè, òî åñòü ñïðàâåäëèâà

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ãàóññîâñêîå êîìïëåêñíîçíà÷íîå âåêòîðíîå ïîëå F = E+
iH, ó êîòîðîãî êîìïîíåíòû E èH èìåþò íóëåâûå ñðåäíèå çíà÷åíèÿ, îáëàäàëî ñâîéñòâîì

èõ ñòàòèñòè÷åñêîé íåçàâèñèìîñòè è ýêâèâàëåíòíîñòè, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

êîððåëÿöèîííàÿ �óíêöèÿ (4), îáëàäàþùàÿ ñâîéñòâîì (6), áûëà âåùåñòâåííîé è èìåëà

ìåñòî �îðìóëà óñðåäíåíèÿ (5) èëè, ýêâèâàëåíòíî, �îðìóëà (6) äëÿ õàðàêòåðèñòè÷åñêîãî

�óíêöèîíàëà.

� Íåîáõîäèìîñòü. Ñëåäóåò èç ïðèâåäåííîãî âûøå ðàññóæäåíèÿ.

Äîñòàòî÷íîñòü. Ïóñòü èìååò ìåñòî �îðìóëà (6). Òîãäà, îäíîâðåìåííîé çàìåíîé ïå-

ðåìåííûõ èíòåãðèðîâàíèÿ ñóììèðîâàíèÿ x ⇔ y, t⇔ s, i⇔ j, ïîëó÷àåì

∞∫

−∞

dtds

∫

R3

(
vi(x, t)wj(y, s) − wi(x, t)vj(y, s)

)
Kij(x, t;y, s)dxdy = 0 ,

òî åñòü

Im

∞∫

−∞

dtds

∫

R3

ui(x, t)u
∗
j(y, s)Kij(x, t;y, s)dxdy = 0 .

Òîãäà,

exp
(
− 1

2

∞∫

−∞

dtds

∫

R3

ui(x, t)u
∗
j(y, s)Kij(x, t;y, s)dxdy

)
=

= exp
(
− 1

2
Re

∞∫

−∞

dtds

∫

R3

ui(x, t)u
∗
j(y, s)Kij(x, t;y, s)dxdy

)
=
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= exp
(
− 1

2

∞∫

−∞

dtds

∫

R3

ui(x, t)u
∗
j(y, s)Kij(x, t;y, s)dxdy

)∣∣∣
w=0

×

× exp
(
− 1

2

∞∫

−∞

dtds

∫

R3

ui(x, t)u
∗
j(y, s)Kij(x, t;y, s)dxdy

)∣∣∣
v=0

=

=
〈〈

exp
(
iRe

∞∫

−∞

dt

∫

R3

u∗j(x, t)Fj(x, t)dx
)〉〉∣∣∣

w=0

〈〈
exp

(
iRe

∞∫

−∞

dt

∫

R3

u∗j(x, t)Fj(x, t)dx
)〉〉∣∣∣

v=0

=
〈〈

exp
(
iRe

∞∫

−∞

dt

∫

R3

u∗j(x, t)Ej(x, t)dx
)〉〉〈〈

exp
(
iRe

∞∫

−∞

dt

∫

R3

u∗j(x, t)(iHj)(x, t)dx
)〉〉

,

ñîãëàñíî �îðìóëå (7), ñîîòâåòñòâåííî, ïðè w ≡ 0, v ≡ 0. Ñ äðóãîé ñòîðîíû, èñïîëüçóÿ

�îðìóëó (7) â îáùåì ñëó÷àå, èìååì

Φ[u;F(x, t)] = Φ[u;E(x, t)] · Φ[u; iH(x, t)] .

Ýòà �îðìóëà îçíà÷àåò, ÷òî ñëó÷àéíûå ïîëÿ E è H ñòàòèñòè÷åñêè íåçàâèñèìû.

Ïîëîæèì òåïåðü â íà÷àëüíîì è êîíå÷íîì âûðàæåíèÿõ ïðèâåäåííîãî âû÷èñëåíèÿ

v = w. Òîãäà ëåâàÿ ÷àñòü ðàâíà


exp

(
− 1

2

∞∫

−∞

dtds

∫

R3

vi(x, t)vj(y, s)Kij(x, t;y, s)dxdy
)∣∣∣

w=0




2

=

=




〈〈

exp
(
iRe

∞∫

−∞

dt

∫

R3

vj(x, t)Ej(x, t)dx
)〉〉



2

,

à ïðàâàÿ �

〈〈
exp

(
iRe

∞∫

−∞

dt

∫

R3

vj(x, t)Ej(x, t)dx
)〉〉〈〈

exp
(
iRe

∞∫

−∞

dt

∫

R3

vj(x, t)Hj(x, t)dx
)〉〉

.

Ýòî ïðèâîäèò ê ðàâåíñòâó

〈〈
exp

(
iRe

∞∫

−∞

dt

∫

R3

vj(x, t)Ej(x, t)dx
)〉〉

=
〈〈

exp
(
iRe

∞∫

−∞

dt

∫

R3

vj(x, t)Hj(x, t)dx
)〉〉

ñ ïðîèçâîëüíîé �óíêöèåé v(x, t), êîòîðîå îçíà÷àåò, ÷òî ïîëÿ E è H ñòîõàñòè÷åñêè ýê-

âèâàëåíòíû.
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Íàêîíåö, âû÷èñëÿÿ âàðèàöèîííóþ ïðîèçâîäíóþ

δm+n(·)/δui1(x1, t1)...δuim(xm, tm)δu∗j1(y1, s1)...δu
∗
jn(yn, sn)

îò îáåèõ ÷àñòåé �îðìóëû (7) â òî÷êå ui(x, t) ≡ 0 �óíêöèîíàëüíîãî ïðîñòðàíñòâà �è-

íèòíûõ íåïðåðûâíûõ âåêòîð-�óíêöèé ui(x, t), ïîëó÷èì �îðìóëó (5) äëÿ âû÷èñëåíèÿ

ñðåäíèõ çíà÷åíèé ìîíîìîâ îò ñëó÷àéíîãî ïîëÿ F(x, t) . �

Çàìåòèì, ÷òî ÷åðåç ïîñðåäñòâî �óíêöèè Kij(x, t;y, s) âûðàæàþòñÿ �èçè÷åñêè çíà-

÷èìûå âåëè÷èíû. Íàïðèìåð,

1

8π
Kii(x, t;x, t) ≡W (x, t)

ïðåäñòàâëÿåò ñîáîé ïëîòíîñòü ýíåðãèè ýëåêòðîìàãíèòíîãî ïîëÿ â ïðîñòðàíñòâåííî-

âðåìåííîé òî÷êå x, t.
Èç îïðåäåëåíèÿ (4) íåïîñðåäñòâåííî ñëåäóåò, ÷òî êîððåëÿöèîííàÿ �óíêöèÿ, îáëàäà-

åò ñëåäóþùèì ñâîéñòâîì ïîëîæèòåëüíîñòè:

〈〈∣∣∣
∞∫

−∞

dt

∫

R3

uj(x, t)Fj(x, t)dx
∣∣∣
2〉〉

=

∞∫

−∞

dtds

∫

R3

Kij(x, t,y, s)ui(x, t)u
∗
j(y, s)dxdy ≥ 0 , (8)

âåðíîå äëÿ ëþáîé íåïðåðûâíîé �èíèòíîé êîìïëåêñíîçíà÷íîé âåêòîð-�óíêöèè ui(x, t)
(ýòî, àâòîìàòè÷åñêè, îçíà÷àåò âåùåñòâåííîñòü èíòåãðàëà â ïðàâîé ÷àñòè).

Çàìå÷àíèå. Âîñïîëüçîâàâøèñü òåîðåìîé Áîõíåðà-Õèí÷èíà (ñì., íàïðèìåð, [4℄), ëåã-

êî äîêàçàòü, ÷òî ýòî óñëîâèå, âìåñòå ñ (6), ÿâëÿåòñÿ òàêæå äîñòàòî÷íûì äëÿ òîãî, ÷òîáû

�óíêöèÿ Kij(x, t,y, s) ïðåäñòàâëÿëà êîððåëÿöèîííóþ �óíêöèþ íåêîòîðîãî êîìïëåêñ-

íîçíà÷íîãî âåêòîðíîãî ñëó÷àéíîãî ïîëÿ Fj(x, t) ñ íóëåâûì ñðåäíèì çíà÷åíèåì. Åñëè ê

òîìó æå ýòà �óíêöèÿ âåùåñòâåííà, òî, ñîãëàñíî äîêàçàííîé òåîðåìå, ðåàëüíàÿ è ìíè-

ìàÿ ÷àñòè ñëó÷àéíîãî ïîëÿ ñòàòèñòè÷åñêè íåçàâèñèìû è ýêâèâàëåíòíû. Äëÿ äîêàçà-

òåëüñòâà äîñòàòî÷íî îïðåäåëèòü ïàðó ãàóññîâñêèõ âåêòîð-�óíêöèé E è H òàêèõ, ÷òî

〈〈Ej 〉〉 = 〈〈Hj 〉〉 = 0 è, äëÿ êîòîðûõ K
(α,β)
ij (x, t;y, s) = Kij(x, t;y, s)δα,β.

Çàìåòèì, ÷òî ñâîéñòâà (6), (8) îçíà÷àþò, ÷òî Kij(x, t,y, s) ÿâëÿåòñÿ ÿäðîì ýðìèòîâ-

ñêîãî íåîòðèöàòåëüíîãî èíòåãðàëüíîãî îïåðàòîðà ñ âåùåñòâåííûì ÿäðîì.

Óêàæåì, íàêîíåö, î÷åíü âàæíûé ÷àñòíûé ñëó÷àé, êîòîðûé áóäåò äëÿ íàñ, â äàëü-

íåéøåì, èìåòü îñîáîå çíà÷åíèå â ñâÿçè ñ ïðèëîæåíèåì ê òåîðèè òåðìîäèíàìè÷åñêè

ðàâíîâåñíîãî èçëó÷åíèÿ â çàìêíóòîé ïîëîñòè. Ñëó÷àéíîå ïîëå F(x, t) íàçûâàåòñÿ ñòî-

õàñòè÷åñêè îäíîðîäíûì ïî ïðîñòðàíñòâó è/èëè ñòàöèîíàðíûì ïî âðåìåíè, åñëè åãî

ðàñïðåäåëåíèå âåðîÿòíîñòåé íå èçìåíÿåòñÿ ïðè ïðåîáðàçîâàíèè ñëó÷àéíîãî ïîëÿ F(x, t)
ïîñðåäñòâîì ñäâèãà ïðîñòðàíñòâåííîé òî÷êè x ⇒ x+ a è âðåìåíè t⇒ t+ c äëÿ ëþáîãî
âåêòîðà a ∈ R3

è/èëè ëþáîãî ÷èñëà c ∈ R. Èíûìè ñëîâàìè, ñëó÷àéíîå ïîëå F(x + a, t)
è/èëè F(x, t + c) èìååò òî æå ñàìîå ðàñïðåäåëåíèå âåðîÿòíîñòåé, ÷òî è ïîëå F(x, t).
Ñîãëàñíî �îðìóëå (7), äëÿ ýòîãî íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

Kij(x + a, t;y + a, s) = Kij(x, t;y, s) è/èëè Kij(x, t + c;y, s+ c) = Kij(x, t;y, s) . (9)
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Îáùèì ðåøåíèåì �óíêöèîíàëüíûõ óðàâíåíèé (9) ïðè íàëè÷èè ñòîõàñòè÷åñêîé îäíî-

ðîäíîñòè, êàê ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, òàê è ïî âðåìåíè, ÿâëÿåòñÿ ñëåäóþ-

ùèé âèä êîððåëÿöèîííîé �óíêöèè:

Kij(x, t;y, s) = Kij(x− y, t− s) , (10)

ãäå Kij(·, ·) � íåêîòîðàÿ òåíçîð-�óíêöèÿ íà R3×R, òî åñòü �óíêöèÿ óæå òîëüêî îò îäíîé
ïðîñòðàíñòâåííî-âðåìåííîé òî÷êè. Ïðè ýòîì, ñîãëàñíî (6), �óíêöèÿ Kij(·, ·) îáëàäàåò
ñâîéñòâîì

Kij(x, t) = Kji(−x,−t) . (11)

�àññìîòðèì òåïåðü êàêèìè äîïîëíèòåëüíûìè íåîáõîäèìûìè ñâîéñòâàìè äîëæíà îá-

ëàäàòü �óíêöèÿ Kij(x, t,y, s) äëÿ òîãî, ÷òîáû îíà ïðåäñòàâëÿëà êîððåëÿöèîííóþ �óíê-

öèþ ïîëÿ Fj(x, t), ñîîòâåòñòâóþùóþ ýëåêòðîìàãíèòíîìó ïîëþ 〈E,H〉 ïîñðåäñòâîì ñî-

îòíîøåíèÿ F = E+ iH. Òàê êàê â ýòîì ñëó÷àå ñëó÷àéíàÿ �óíêöèÿ äîëæíà ïîä÷èíÿòüñÿ

óðàâíåíèÿì Ìàêñâåëëà, çàïèñàííûì â �îðìå (1), òî óìíîæàÿ êàæäîå èç ýòèõ óðàâíå-

íèé íà F ∗
j (y, s) è ïðîèçâîäÿ óñðåäíåíèå, íàõîäèì, ÷òî êîððåëÿöèîííàÿ �óíêöèÿ äîëæíà

ïîä÷èíÿòüñÿ ñëåäóþùèì óðàâíåíèÿì

1

c

∂

∂t
Kij(x, t;y, s) = −iεikl

∂

∂xk
Klj(x, t;y, s) ,

∂

∂xi
Kij(x, t;y, s) = 0 . (12)

Òî÷íî òàêæå, çàìåíèâ â óðàâíåíèÿõ (1) x ⇒ y è t⇒ s âìåñòå ñ êîìïëåêñíûì ñîïðÿæå-

íèåì, à çàòåì óìíîæèâ èç íà Fi(x, t) è óñðåäíèâ ïî ðàñïðåäåëåíèþ âåðîÿòíîñòåé ïîëÿ,

ïîëó÷èì, ÷òî èìåþò ìåñòî óðàâíåíèÿ

1

c

∂

∂s
Kij(x, t;y, s) = iεjkl

∂

∂yk
Kil(x, t;y, s) ,

∂

∂yj
Kij(x, t;y, s) = 0 . (13)

Ñóùåñòâåííî, ÷òî ýòè óðàâíåíèÿ èìåþò ìåñòî òîëüêî â ñëó÷àå, åñëè x 6= y, t 6= s. Íî
ïðè ýòîì òàêæå íóæíî ïîìíèòü, ÷òî ïîëå F(x, t) äîëæíî áûòü äè��åðåíöèðóåìûì ïî

x è t, è ïîýòîìó êîððåëÿöèîííàÿ �óíêöèÿ Kij(x, t;y, s) îáÿçàòåëüíî äè��åðåíöèðóåìà
ïî êàæäîé èç ïåðåìåííûõ, òî åñòü, íàâåðíÿêà, íåïðåðûâíà.

Îãðàíè÷åíèÿ (12), (13) íà êîððåëÿöèîííóþ �óíêöèþ ÿâëÿþòñÿ íåîáõîäèìûìè â òîì

ñëó÷àå, êîãäà ïîëå F(x, t) óäîâëåòâîðÿåò óðàâíåíèÿì Ìàêñâåëëà. Îäíàêî, îíè íå ÿâëÿ-

þòñÿ äîñòàòî÷íûìè. Ýòî ñâÿçàíî ñ òåì, ÷òî îíè ïîëó÷åíû óæå â ðåçóëüòàòå óñðåäíåíèÿ,

â òî âðåìÿ êàê ñëó÷àéíîå ýëåêòðîìàãíèòíîå ïîëå Fi(x, t) óäîâëåòâîðÿåò óðàâíåíèÿì

Ìàêñâåëëà ñ âåðîÿòíîñòüþ åäèíèöà. Òàêèì îáðàçîì, ïðè óñðåäíåíèè ïîñðåäñòâîì îïè-

ñàíèÿ åãî êîððåëÿöèîííîé �óíêöèåé, óäîâëåòâîðÿþùåé óðàâíåíèÿì (12), (13), òåðÿåòñÿ

ñóùåñòâåííàÿ ÷àñòü èí�îðìàöèè î ñëó÷àéíîì ïîëå F(x, t). Íàõîæäåíèå òàêèõ îãðàíè-
÷åíèé íà êîððåëÿöèîííóþ �óíêöèþ Kij(x, t;y, s), êîòîðûå áû ÿâëÿëèñü íåîáõîäèìûìè

è äîñòàòî÷íûìè äëÿ òîãî, ÷òîáû îíà ñîîòâåòñòâîâàëà ñòîõàñòè÷åñêîìó ýëåêòðîìàãíèò-

íîìó ïîëþ, â îáùåì ñëó÷àå, äîâîëüíî çàòðóäíèòåëüíî. Â ñëåäóþùåì ðàçäåëå ýòà çàäà÷à

áóäåò ðåøåíà â òîì ñëó÷àå, êîãäà ýëåêòðîìàãíèòíîå ïîëå ñîñðåäîòî÷åíî â îãðàíè÷åííîé

ïîëîñòè.
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3. Ñòîõàñòè÷åñêèå ýëåêòðîìàãíèòíûå ïîëÿ â îãðàíè÷åííîé ïîëîñòè. Äëÿ

íàõîæäåíèÿ îãðàíè÷åíèé íà êîððåëÿöèîííóþ �óíêöèþ Kij(x, t;y, s), êîòîðûå áû ïðåä-

ñòàâëÿëè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ åå ñâÿçàííîñòè ñî ñòîõàñòè÷åñêèì ýëåê-

òðîìàãíèòíûì ïîëåì â îãðàíè÷åííîé ïîëîñòè, âîñïîëüçóåìñÿ ðàçëîæåíèåì (2) ïîëÿ

F(x, t). Ïîäñòàíîâêà ýòîãî ðàçëîæåíèÿ â óðàâíåíèÿ Ìàêñâåëëà (1) ïðèâîäèò ê ñëåäóþ-

ùèì óðàâíåíèÿì äëÿ êîý��èöèåíòîâ ðàçëîæåíèÿ

1

c

∂F̄i

∂t
= εijkκjF̄k , κkF̄k = 0 ; κ ∈ Λ̄ . (14)

Ââèäó íàëè÷èÿ îäíîçíà÷íîé ëèíåéíîé ñâÿçè ìåæäó ïîëÿìè Fi(x, t), x ∈ Λ è F̄i(κ, t),
κ ∈ Λ̄, äëÿ òîãî ÷òîáû ïîëå Fi(x, t) áûëî ãàóññîâñêèì è èìåëî íóëåâîå ñðåäíåå íåîáõîäè-

ìî è äîñòàòî÷íî ÷òîáû ïîëå F̄i(κ, t) òàêæå áûëî ãàóññîâñêèì è èìåëî íóëåâîå ñðåäíåå.

Â ýòîì ñëó÷àå ïîëå F̄i(κ, t) ïîëíîñòüþ îïðåäåëÿåòñÿ êîâàðèàöèîííîé ìàòðèöåé

K̄i1i2(κ1, t1;κ2, t2) = 〈〈 F̄i1(κ1, t1)F̄
∗
i2

(κ2, t2) 〉〉 , K̄i1i2(κ1, t1;κ2, t2) = K̄∗
i2i1

(κ2, t2;κ1, t1) .

Ýòà ìàòðèöà îáëàäàåò îáëàäàåò ñâîéñòâîì ïîëîæèòåëüíîé îïðåäåëåííîñòè âèäà

〈〈∣∣∣
∞∫

−∞

dt
∑

κ∈Λ̄

ūj(κ, t)F̄j(κ, t)
∣∣∣
2〉〉

=

=
∑

κ1,κ2∈Λ̄

∞∫

−∞

K̄k1k2(κ1, t1;κ2, t2)ūk1(κ1, t1)ū
∗
k2

(κ2, t2)dt1dt2 ≥ 0 . (15)

äëÿ ëþáîãî íàáîðà �èíèòíûõ ïî t �óíêöèé ūi(κ, t), κ ∈ Λ̄.
Êîððåëÿöèîííàÿ �óíêöèÿ Ki1i2(x1, t1;x2, t2) ïîëÿ Fi(x, t) ñâÿçàíà ñ êîâàðèàöèîííîé

ìàòðèöåé K̄i1i2(κ1, t1;κ2, t2) ñëåäóþùåé �îðìóëîé

Ki1i2(x1, t1;x2, t2) =
∑

κ1,κ2∈Λ̄

K̄i1i2(κ1, t1;κ2, t2) exp[i(x1,κ1) − i(x2,κ2)] ,

êîòîðàÿ ïîëó÷àåòñÿ ïîäñòàíîâêîé â îïðåäåëÿþùóþ �îðìóëó (4), âìåñòî ñëó÷àéíûõ

�óíêöèé F(x, t), èõ ðàçëîæåíèé âèäà (2). Ïîäñòàâëÿÿ àíàëîãè÷íîå ðàçëîæåíèå â âû-

ðàæåíèå â ïðàâîé ÷àñòè �îðìóëû (10), óáåæäàåìñÿ, ÷òî, áëàãîäàðÿ íåðàâåíñòâó (15),

êîððåëÿöèîííàÿ �óíêöèÿ Kij(x, t;y, s), äåéñòâèòåëüíî, ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäå-
ëåííîé.

Êàê è äëÿ ïîëÿ Fi(x, t), äëÿ òîãî ÷òîáû F̄i(κ, t) îáëàäàëî ñòîõàñòè÷åñêè íåçàâèñè-

ìûìè è ýêâèâàëåíòíûìè ðåàëüíîé è ìíèìîé ÷àñòÿìè, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

ýòà ìàòðèöà, êàê è êîððåëÿöèîííàÿ ìàòðèöà Kij(x, t;y, s), áûëà âåùåñòâåííîé, òî åñòü
óäîâëåòâîðÿëî ñîîòíîøåíèþ

K̄i1i2(κ1, t1;κ2, t2) = K̄i2i1(κ2, t2;κ1, t1) . (16)
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Íàéäåì îáùåå ðåøåíèå âòîðîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ. Äëÿ ýòîãî çàìåòèì, ÷òî

ëèíåéíîå óðàâíåíèå

F̄i(κ, t) = εijkκjAk(κ, t) , (17)

ãäå εijk � ïñåâäîòåíçîð Ëåâè-×èâèòòà, âñåãäà ðàçðåøèìî îòíîñèòåëüíî Ak(κ, t) ïðè

âûïîëíåíèè óñëîâèÿ κkF̄k = 0. Îáùèì ðåøåíèåì ýòîãî âûðîæäåííîãî ëèíåéíîãî óðàâ-

íåíèÿ ÿâëÿåòñÿ (åñëè κ 6= 0)

Ai(κ, t) = λ(κ, t)κi − κ−2εijkκjF̄k(κ, t) ,

λ(κ, t) � ïðîèçâîëüíàÿ �óíêöèÿ îò κ è t. Îäíàêî, ïåðâîå ñëàãàåìîå íå äàåò âêëàäà â

ïðàâîé ÷àñòè �îðìóëû (17), è ïîýòîìó îíî ìîæåò áûòü ïîëîæåíî ðàâíûì íóëþ. Òîãäà

äëÿ âûïîëíèìîñòè (17), äîñòàòî÷íî ñ÷èòàòü, íàáîð �óíêöèé Ak(κ, t), κ ∈ Λ̄ îäíîçíà÷íî

îïðåäåëÿåòñÿ �îðìóëîé

Ai(κ, t) = −κ−2εijkκjF̄k(κ, t) . (18)

Òîãäà, ââèäó êâàäðàòè÷íîé ñóììèðóåìîñòè Fi(κ, t), ýòîò íàáîð �óíêöèé îáëàäàåò ñâîé-
ñòâîì ∑

κ∈Λ̄

κ2|A(κ, t)|2 <∞ .

Ââèäó îäíîçíà÷íîñòè ñâÿçè ìåæäó ïîëÿìè F̄i(κ, t) è Ai(κ, t), κ ∈ Λ̄, ñîâìåñòíîå
ðàñïðåäåëåíèå âåðîÿòíîñòåé íàáîðà Ai(κ, t), κ ∈ Λ̄ ïîðîæäàåòñÿ ðàñïðåäåëåíèåì âåðî-

ÿòíîñòåé íàáîðà F̄i(κ, t), κ ∈ Λ̄ è, îáðàòíî, ðàñïðåäåëåíèå âåðîÿòíîñòåé ïåðâîãî íàáîðà

ïîðîæäàåò ñîâìåñòíîå ðàñïðåäåëåíèå âòîðîãî. Ïðè ýòîì â ñèëó âûïîëíèìîñòè ñâîé-

ñòâà ñóììèðóåìîñòè ñ êâàäðàòè÷íûì âåñîì äëÿ íàáîðà F̄i(κ, t), κ ∈ Λ̄ ñ âåðîÿòíîñòüþ

åäèíèöà, äëÿ íàáîðà Ai(κ, t), , κ ∈ Λ̄, ñ òîé æå âåðîÿòíîñòüþ, âûïîëíÿåòñÿ
∑

κ∈Λ̄

κ4|Ai(κ, t)|2 <∞ . (19)

Êðîìå òîãî, òàê êàê ïîëå A(κ, t), κ ∈ Λ̄ ïîëó÷àåòñÿ ëèíåéíûì ïðåîáðàçîâàíèåì èç

ãàóññîâñêîãî ñëó÷àéíîãî ïîëÿ F̄ (κ, t), òî, ñîãëàñíî òåîðèè Ïóãà÷åâà [5℄, îíî ÿâëÿåòñÿ

ãàóññîâñêèì ïî κ è t. Ýòî ïîëå, âñëåä çà ñëó÷àéíûì ïîëåì F̄(κ, t) îáëàäàåò íóëåâûì

ñðåäíèì çíà÷åíèåì. Îáðàòíî, åñëè äëÿ íàáîðà ãàóññîâñêèõ ñëó÷àéíûõ �óíêöèé ñ íóëå-

âûì ñðåäíèì çíà÷åíèåì âûïîëíÿåòñÿ (19), òî ñîîòâåòñòâóþùèé íàáîð �óíêöèé F̄i(κ, t),
κ ∈ Λ̄ ïðåäñòàâëÿåò ñîáîé ãàóññîâñêîå ïîëå ñ íóëåâûì ñðåäíèì, êâàäðàòè÷íî ñóììèðó-

åìîå ñ âåñîì κ2
.

Ïîëå Ai(κ, t), κ ∈ Λ̄  íóëåâûì ñðåäíèì çíà÷åíèåì ïîëíîñòüþ îïèñûâàåòñÿ áåñêî-

íå÷íîé êîâàðèàöèîííîé ìàòðèöåé

Di1,i2(κ1, t1;κ2, t2) = 〈〈Ai1(κ1, t1)A
∗
i2(κ2, t2) 〉〉 , Di1,i2(κ1, t1;κ2, t2) = D∗

i2,i1(κ2, t2;κ1, t1) .
(20)

Ýòà ìàòðèöà òî÷íî òàêæå êàê è êîâàðèàöèîííàÿ ìàòðèöà K̄i1i2(κ1, t1;κ2, t2) äîëæíà

îáëàäàòü ñâîéñòâîì ïîëîæèòåëüíîé îïðåäåëåííîñòè

∑

κ1,κ2∈Λ̄

∞∫

−∞

Di1,i2(κ1, t1;κ2, t2)ūi1(κ1, t1)ū
∗
i2

(κ2, t2)dt1dt2 ≥ 0 (21)
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äëÿ ëþáîãî íàáîðà �èíèòíûõ ïî t �óíêöèé ūi(κ, t), κ ∈ Λ̄. Ïîäñòàâëÿÿ â ýòó �îðìó-

ëó âûðàæåíèÿ (17) äëÿ �óíêöèé Ais(κs, ts), κs ∈ Λ̄ è çàìåíèâ �óíêöèè ūis(κs, ts) íà
−κ−2

s εisjksκj ūks(κs, ts), s = 1, 2, ïîëó÷èì, ÷òî âûïîëíÿåòñÿ (15).
Èòàê, âñëåäñòâèå âûÿâëåííûõ âûøå ñâÿçåé ìåæäó ïîëÿìè F̄i(κ, t) è Ai(κ, t) è âå-

ùåñòâåííîñòè êîý��èöèåíòîâ (�îðìóëû (17) è (18)), â ëèíåéíûõ ñâÿçÿõ ìåæäó ýòèìè

ïîëÿìè, ñïðàâåäëèâà

Òåîðåìà 2. Äëÿ òîãî ÷òîáû êîìïëåêñíîçíà÷íîå ãàóññîâñêîå ïîëå F̄i(κ, t) èìåëî

íóëåâîå ñðåäíåå çíà÷åíèå è ñòàòèñòè÷åñêè íåçàâèñèìûå è ýêâèâàëåíòíûå ðåàëüíóþ

è ìíèìóþ ÷àñòè íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ãàóññîâñêîå âåêòîðíîå êîìïëåêñíî-

çíà÷íîå ïîëå Ai(κ, t) èìåëî íóëåâîå ñðåäíåå è êîððåëÿöèîííàÿ ìàòðèöà ýòîãî ïîëÿ

〈〈Ai1(κ1, t1)A
∗
i2(κ2, t2) 〉〉 áûëà âåùåñòâåííîé.

Òàêèì îáðàçîì, îïðåäåëèâ ïðîèçâîëüíûì îáðàçîì íàáîð ãàóññîâñêèõ ñëó÷àéíûõ

�óíêöèé Ai(κ, t), κ ∈ Λ̄ ñ íóëåâûì ñðåäíèì è ñ ðåàëèçàöèÿìè, óäîâëåòâîðÿþùèìè ñ âå-

ðîÿòíîñòüþ åäèíèöà óñëîâèþ (19) è âåùåñòâåííîé êîâàðèàöèîííîé ìàòðèöåé

Di1,i2(κ1, t1;κ2, t2), ìû, òåì ñàìûì, îïðåäåëèì îäíîçíà÷íûì îáðàçîì ãàóññîâñêîå ñëó÷àé-

íîå ñîëåíîèäàëüíîå ïîëå Fi(x, t) ñ âåùåñòâåííîé êîâàðèàöèîííîé ìàòðèöåé. Ïðè ýòîì,

ââèäó �îðìóëû (13), êîâàðèàöèîííûå ìàòðèöû K̄i1i2(κ1, t1;κ2, t2) è Di1,i2(κ1, t1;κ2, t2)
ñâÿçàíû î÷åâèäíûì ñîîòíîøåíèåì

K̄i1i2(κ1, t1;κ2, t2) = εi1j1k1εi2j2k2(κ1)j1(κ2)j2Dk1,k2(κ1, t1;κ2, t2) , (22)

êîòîðîå ÿâëÿåòñÿ íåîáõîäèìûì (â ðàìêàõ ñäåëàííûõ îãðàíè÷åíèé íà ïîëå F(x, t)),
âñëåäñòâèå òåîðåìû 2, è äîñòàòî÷íûì óñëîâèåì äëÿ ñîëåíîèäàëüíîñòè ýòîãî ïîëÿ òàê,

÷òî èìåþò ìåñòî ñîîòíîøåíèÿ

(κ1)i1K̄i1i2(κ1, t1;κ2, t2) = 0 , (κ2)i2K̄i1i2(κ1, t1;κ2, t2) = 0 . 2

)

�àññìîòðèì òåïåðü òå îãðàíè÷åíèÿ íà âûáîð ãàóññîâñêîãî ïîëÿ Ai(κ, t), êîòîðûå
íåîáõîäèìû äëÿ òîãî, ÷òîáû ïîëå F̄i(κ, t) óäîâëåòâîðÿëî ýâîëþöèîííîìó óðàâíåíèþ

(1). Ïîñðåäñòâîì óñðåäíåíèÿ, èç óðàâíåíèé (11), (12) íåïîñðåäñòâåííî âûòåêàåò, ÷òî

êîâàðèàöèîííàÿ ìàòðèöà óäîâëåòâîðÿåò ñëåäóþùèì óðàâíåíèÿì

1

c

∂

∂t1
K̄i1i2(κ1, t1;κ2, t2) = εi1kl(κ1)kK̄li2(κ1, t1;κ2, t2) , (23)

1

c

∂

∂t2
K̄i1i2(κ1, t1;κ2, t2) = εi2kl(κ2)kK̄i1l(κ1, t1;κ2, t2) . (24)

2

Ñ äðóãîé ñòîðîíû, âûïîëíèìîñòü ýòèõ ñîîòíîøåíèé îáåñïå÷èâàåò ñîëåíîèäàëüíîñòü ïîëÿ Fi(x, t)
ñ âåðîÿòíîñòüþ 1, òàê êàê èìååò ìåñòî

0 =
∑

κ1,κ2∈Λ̄

(κ1)i1 (κ2)i2K̄k1k2
(κ1, t;κ2, t)ū(κ1)ū

∗(κ2) =
〈〈∣∣∣
∑

κ∈Λ̄

ū(κ)κjF̄j(κ, t)
∣∣∣
2〉〉

,

äëÿ ëþáîé �èíèòíîé �óíêöèè ū(κ), äëÿ âñåõ κ ∈ Λ̄. Ýòî îçíà÷àåò, ÷òî ñ âåðîÿòíîñòüþ åäèíèöà èìååò

ìåñòî òîæäåñòâî κkF̄k(κ, t) = 0, κ ∈ Λ̄ (ñì. (13)).
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Ïðîàíàëèçèðóåì ê êàêèì ñëåäñòâèÿì ïðèâîäèò âûïîëíèìîñòü ïåðâîãî óðàâíåíèÿ â (13)

èìåííî ñ âåðîÿòíîñòüþ åäèíèöà. Ïðîäè��åðåíöèðóåì ïî âðåìåíè �îðìóëó (17) è âîñ-

ïîëüçóåìñÿ âòîðûì óðàâíåíèåì (13). Òîãäà, òàê êàê εijkεklm = δilδjm − δimδjl, òî

1

c2
∂2F̄i

∂t2
= −κ2F̄i .

Ñëåäîâàòåëüíî,

1

c2
∂2

∂t2
Ai(κ, t) = −κ−2εijkκj

1

c2
∂2

∂t2
F̄k(κ, t) = −κ2

(
− κ−2εijkκjFk(κ, t)

)
= −κ2Ai(κ, t) .

Ïîýòîìó

Ai(κ, t) = A
(+)
i (κ) exp(ic|κ|t) + A

(−)
i (κ) exp(−ic|κ|t) .

Òîãäà, ïîäñòàâëÿÿ àíàëîãè÷íûå âûðàæåíèÿ â îïðåäåëåíèå êîâàðèàöèîííàÿ ìàòðèöû,

ïîëó÷àåì

Dj1,j2(κ1, t1;κ2, t2) =

〈〈A(+)
j1

(κ1)A
(+)
j2

∗(κ2) 〉〉 exp
(
ic(|κ1|t1−|κ2|t2)

)
+ 〈〈A(−)

j1
(κ1)A

(−)
j2

∗(κ2) 〉〉 exp
(
−ic(|κ1|t1−|κ2|t2)

)
+

〈〈A(+)
j1

(κ1)A
(−)
j2

∗(κ2) 〉〉 exp
(
ic(|κ1|t1+|κ2|t2)

)
+〈〈A(−)

j1
(κ1)A

(+)
j2

∗(κ2) 〉〉 exp
(
−ic(|κ1|t1+|κ2|t2)

)
.

Äàëåå, ìû îãðàíè÷èìñÿ àíàëèçîì ñëó÷àÿ ñòîõàñòè÷åñêè ïðîñòðàíñòâåííî-îäíîðîä-

íîãî ñëó÷àéíîãî ïîëÿ. Ïðè íàëè÷èè ïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèé ýòà êîâàðè-

àöèîííàÿ ìàòðèöà ïðîïîðöèîíàëüíà ñèìâîëó Êðîíåêåðà δκ1,κ2 . Ïîýòîìó ìû ââåäåì

îáîçíà÷åíèå Dj1,j2(κ1, t1;κ2, t2) = δκ1,κδκ2,κDj1,j2(κ; t1, t2). Ââåäÿ ìàòðèöû D
(+)
j1,j2

(κ) =

〈〈A(+)
j1

(κ)A
(+)
j2

∗(κ) 〉〉 è D(−)
j1,j2

(κ) = 〈〈A(+)
j1

(κ)A
(−)
j2

∗(κ) 〉〉, èç òðåáîâàíèÿ âåùåñòâåííîñòè ìàòðè-
öûDj1,j2(κ; t1, t2) ïðè ëþáûõ çíà÷åíèÿõ t1, t2 íàõîäèì, ÷òîD

(+)
j1,j2

∗(κ) = 〈〈A(−)
j1

(κ)A
(−)
j2

∗(κ) 〉〉
è D

(−)
j1,j2

∗(κ) = 〈〈A(−)
j1

(κ)A
(+)
j2

∗(κ) 〉〉. Òîãäà ÿâíîå âûðàæåíèå äëÿ ìàòðèöû D
(−)
j1,j2

(κ) çàïè-
øåòñÿ â âèäå

Dj1,j2(κ; t1, t2) = D
(+)
j1,j2

(κ) exp
(
ic|κ|(t1 − t2)

)
+D

(+)
j1,j2

∗(κ) exp
(
− ic|κ|(t1 − t2)

)
+

+D
(−)
j1,j2

(κ) exp
(
ic|κ|(t1 + t2)

)
+D

(−)
j1,j2

∗(κ) exp
(
− ic|κ|(t1 + t2)

)
.

Ýòà ìàòðèöà ïîëíîñòüþ îïðåäåëÿåò ãàóññîâñêèå ñëó÷àéíûå ïîëÿ A
(±)
i (κ, t) è, òåì ñàìûì,

ïîëå Ai(κ, t), òàê êàê èç âûïîëíèìîñòè 〈〈Ai(κ, t) 〉〉 = 0 ïðè ëþáûõ t ñëåäóþò îãðàíè÷åíèÿ

〈〈A(±)
i (κ, t) 〉〉 = 0 íà ýòè ïîëÿ.

Äëÿ òîãî, ÷òîáû ïîëå Aj(κ, t) îáëàäàëî, äîïîëíèòåëüíî, ñâîéñòâîì ñòàöèîíàðíîñòè

ïî âðåìåíí�îé ïåðåìåííîé, íóæíî ÷òîáû 〈〈A(+)
j1

(κ)A
(−)
j2

∗(κ) 〉〉 = 0. Ïðè ýòîì, áåðÿ êîì-

ïëåêñíîå ñîïðÿæåíèå, êàê ñëåäñòâèå ïîëó÷àåì D
(−)
j1,j2

(κ) = 0,

Dj1,j2(κ; t1, t2) = D
(+)
j1,j2

(κ) exp
(
ic|κ|(t1 − t2)

)
+D

(+)
j1,j2

∗(κ) exp
(
− ic|κ|(t1 − t2)

)
. (25)
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Èç óñëîâèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè êîððåëÿöèîííîé �óíêöèè

Dj1,j2(κ1, t1;κ2, t2), â óñëîâèÿõ ñòîõàñòè÷åñêèõ ïðîñòðàíñòâåííîé îäíîðîäíîñòè è âðå-

ìåíí�îé ñòàöèîíàðíîñòè, èìååì

∞∫

−∞

dt1dt2

∫

R3

(
D

(+)
ij (κ) exp

(
ic|κ|(t1 − t2)ui(κ, t1)u

∗
j(κ, t2) +

+D
(+)
ij

∗(κ) exp
(
− ic|κ|(t1 − t2)u

∗
i (κ, t1)uj(κ, t2)

)
dκ ≥ 0 .

Ââîäÿ êîìïëåêñíûå ïåðåìåííûå

∞∫

−∞

ui(κ, t)e
itc|κ|dκ = zi(κ) ,

êîòîðûå, ââèäó ïðîèçâîëüíîñòè �óíêöèé ui(κ, t), ìîãóò ïðèíèìàòü ëþáûå êîìïëåêñíûå
çíà÷åíèÿ íåçàâèñèìî äðóã îò äðóãà, ïîñëåäíåå óñëîâèå ïîëîæèòåëüíîé îïðåäåëåííîñòè

çàïèñûâàåòñÿ â âèäå

∫

R3

(
D

(+)
ij (κ)zi(κ)z∗j (κ) +D

(+)
ij

∗(κ)z∗i (κ)zj(κ)
)
dκ ≥ 0 .

Äëÿ âûïîëíèìîñòè ýòîãî îãðàíè÷åíèÿ íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ïðè ëþáîì

κ ∈ R3
èìåëî ìåñòî D

(+)
ij (κ)zi(κ)z∗j (κ) + D

(+)
ij

∗(κ)z∗i (κ)zj(κ) ≥ 0 äëÿ ýðìèòîâñêîé ìàò-

ðèöû D
(+)
ij (κ). Ìåíÿÿ èíäåêñû ñóììèðîâàíèÿ âî âòîðîì ñëàãàåìîì i ⇔ j è ïîëüçóÿñü

ýðìèòîâîñòüþ ìàòðèöû, ïîëó÷àåì, ÷òî D
(+)
ij (κ)zi(κ)z∗j (κ) ≥ 0. Òàêèì îáðàçîì, ìû ïðè-

õîäèì ê ñëåäóþùåìó óòâåðæäåíèþ

Òåîðåìà 3. Äëÿ òîãî ÷òîáû ñëó÷àéíîå ãàóññîâñêîå ïîëå F(x, t) = E(x, t) + iH(x, t) ñ
íóëåâûì ñðåäíèì çíà÷åíèåì îáëàäàëî ñòàòèñòè÷åñêè íåçàâèñèìûìè è ýêâèâàëåíòíûìè

ñîëåíîèäàëüíûìè ñîñòàâëÿþùèìè E èH, à òàêæå ñâîéñòâàìè ñòîõàñòè÷åñêèõ ïðîñòðàí-

ñòâåííîé îäíîðîäíîñòè è ñòàöèîíàðíîñòè ïî âðåìåíè íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

åãî êîððåëÿöèîííàÿ �óíêöèÿ K̄i1i2(κ1, t1;κ2, t2) èìåëà âèä (22), ãäåDk1,k2(κ1, t1;κ2, t2) =
δκ1,κδκ2,κDk1,k2(κ; t1, t2), ãäå Dk1,k2(κ; t1, t2) îïðåäåëÿåòñÿ �îðìóëîé (25) ñ íåîòðèöàòåëü-

íîé ýðìèòîâñêîé ìàòðèö-�óíêöèåé D
(+)
ij (κ).

4. Çàêëþ÷åíèå. Íåïîñðåäñòâåííûì ñëåäñòâèåì íàøèõ ðàññìîòðåíèé â ýòîé ðàáîòå

ÿâëÿåòñÿ âûâîä î òîì, ÷òî â ðàìêàõ òåîðèè ãàóññîâñêèõ ñëó÷àéíûõ ïîëåé âîçìîæíî

ïîñòðîåíèå ìîäåëè ñòîõàñòè÷åñêîãî ýëåêòðîìàãíèòíîãî ïîëÿ (â âàêóóìå) ñ èíòåãðèðó-

åìîé ñïåêòðàëüíîé ïëîòíîñòüþ, òî åñòü ñâîáîäíîé îò ïàðàäîêñà �ýëåÿ-Äæèíñà (îòñóò-

ñòâèå óëüòðà�èîëåòîâîé êàòàñòðî�û), ÷òî ïîçâîëÿåò, â ÷àñòíîñòè, ïîñòðîèòü òåîðèþ

èçëó÷åíèÿ àáñîëþòíî ÷åðíîãî òåëà áåç èñïîëüçîâàíèÿ ïîíÿòèÿ êâàíòîâàíèÿ ýëåêòðî-

ìàãíèòíîãî ïîëÿ. Ïðè ýòîì ñïåêòðàëüíàÿ ïëîòíîñòü ýíåðãèè ìîæåò èìåòü äîâîëüíî

ïðîèçâîëüíûé (â ÷àñòíîñòè, ïëàíêîâñêèé) âèä.
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Â ñàìîì äåëå, â ðàìêàõ ðàññìîòðåííîãî â ðàáîòå è äåòàëüíî èññëåäîâàííîãî ñëó÷àÿ

ñëó÷àéíîãî ýëåêòðîìàãíèòíîãî ïîëÿ, ìåòîä ïîñòðîåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòíîãî

ðàñïðåäåëåíèÿ êîòîðîãî îïèñàí â òåîðåìå 3, ðàññìîòðèì ñëó÷àéíîå ãàóññîâñêîå ýëåê-

òðîìàãíèòíîå ïîëå, êîòîðîå, äîïîëíèòåëüíî, îáëàäàåò ñâîéñòâîì ñòîõàñòè÷åñêîé ïðî-

ñòðàíñòâåííîé èçîòðîïèè, êîãäà D
(+)
ij (κ) = δijD(|κ|) ñ D(ξ) > 0. Ïðè ýòîì, ââèäó (19),∑

κ
κ2D(|κ|) <∞. Ýòî îçíà÷àåò, ââèäó �îðìóëû (22), ÷òî

8πW = Kii(0, 0) =
∑

κ

K̄ii(κ) = 4
∑

κ

κ2D(|κ|) <∞ .
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GAUSSIAN FLUCTUATION ELECTROMAGNETIC FIELD

WITH QUADRATICALLY AVERAGE ALMOST-PERIODIC

RANDOM REALIZATIONS

Lam Tan Phat, Yu.P. Virhenko

Belgorod State University,

Studenheskaya St., 14, Belgorod, 308007, Russia, e-mail:virh�bsu.edu.ru

Abstrat. Stohasti eletromagneti �eld that desribes some thermal �utuations is studied.

Gaussian models of random eletromagneti �eld are built in frameworks of the general approah

in statistial physis based on the expansion of the �eld on plane linear polarized waves in �nite

domain of the parallelepiped form with large linear size and using the thermodynamial limit. It

is shown that some models of stohasti eletromagneti �eld with arbitrary orrelation funtion

may be onstrut by mathematially non-ontraditory way. This funtion should be possessed the

speial supplementary ondition whih arises due to the transverse property of eletromagneti �eld.

Key words: �utuation eletromagneti �eld, gaussian random �eld, Maxwell 's equations,

stohasti model, orrelation funtion, in�nitely dimensional markovian proess, quadratially ave-

rage almost-periodi funtions.
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Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàþòñÿ àïïðîêñèìàöèè �óíêöèé ïðè ïîìîùè öåëî÷èñëåí-

íûõ ñäâèãîâ �óíêöèé �àóññà è �óíêöèé Ëîðåíöà. Èññëåäîâàíû ñâîéñòâà ìîíîòîííîñòè êîý�-

�èöèåíòîâ ðàçëîæåíèé ïî óêàçàííûì ñèñòåìàì, ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷¼òîâ

êîý��èöèåíòîâ ðàçëîæåíèé.

Êëþ÷åâûå ñëîâà: �óíêöèè Ëîðåíöà, �óíêöèè �àóññà, èíòåðïîëÿöèÿ.

�àññìîòðèì çàäà÷ó î ïðèáëèæåíèè äîñòàòî÷íî ïðîèçâîëüíîé �óíêöèè f(t) â âèäå ðÿäà g(t)
ïî ñèñòåìå öåëî÷èñëåííûõ ñäâèãîâ �óíêöèè �àóññà (êâàäðàòè÷íîé ýêñïîíåíòû ñ ïàðàìåòðàìè)

èëè �óíêöèè Ëîðåíöà. �àññìàòðèâàåìûå ðàçëîæåíèÿ èìåþò âèä

g(t) =
k=∞∑

k=−∞
fk · F (t− k) ,

ãäå F (t) � íåêîòîðàÿ �óíêöèÿ, ïî öåëî÷èñëåííûì ñäâèãàì êîòîðîé ïðîèçâîäèòñÿ ðàçëîæåíèå.

Ïîñòðîåííàÿ �óíêöèÿ äîëæíà ñîâïàäàòü ñ èñõîäíîé âî âñåõ öåëûõ òî÷êàõ

g(m) = f(m) , m ∈ Z .

Èçâåñòíû òðè ïîäõîäà ê ðåøåíèþ ïîñòàâëåííîé çàäà÷è. Ïðè ïåðâîì ïîäõîäå ðåøåíèå èùåò-

ñÿ ñ ïîìîùüþ ñïåöèàëüíûõ �óíêöèé, à èìåííî òåòà��óíêöèé ßêîáè [2℄. Êàê ïîêàçàíî â [1,3�4℄,

íåñìîòðÿ íà òåîðåòè÷åñêóþ öåííîñòü ýòîãî ïîäõîäà, îí íå èìååò âû÷èñëèòåëüíûõ ïåðñïåêòèâ,

òàê êàê ñâÿçàí ñ äåëåíèåì íà ÷ðåçâû÷àéíî ìàëûå çíàìåíàòåëè. Äðóãîé ïîäõîä ðàçðàáàòû-

âàëñÿ â [1,4℄, îí îñíîâàí íà ïðèìåíåíèè äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå (ÄÏÔ). Òðåòèé

ïðèáëèæ¼ííûé ìåòîä ïðåäëîæåí â [5-7℄ è îñíîâàí íà ñâåäåíèè çàäà÷è ê ðåøåíèþ êîíå÷íûõ

ñèñòåì ëèíåéíûõ óðàâíåíèé.

Ïðè âñåé âàæíîñòè ÷èñëåííûõ ìåòîäîâ, äëÿ äàííîãî êëàññà ðàçëîæåíèé èìååòñÿ äîñòà-

òî÷íîå ÷èñëî àíàëèòè÷åñêèõ çàäà÷, ðåøåíèÿ êîòîðûõ äî ñèõ ïîð íå ïîëó÷åíû. Íàïðèìåð, â

ðàáîòå [9℄ âû÷èñëåíû êîíñòàíòû �èññà äëÿ ñèñòåì �óíêöèé �àóññà è Ëîðåíöà. Â äàííîé çà-

ìåòêå èññëåäóþòñÿ ñâîéñòâà ìîíîòîííîñòè êîý��èöèåíòîâ ðàçëîæåíèÿ.

�àññìàòðèâàþòñÿ ñèñòåìû öåëî÷èñëåííûõ ñäâèãîâ �óíêöèè �àóññà F (t) = Gσ(t) è �óíêöèè
Ëîðåíöà F (T ) = Ls(t),

Gσ(t) = exp

(
− t2

2σ2

)
, Ls(t) =

s2

t2 + s2
,
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ñ ïàðàìåòðàìè σ > 0 è s > 0.

Çàäà÷ó èíòåðïîëÿöèè äëÿ òàêèõ ñèñòåì óäîáíî ðåøàòü ñ ïîìîùüþ óçëîâîé �óíêöèè. Ôóíê-

öèÿ ϕ̃(t) íàçûâàåòñÿ óçëîâîé, åñëè äëÿ íåå âûïîëíåíà ñèñòåìà ðàâåíñòâ

ϕ̃(m) = δ0m , m ∈ Z ,

ãäå δ0m � ñèìâîë Êðîíåêåðà. Óçëîâóþ �óíêöèþ ïîñòðîåííóþ èç ñäâèãîâ �óíêöèè �àóññà îáî-

çíà÷èì ÷åðåç G̃σ(t), à èç ñäâèãîâ �óíêöèè Ëîðåíöà � ÷åðåç L̃s(x):

G̃σ(t) =

∞∑

k=−∞
dG,kGσ(t− k) , L̃s(t) =

∞∑

k=−∞
dL,kLs(t− k) .

Äëÿ êîý��èöèåíòîâ dG,k èçâåñòíà �îðìóëà [2℄,

dG,k(σ) =
1

C (σ)
· exp

(
k2

2σ2

)
·

∞∑

r=|k|
(−1)r · exp

(
−(r + 0.5)2

2σ2

)
,

ãäå êîíñòàíòà C(σ) åñòü ñóììà ðÿäà

C (σ) =
∞∑

r=−∞
(4r + 1) · exp

(
−(2r + 0.5)2

2σ2

)
.

Ôîðìóëà äëÿ dG,k ïîëó÷àåòñÿ èç ðàçëîæåíèÿ â ðÿä Ôóðüå �óíêöèè

1

ϑ3
(
t
2 ; q
) , q = exp

(
− 1

2σ2

)
,

ãäå ϑ3 (t; q) � òðåòüÿ òåòà-�óíêöèÿ ßêîáè [8℄.

Çàìåòèì, ÷òî �îðìóëà äëÿ ðÿäà Ôóðüå ýòîé �óíêöèè áûëà èçâåñòíà åù¼ â 1903 ãîäó [8℄.

Ïðàâäà, òàì â çíàìåíàòåëå ñòîèò ϑ4. Îäíàêî, ýòè �óíêöèè ëåãêî ïîëó÷èòü äðóã èç äðóãà ñ

ïîìîùüþ ñîîòíîøåíèÿ

ϑ3(z, q) = ϑ4(z,−q) .
×èñëåííûå ðåçóëüòàòû ñòàòüè [4℄ ïîçâîëÿþò ïðåäïîëîæèòü, ÷òî êîý��èöèåíòû dG,k çíà-

êî÷åðåäóþòñÿ è ìîíîòîííî óáûâàþò ïî àáñîëþòíîé âåëè÷èíå ñ ðîñòîì íîìåðà |k|.
Òåîðåìà 1. Ñïðàâåäëèâà �îðìóëà sign(dG,k(σ)) = (−1)k.

Êðàòêî îïèøåì ñõåìó äîêàçàòåëüñòâà òåîðåìû. Âíà÷àëå ïîêàçûâàåòñÿ, ÷òî C(σ) > 0. Ýòî
ñëåäóåò èç öåïî÷êè ðàâåíñòâ

C(σ) =
1

2
ϑ′1(0, q) = exp

(
− 1

8σ2

)
·

∞∏

n=1

{
1− exp

(
− n

σ2

)}3
.

Ñëåäîâàòåëüíî, çíàê êîý��èöèåíòà ñîâïàäàåò ñî çíàêîì âûðàæåíèÿ

(−1)|k|
∞∑

r=|k|
(−1)r−|k| · exp

(
−(r + 0.5)2

2σ2

)
.
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Â îòëè÷èå îò çíàêî÷åðåäîâàíèÿ, ìîíîòîííîå óáûâàíèå |dG,k(σ)| äîêàçàòü äëÿ âñåõ çíà÷åíèé
σ è k íå óäàëîñü (õîòÿ ñàì �àêò, ïî-âèäèìîìó, ñïðàâåäëèâ).

Òåîðåìà 2. Íà÷èíàÿ ñ íîìåðà

k = max
{[

logq
√

1− q − 1
]
, 0
}

êîý��èöèåíòû dG,k(σ) ìîíîòîííî óáûâàþò ïî àáñîëþòíîé âåëè÷èíå.

Êëþ÷åâîé ïðè äîêàçàòåëüñòâå ÿâëÿåòñÿ �îðìóëà

dG,k

dG,k+1
=

q−k2Xk

q−(k+1)2Xk+1
= q2k+1 ·

(
q(k+

1
2)

2

Xk+1
− 1

)
,

ãäå èñïîëüçóåòñÿ ñëåäóþùåå îáîçíà÷åíèå

Xk =

∣∣∣∣∣

∞∑

r=k

(−1)r · q(r+0.5)2

∣∣∣∣∣ .

Êîý��èöèåíòû dL,k äëÿ σ = 0.5, σ = 1.0 è σ = 1.5

Êîý��èöèåíòû dL,k äëÿ σ = 2.0 è σ = 3.0.

σ 0.5 1.0 1.5
dL,0 1.08273 1.73697 3.89172
dL,1 −0.20019 −0.78304 −2.49120
dL,2 −0.01541 0.13838 0.93889
dL,3 −0.00966 −0.004310 −0.34861
dL,4 −0.00531 0.00094 0.11382
dL,5 −0.00341 −0.00530 −0.04562
dL,6 −0.00237 −0.00242 0.01205
dL,7 −0.00174 −0.00207 −0.00714
dL,8 −0.00133 −0.00154 0.00028
dL,9 −0.00105 −0.00123 −0.00185
dL,10 −0.00085 −0.00100 −0.00077
dL,11 −0.00070 −0.00082 −0.00090
dL,12 −0.00059 −0.00069 −0.00067

dk σ = 2.0 dk σ = 3.0
d12 0.00103 d26 1.20 · 10−5

d13 −0.00137 d27 3.00 · 10−5

d14 −0.00015 d28 −3.37 · 10−5

d15 −0.00061 d29 −1.75 · 10−5

d16 −0.00032 d30 −7.84 · 10−5

d17 −0.00038 d31 −1.24 · 10−5

d18 −0.00029 d32 −8.65 · 10−5

Ñëåäñòâèå. Äëÿ ìîíîòîííîãî óáûâàíèÿ |dG,k| ñ íóëåâîãî íîìåðà äîñòàòî÷íî âûïîëíåíèÿ

íåðàâåíñòâà: q <
√
5−1
2 , ÷òî ñîîòâåòñòâóåò

σ <

√√√√
1

ln
(√

5+3
2

) ≈ 1.01933.

Îáðàòèìñÿ ê �óíêöèè Ëîðåíöà. Äëÿ dL,k ñïðàâåäëèâà �îðìóëà [9℄

dL,k(s) =
(−1)k sh(sπ)

sπ2

π∫

0

cos(kt)

ch(st)
dt .
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Â òàáëèöàõ ïðèâåäåíû çíà÷åíèÿ ýòèõ êîý��èöèåíòîâ, âû÷èñëåííûå ïðè ðàçëè÷íûõ çíà÷å-

íèÿõ ïàðàìåòðîâ. Ïîâåäåíèå dL,k îòëè÷àåòñÿ îò ïîâåäåíèÿ dG,k. Ñîãëàñíî òàáëèöå 1, çíàêî÷å-

ðåäîâàíèå ñ êàêîãî-òî ìîìåíòà ïðåêðàùàåòñÿ. Òàáëèöà 2 ïîêàçûâàåò, ÷òî íåò è ìîíîòîííîãî

óáûâàíèÿ ïî àáñîëþòíîìó çíà÷åíèþ êîý��èöèåíòîâ.

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà s çíàêî÷åðåäóåìîñòè
íåò âîîáùå.

Òåîðåìà 3. Âñå êîý��èöèåíòû dL,k îòðèöàòåëüíû, çà èñêëþ÷åíèåì dL,0, ïðè âûïîëíåíèè

íåðàâåíñòâà

s < ln(3 + 2
√
2)/π ≈ 0.5611 .
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Àííîòàöèÿ. Â ðàáîòå èññëåäîâàíû âîïðîñû ðåøåíèÿ çàäà÷è ñèíòåçà, ïîñòðîåíû ïðèìåðû

ñòàáèëèçèðóåìûõ ñèñòåì.

Êëþ÷åâûå ñëîâà: çàäà÷à ñèíòåçà, óïðàâëÿåìàÿ ñèñòåìà, ñòàáèëèçèðóåìàÿ ñèñòåìà.

1. Ââåäåíèå. Ìàòåìàòè÷åñêàÿ òåîðèÿ óïðàâëåíèÿ íà÷àëà èíòåíñèâíî ðàçâèâàòüñÿ â ñå-

ðåäèíå XX ñòîëåòèÿ. Åå âîçíèêíîâåíèå ñâÿçàíî ñ íåîáõîäèìîñòüþ ðåøàòü íîâûå íà òî âðå-

ìÿ çàäà÷è, çàäà÷è óïðàâëåíèÿ ìåõàíè÷åñêèìè îáúåêòàìè, äâèæåíèå êîòîðûõ îïèñûâàåòñÿ

äè��åðåíöèàëüíûìè óðàâíåíèÿìè. Äàëüíåéøåå ðàçâèòèå òåîðèè óïðàâëåíèÿ ñâÿçàíî êàê ñ

ïðèêëàäíûìè çàäà÷àìè, òàê è ñ èññëåäîâàíèåì çàäà÷ óïðàâëåíèÿ êàê ÷èñòî ìàòåìàòè÷åñêèõ.

�àçâèòèå ìàòåìàòè÷åñêîé òåîðèè óïðàâëÿåìûõ ïðîöåññîâ ïðèâåëî ê âîçíèêíîâåíèþ íîâûõ

íàïðàâëåíèé â òåîðèè äè��åðåíöèàëüíûõ óðàâíåíèé, ÷òî â çíà÷èòåëüíîé ìåðå îïðåäåëÿåò

åå íàñòîÿùåå ñîñòîÿíèå. Îäíèì èç òàêèõ íàïðàâëåíèé ñòàë äîïóñòèìûé ïîçèöèîííûé ñèí-

òåç óïðàâëåíèÿ äè��åðåíöèàëüíûõ óðàâíåíèé.Â ýòîé îáëàñòè ïðîâîäèëèñü ìíîãî÷èñëåííûå

èññëåäîâàíèÿ ðîññèéñêèìè è çàðóáåæíûìè àâòîðàìè. ß îòìå÷ó ðàáîòû: Ñêëÿðà �.Ì. , Áëàãî-

äàòñêîãî Â.È., Ïîíòðÿãèíà Ë.Ñ., Êîðîáîâà Â.È.

Çàäà÷à äîïóñòèìîãî ïîçèöèîííîãî ñèíòåçà óïðàâëåíèÿ äëÿ ñèñòåìû äè��åðåíöèàëüíûõ

óðàâíåíèé

ẋ = f(x, u) , x ∈ Rn , u ∈ Ω ⊂ Rr

ñîñòîèò â ïîñòðîåíèè óïðàâëåíèÿ u = u(x), êîòîðîå óäîâëåòâîðÿåò çàäàííûì îãðàíè÷åíèÿì

u(x) ∈ Ω, òàê ÷òî, òðàåêòîðèÿ çàìêíóòîé ñèñòåìû

ẋ = f(x, u(x)) ,

íà÷èíàþùàÿ â ïðîèçâîëüíîé òî÷êå x0 èç íåêîòîðîé îêðåñòíîñòè Q íà÷àëà êîîðäèíàò, ïîïà-

äàåò â íà÷àëî êîîðäèíàò çà êîíå÷íîå âðåìÿ T (x0). Ìû ðàññìàòðèâàåì ñëó÷àé, êîãäà íà÷àëî

êîîðäèíàò ÿâëÿåòñÿ òî÷êîé ïîêîÿ ñèñòåìû, f(0, u0) = 0 ïðè u0 ∈ Ω. Åñëè Q = Rn
, òî ñèí-

òåç íàçûâàåòñÿ ãëîáàëüíûì, à åñëè Q 6= Rn
, òî ëîêàëüíûì [1℄. Ïîñêîëüêó ÷åðåç êîíå÷íóþ

òî÷êó ïðîõîäèò áåñêîíå÷íîå ÷èñëî òðàåêòîðèé è âðåìÿ äâèæåíèÿ ïî êàæäîé òðàåêòîðèè â

ýòó òî÷êó êîíå÷íî, òî â ñèëó òåîðåìû î åäèíñòâåííîñòè ðåøåíèÿ ïðàâàÿ ÷àñòü óðàâíåíèÿ

ẋ = f(x, u), x ∈ Rn, u ∈ Ω ⊂ Rr, ñ âûáðàííûì óïðàâëåíèå íå ìîæåò óäîâëåòâîðÿòü óñëîâèþ

Ëèïøèöà â ðàññìàòðèâàåìîé îêðåñòíîñòè. Ïîýòîìó óïðàâëåíèå, ðåøàþùåå çàäà÷ó ñèíòåçà, íå

ìîæåò áûòü ãëàäêèì, ëèíåéíûì, êàê â çàäà÷å ñòàáèëèçàöèè. Íàëè÷èå îãðàíè÷åíèé íà óïðàâ-

ëåíèå íàêëàäûâàåò äîïîëíèòåëüíûå ñëîæíîñòè íà ïîñòðîåíèå òàêîãî óïðàâëåíèå.

2. Ìåòîäû ðåøåíèÿ çàäà÷è ñèíòåçà. Çàäà÷à ñèíòåçà îãðàíè÷åííûõ óïðàâëåíèé, îïòè-

ìàëüíûõ ïî áûñòðîäåéñòâèþ ñîñòîèò â ñëåäóþùåì. Äëÿ óïðàâëÿåìîé ñèñòåìû

ẋ = f(t, x, u) , x ∈ Rn , u ∈ Ω ⊂ Rr , 0 ∈ Ω (1)
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òðåáóåòñÿ íàéòè óïðàâëåíèå u = (t, x), ïðèíèìàþùåå çíà÷åíèÿ â ìíîæåñòâå Ω, òàêîå, ÷òî
òðàåêòîðèÿ ñèñòåìû

ẋ = f(t, x, u(t, x)) , (2)

íà÷èíàþùàÿñÿ â ïðîèçâîëüíîé òî÷êå x0, îêàí÷èâàåòñÿ â çàäàííîé òî÷êå x1 çà ìèíèìàëüíîå
âðåìÿ. Â ýòîì ñëó÷àå óïðàâëåíèå u(t, x) ÿâëÿåòñÿ îïòèìàëüíûì ïî áûñòðîäåéñòâèþ è óäîâëå-

òâîðÿåò óðàâíåíèþ Áåëëìàíà

min
u∈Ω

(∂T (t, x)
∂t

+
n∑

i=1

∂T (t, x)

∂xi
fi(t, x, u)

)
= −1 , (3)

ãäå T (t0, x0)- èç ïðîèçâîëüíîé òî÷êè x0 â ìîìåíò âðåìåíè t0 â �èêñèðîâàííóþ òî÷êó x1 ïî

òðàåêòîðèè ñèñòåìû (2), îòâå÷àþùåé óïðàâëåíèþ u(t, x). Îáîçíà÷èì ÷åðåç Ṫ (t, x) äëÿ (1)è

Ṫ (t, x) äëÿ (2) ïðîèçâîäíûå âðåìåíè äâèæåíèÿ â ñèëó ñèñòåìû (1) è (2), ñîîòâåòñòâåííî. Òîãäà

ðàâåíñòâî (3) áóäèò

min
u∈Ω

Ṫ (t, x) = Ṫ (t, x) = −1

è îçíà÷àåò, ÷òî ïðîèçâîäíàÿ â ñèëó ñèñòåìû (2), âðåìåíè áûñòðîäåéñòâèÿ T (t, x) èç ïðîèçâîëü-
íîé òî÷êè x â çàäàííóþ òî÷êó x1 ðàâíà -1. Ýòî ðàâåíñòâî âûïîëíÿåòñÿ â òî÷êàõ ñóùåñòâîâàíèÿ
ïðîèçâîäíûõ. Äëÿ ðåøåíèÿ çàäà÷è ñèíòåçà òàêæå ñ�îðìóëèðîâàí äîïóñòèìû ïðèíöèï ìàêñè-

ìóìà [1℄, êîòîðûé ïî �îðìå ïîäîáåí ïðèíöèïó ìàêñèìóìà â îïòèìàëüíîì óïðàâëåíèè, íî ïðè

ýòîì óêàçûâàåòñÿ ñîïðÿæåííàÿ �óíêöèÿ, êîòîðàÿ ÿâëÿåòñÿ �óíêöèåé �àçîâûõ êîîðäèíàò, à

íå âðåìåíè, ÷òî ïîçâîëÿåò îïðåäåëÿòü ïîçèöèîííîå óïðàâëåíèå.

3. Ñòàáèëèçàöèÿ ñèñòåìû îòíîñèòåëüíî ïîäïðîñòðàíñòâà. Â êà÷åñòâå ïðèìåðà ðàñ-

ñìîòðèì ëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó [5℄

{
ẋ1 = 2x1 − x2 + u,
ẋ2 = 3x1 − 2x2 + u.

(4)

Äëÿ ýòîé ñèñòåìû A =

(
2 −1
3 −2

)
, b =

(
1
1

)
. �àññìîòðèì ïðÿìîóãîëüíóþ ìàòðèöó H =

(2, 1), äëÿ êîòîðîé rankH = l = 1. Òîãäà ñîïðÿæåííàÿ ìàòðèöà H∗
ïðåäñòàâëÿåò ñîáîé ñòîëáåö

h1 =

(
2
1

)
.

1. Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A∗
ðàâíû ±1. Ñîîòâåòñòâóþùèå èì ñîáñòâåííûå âåêòîðà

(-3,1) è (-1,1) è ïîýòîìó K− = (−1, 1).
2. r = rank(Hb,HAb) = rank(3, 3) = 1. Îáîçíà÷èì âåêòîð ξ = ω1h1, ãäå ω1 îïðåäåëÿåòñÿ èç

óðàâíåíèÿ (ξ, b) = (ξ,Ab) = 0. Ýòî äàåò 3ω1 = 0 è ïîýòîìó ω1 = 0.
3. Ââåäåì âåêòîð c = α1h1 òàêîé, ÷òî α1 îïðåäåëÿåòñÿ óðàâíåíèåì α1 : (c, b) = 3α1 6= 0 òàê,

÷òî (c, b) = 3, îòêóäà α1 = 1, c = h1, j = 0.
4. Òàê êàê H∗ ⊂ L(c,A∗c) +K− = R2

, òî ñòàáèëèçàöèÿ âîçìîæíà.

Äëÿ ïîñòðîåíèÿ ñòàáèëèçèðóþùåãî óïðàâëåíèÿ âûáåðåì òàêèå ïîñòîÿííûå γ1, ÷òîáû óðàâ-

íåíèå îòíîñèòåëüíî µ : µ + γ1 = 0 èìåëî êîðíè µ  Reµ < 0. Ïóñòü γ1 = 1. Òîãäà óïðàâëåíèå
èìååò âèä:

u(x) =
1

(c, b)
[−(c,Ax) − γ1(c, x)] =

1

3
(−9x1 + 3x2).

Ñëåäîâàòåëüíî, ìàòðèöà Q èìååò âèä Q = (−3, 1).
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Ïîäñòàâèì ïîëó÷åííîå óïðàâëåíèå â ñèñòåìó (4). Òîãäà ñèñòåìà ẋ = (A+ bQ)x èìååò âèä:

{
ẋ1 = −x1,
ẋ2 = −x2.

Åå îáùåå ðåøåíèå: {
x1 = x01e

−t ,
x2 = x02e

−t ,

ãäå x01 = x1(0), x
0
2 = x2(0). Òîãäà Hx = e−t(2x01 + x02) → 0 ïðè t→ ∞.
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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ è îáîñíîâûâàþòñÿ ìåòîäû àíàëèçà ñòàòèñòè÷å-

ñêèõ äàííûõ, ðàñïðåäåëåííûõ ¾íå ïî �àóññó¿, ò.å. èìåþùèõ ÿâíî âûðàæåííóþ àñèììåòðèþ

è ýêñöåññ. Äàíû àëãîðèòìû, ïîçâîëÿþùèå ìîäè�èöèðîâàòü êëàññè÷åñêèå ìåòîäû ñòàòèñòè-

êè, ðàçðàáîòàííûå â îñíîâíîì äëÿ íîðìàëüíî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí, â ÷àñòíî-

ñòè, ìåòîä äîâåðèòåëüíûõ èíòåðâàëîâ, ó÷èòûâàþùèé óêàçàííûå âûøå �àêòîðû. Ïîëó÷åíû

ïðîñòûå �îðìóëû äëÿ âû÷èñëåíèÿ äîâåðèòåëüíîé òî÷íîñòè ñ çàäàííîé íàäåæíîñòüþ ïî Ëà-

ïëàñó è Ñòüþäåíòó, åñëè �óíêöèÿ ïëîòíîñòè ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû îòëè÷àåòñÿ

ñóùåñòâåííî îò ýêñïîíåíòû. Ïðèâîäÿòñÿ ïðàêòè÷åñêèå ïðèìåðû àíàëèçà èí�îðìàöèè, êîãäà

àñèììåòðèÿ è ýêñöåññ ñóùåñòâåííû.

Êëþ÷åâûå ñëîâà: àñèììåòðèÿ, ýêñöåññ, íîðìàëüíîå ðàñïðåäåëåíèå, èíòåðâàëüíàÿ îöåíêà.

Êàê èçâåñòíî [1℄, íîðìàëüíûé çàêîí ðàñïðåäåëåíèÿ ñëó÷àéíûõ ÷èñåë âñòðå÷àåòñÿ â ïðèðîäå

íàèáîëåå ÷àñòî. Â òåîðèè âåðîÿòíîñòè è ìàòåìàòè÷åñêîé ñòàòèñòèêå ñïðàâåäëèâ çàêîí áîëüøèõ

÷èñåë èëè öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà, ñóòü êîòîðîé òàêîâà: åñëè íà êàêîé-òî ðåçóëüòàò

âëèÿåò áåñ÷èñëåííîå êîëè÷åñòâî íåçàâèñèìûõ ñëó÷àéíûõ �àêòîðîâ, îòêëîíÿþùèõ åãî â òó èëè

èíóþ ñòîðîíó, òî ñóììàðíîå èõ âîçäåéñòâèå ïðèâîäèò ê ðåçóëüòàòó, áëèçêîìó ê íîðìàëüíîìó

ðàñïðåäåëåíèþ.

Íîðìàëüíûé çàêîí ðàñïðåäåëåíèÿ õàðàêòåðèçóåòñÿ ïëîòíîñòüþ ðàñïðåäåëåíèÿ, çàâèñÿùåé

îò äâóõ ïàðàìåòðîâ a, σ:

f (x, a, σ) =
1√
2πσ

e−
(x−a)2

2σ2 , σ > 0 . (1)

Çàìåòèì, ÷òî ïðè ëþáûõ çíà÷åíèÿõ a, σ ñïðàâåäëèâî óñëîâèå

∫ ∞

−∞
f (x, a, σ) dx = 1.

Òàêèì îáðàçîì, íîðìàëüíûé çàêîí ðàñïðåäåëåíèÿ ñèììåòðè÷åí îòíîñèòåëüíî òî÷êè x = a,
èìååò îïðåäåë¼ííóþ ¾ñêîðîñòü ðîñòà¿ â îêðåñòíîñòè ýòîé æå òî÷êè.

Äëÿ êîëè÷åñòâåííîé õàðàêòåðèñòèêè îòêëîíåíèé îò ñèììåòðèè ââîäÿò ÷èñëî

A = µ3
/
σ3 ,

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ â ðàìêàõ íàó÷íîãî ïðîåêòà �12-07-00624 à,

�13-07-01003 à.
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ãäå

µ3 =M (x−M (x))3 ,

êîòîðîå íàçûâàåòñÿ êîý��èöèåíòîì àñèììåòðèè. Ëåãêî ïîêàçàòü, ÷òî äëÿ íîðìàëüíîãî çàêîíà

(1) ýòîò êîý��èöèåíò ðàâåí íóëþ.

Åñëè çàêîí ðîñòà ïëîòíîñòè �óíêöèè ðàñïðåäåëåíèÿ íå ãàóññîâñêèé, ââîäèòñÿ íîâûé êî-

ý��èöèåíò (ýêñöåññ) ïî �îðìóëå

E =
µ4
σ4

− 3,

µ4 =M (x−M (x))4 .

Î÷åâèäíî, ýêñöåññ òàêæå ðàâåí íóëþ äëÿ íîðìàëüíîãî çàêîíà (1).

Òàê êàê ìåòîäû ñòàòèñòèêè ðàçðàáîòàíû, â îñíîâíîì, äëÿ íîðìàëüíî ðàñïðåäåëåííûõ ñëó-

÷àéíûõ âåëè÷èí, òî âûâîäû íà èõ îñíîâå ñïðàâåäëèâû òîëüêî äëÿ òàêèõ ðàñïðåäåëåíèé. Âîç-

íèêàåò âîïðîñ, êàê ó÷åñòü îòêëîíåíèÿ îò çàêîíà �àóññà, â ÷àñòíîñòè àñèììåòðèþ è ýêñöåññ,

íàïðèìåð, â òåîðèè äîâåðèòåëüíûõ èíòåðâàëîâ.

Ïîïûòàåìñÿ ïîñòðîèòü ìàòåìàòè÷åñêóþ ìîäåëü, ó÷èòûâàþùóþ îòêëîíåíèå ñêîðîñòè ðî-

ñòà ïëîòíîñòè ðàñïðåäåëåíèÿ îò êëàññè÷åñêîé, ò.å. ãàóññîâñêîé. Êàê èçâåñòíî, êëàññè÷åñêèé

íîðìàëüíûé çàêîí èìååò ìàêñèìóì â òî÷êå x = a ðàâíûé

f (x)x=a =
1√
2πσ

.

Âñòðå÷àþòñÿ ðàñïðåäåëåíèÿ, äëÿ êîòîðûõ ýòî ¾ïèê¿ áîëüøå èëè ìåíüøå êëàññè÷åñêîãî

çíà÷åíèÿ [2℄. Äëÿ îïèñàíèÿ òàêîé ïëîòíîñòè ââåä¼ì �óíêöèþ

f (x, a, σ, c) =

√
ln c√
2πσ

e−
(x−a)2

2σ2 ln c , c > 1 .

Î÷åâèäíî, ∫ ∞

−∞
f (x, a, σ, c) dx = 1

äëÿ ëþáûõ ïàðàìåòðîâ a, σ, c (σ > 0, c > 1).

Ïèê òàêîé �óíêöèè ðàâåí √
ln c√
2πσ

.

Îí ìîæåò áûòü áîëüøå èëè ìåíüøå, ÷åì êëàññè÷åñêîå çíà÷åíèå äëÿ íîðìàëüíîãî çàêîíà â çà-

âèñèìîñòè îò c: åñëè c > e, òî
√
ln c

/(√
2πσ

)
> 1
/ (√

2πσ
)
; åñëè 1 < c ≤ e òî

√
ln c

/(√
2πσ

)
<

1
/ (√

2πσ
)
.

Âû÷èñëèì êîëè÷åñòâåííîå çíà÷åíèå ýêñöåññà ïî �îðìóëàì

E =
µ4
σ4

− 3, µ4 =

∫ ∞

−∞
(x− a)4 f (x) dx .

Ëåãêî ïîëó÷èòü

E =
3

ln2 c
− 3 .
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Î÷åâèäíî, åñëè c > e, òî

E = 3

(
1

ln2 c
− 1

)
< 0 ,

è, íàîáîðîò, åñëè 1 < c ≤ e, òî

E = 3

(
1

ln2 c
− 1

)
> 0 .

Òàêèì îáðàçîì, ïëîòíîñòü ðàñïðåäåëåíèÿ

f =

√
ln c√
2πσ

exp
{
− (x− a)2

2σ2
ln c

}
, c > 1

ìîäåëèðóåò ëþáîå çíà÷åíèå ýêñöåññà, åñëè îíî ñèììåòðè÷íî îòíîñèòåëüíî òî÷êè x = a.
Ëåãêî îöåíèòü äîâåðèòåëüíûé èíòåðâàë ñ çàäàííîé íàäåæíîñòüþ, êîãäà ýêñöåññ � íåíóëå-

âîé. Î÷åâèäíî, àíàëîã èíòåãðàëüíîé �óíêöèè Ëàïëàñà èìååò âèä

φ∗ (x) =

√
ln c√
2πσ

∫ ∞

0
exp

{
− (x− a)2

2σ2
ln c

}
dx = φ

(
x− a

σ

√
ln c

)
,

ãäå φ (x) =
1√
2π

∫ x

0
e−

t2

2 dt.

Äëÿ êëàññè÷åñêîãî íîðìàëüíîãî çàêîíà âåðîÿòíîñòü ïîïàäàíèÿ ñëó÷àéíîé âåëè÷èíû â èí-

òåðâàë α < x < β ðàâíà

φ

(
β − a

σ

)
− φ

(
α− a

σ

)
.

Ïðè íàëè÷èè ýêñöåññà ýòà �îðìóëà ïðèîáðåòàåò âèä

P (α < x < β) = φ

(
β − a

σ

√
ln c

)
− φ

(
α− a

σ

√
ln c

)
.

Àíàëîãè÷íûì îáðàçîì, âåðîÿòíîñòè çàäàííîãî îòêëîíåíèÿ, î÷åâèäíî, ðàâíû

φ (|x− a| < δ) = 2φ

(
δ

σ

)

� ïî Ëàïëàñó;

φ (|x− a| < δ) = 2φ

(
δ
√
ln c

σ

)

� ïðè E 6= 0.
Â ñëó÷àå íåíóëåâîãî ýêñöåññà, êîãäà äîâåðèòåëüíàÿ òî÷íîñòü ñ çàäàííîé íàäåæíîñòüþ ìî-

æåò áûòü íàéäåíà ïî �îðìóëàì

δ =
tσ√

ln c · √n
, (2)

a = x± δ.

Èç �îðìóëû (2) ñëåäóåò, ÷òî, ÷åì áîëüøå c, òåì äîâåðèòåëüíàÿ îöåíêà âûøå. Åñëè îáúåì

âûáîðêè íåáîëüøîé, òî, î÷åâèäíî, ïàðàìåòð íàäåæíîñòè t ñëåäóåò âûáèðàòü èç òàáëèöû èç

Ñòüþäåíòà.
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Òåîðèÿ äîâåðèòåëüíûõ èíòåðâàëîâ äëÿ ðàñïðåäåëåíèé ñ íåíóëåâûì ýêñöåññîì ðàñïðîñòðà-

íÿåòñÿ òàêæå íà çàäà÷è î ñòàòèñòè÷åñêîì ðàçëè÷èè (èëè íåðàçëè÷èè) ñðåäíèõ äâóõ âûáîðîê.

Î÷åâèäíî, òàêæå, ÷òî îáúåì âûáîðêè, îáåñïå÷èâàþùèé íåîáõîäèìóþ ñòàòèñòè÷åñêóþ òî÷íîñòü

ñ çàäàííîé íàäåæíîñòüþ, ïðè íàëè÷èè ýêñöåññà ðàâåí

n =
t2σ2

δ2 ln c
.

Ïðèâåäåííûå �îðìóëû äàþò âîçìîæíîñòü òàêîãî ó÷åòà. Èç ïðèâåäåííîãî êðàòêîãî àíàëèçà

ìîæíî ñäåëàòü âûâîä, ÷òî åñëè ïîëó÷åííîå çíà÷åíèå ÷èñëà c îòëè÷àåòñÿ ñèëüíî îò e, òî ýêñöåññ
ðàñïðåäåëåíèÿ ýêîíîìè÷åñêîé èí�îðìàöèè ñóùåñòâåíåí è åãî ó÷åò ÿâëÿåòñÿ îáÿçàòåëüíûì.
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of on�dene intervals, are modi�ed to lassi statistial methods developed primarily for normally
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information when asymmetry and exess are signi�ant.
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Þ.Ï. Âèð÷åíêî

Áåëãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
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Àííîòàöèÿ. Ïîêàçàíî, ÷òî õèìè÷åñêèé ïîòåíöèàë êâàíòîâîãî èäåàëüíîãî �åðìè-ãàçà,

ïðè �èêñàöèè ñðåäíåãî ÷èñëà ÷àñòèö, äîëæåí áûòü �óíêöèåé òåìïåðàòóðû, êàê ýòî èìååò

ìåñòî äëÿ ãàçà áîçå-÷àñòèö, â êîòîðîì íàëè÷èå òàêîé çàâèñèìîñòè ïðèâîäèò ê ÿâëåíèþ áîçå-

êîíäåíñàöèè.

Êëþ÷åâûå ñëîâà: �åðìè-ãàç, õèìè÷åñêèé ïîòåíöèàë, òåìïåðàòóðíàÿ çàâèñèìîñòü.

Ïîñòàíîâêà çàäà÷ â êâàíòîâîé ñòàòèñòè÷åñêîé ìåõàíèêå ìîæåò íåñêîëüêî îòëè÷àòüñÿ ïî

ñðàâíåíèþ ñ òðàäèöèîííîé ïîñòàíîâêîé çàäà÷ â êëàññè÷åñêîé ìåõàíèêå. Ýòî ñâÿçàíî ñ òåì,

÷òî ïîíÿòèÿ ÷àñòèöû, êîòîðûì îïåðèðóåò ñòàòèñòè÷åñêàÿ ìåõàíèêà, â ïåðâîì è âî âòîðîì

ñëó÷àå ìîãóò îòëè÷àòüñÿ ïî ñâîåìó �èçè÷åñêîìó ñîäåðæàíèþ. Â êâàíòîâîé ìåõàíèêå äîïóñêà-

åòñÿ (èäåëîãè÷åñêè) ïðèíöèïèàëüíàÿ íåâîçìîæíîñòü íåïîñðåäñòâåííîãî íàáëþäåíèÿ îòäåëü-

íîé ÷àñòèöû â ñìûñëå ñâîåãî ïðîñòðàíñòâåííîãî ðàñïîëîæåíèÿ, à íàáëþäàåòñÿ ëèøü ðåçóëüòàò

äåéñòâèÿ ñðàçó ìíîãèõ îäèíàêîâûõ ÷àñòèö è/èëè äîïóñêàåòñÿ âîçìîæíîñòü êîñâåííîãî íàáëþ-

äåíèÿ äâèæåíèÿ îòäåëüíîé ÷àñòèöû. Òàêîå ïîëîæåíèå èìååò ìåñòî âî âñåõ ýêñïåðèìåíòàõ ñ

òàê íàçûâàåìûìè ýëåìåíòàðíûìè ÷àñòèöàìè, â ÷àñòíîñòè, �óíäàìåíòàëüíûìè. Òàêèå ÷àñòèöû

êàê ýëåêòðîí, �îòîí, íåéòðèíî íåâîçìîæíî íàáëþäàòü íåïîñðåäñòâåííî. Â áîëüøîé ñòåïåíè

îíè ñóùåñòâóþò â òåîðèè êàê ïîíÿòèÿ ñ öåëüþ îáúÿñíåíèÿ âñåé ñîâîêóïíîñòè ýêñïåðèìåíòîâ

èç ìèðà ýëåìåíòàðíûõ ÷àñòèö. Ñ òàêèì ïîëîæåíèåì òåñíî ñâÿçàíî, â ÷àñòíîñòè, òî, ÷òî îáùåå

÷èñëî ÷àñòèö â íåêîòîðîì îáúåìå ïðîñòðàíñòâà, êîòîðîå ìû íàçûâàåì ñèñòåìîé, ìîæåò áûòü

â ñðåäíåì �èêñèðîâàííûì è íå�èêñèðîâàííûì. Åñëè ÷èñëî ÷àñòèö â ñðåäíåì íå�èêñèðîâàíî,

òî ïîä ýòèì ìû ïîíèìàåì, ÷òî ìîæåò, ïðèíöèïèàëüíî, íå èìåòüñÿ âîçìîæíîñòåé ýêñïåðè-

ìåíòàëüíîãî óïðàâëåíèÿ òàêîé ñèñòåìîé, êîòîðîå áû ïîçâîëèëî äåðæàòü ïîñòîÿííûì ñðåäíåå

÷èñëî ÷àñòèö. Â ÷àñòíîñòè, òàêîå ïîëîæåíèå ðåàëèçóåòñÿ â êëàññè÷åñêîé çàäà÷å îá èçëó÷åíèè

÷åðíîãî òåëà, ïðè ðåøåíèè êîòîðîé, èñòîðè÷åñêè, áûëî ââåäåíî ïîíÿòèå �îòîíà. Ýòî ïðèâî-

äèò ê òîìó, ÷òî â ýòîé çàäà÷å íå âîçíèêàåò ïîíÿòèÿ õèìè÷åñêîãî ïîòåíöèàëà, ïîñðåäñòâîì

êîòîðîãî, ìàòåìàòè÷åñêè, ïðîèçâîäèòñÿ �èêñàöèÿ ñðåäíåãî ÷èñëà ÷àñòèö. Ýòî ïîíÿòèå âîçíè-

êàåò â ñòàòèñòè÷åñêîé ìåõàíèêå ñèñòåì êëàññè÷åñêèõ ÷àñòèö, èìåííî, ïî òîé ïðè÷èíå, ÷òî â

ïîñòàíîâêó çàäà÷ ñòàòèñòè÷åñêîé ìåõàíèêè òàêèõ ñèñòåì çàêëàäûâàåòñÿ óñëîâèå ñîõðàíåíèÿ

ñðåäíåãî (õîòÿ ñòàòèñòè÷åñêè è ïåðåìåííîãî) ÷èñëà ÷àñòèö. Â ñâîþ î÷åðåäü, òàêîå óñëîâèå

èìååò ñìûñë ââîäèòü ïî òîé ïðè÷èíå, ÷òî ÷àñòèöû â ðàìêàõ êëàññè÷åñêîé ñòàòèñòè÷åñêîé ìå-

õàíèêè ìûñëÿòñÿ íàáëþäàåìûìè â êîíêðåòíîì ìåñòå ïðîñòðàíñòâà êàæäàÿ ïî îòäåëüíîñòè,

÷òî ïðåäîïðåäåëÿåò ïðèíöèïèàëüíóþ âîçìîæíîñòü òàêîãî óïðàâëåíèÿ ñèñòåìîé ÷àñòèö, ïðè

êîòîðîé ñîõðàíÿåòñÿ îáùåå èõ ÷èñëî.

�àçëè÷èå â ïîñòàíîâêàõ çàäà÷ ñ êâàíòîâûìè ÷àñòèöàìè, â îäíîì ñëó÷àå, êîãäà ñðåäíåå

÷èñëî ÷àñòèö �èêñèðóåòñÿ, à âî âòîðîì, êîãäà îíî íå �èêñèðóåòñÿ, ñðàçó æå âûÿâëÿåòñÿ íà

ïðèìåðå ãàçà áîçå-÷àñòèö. Åñëè ÷èñëî áîçå-÷àñòèö íå �èêñèðîâàíî, êàê, íàïðèìåð, â ñëó÷àå

�îòîíîâ, òî ìû ïîëó÷àåì â êà÷åñòâå ðåøåíèÿ çàäà÷è îá èçëó÷åíèè ÷åðíîãî òåëà ïëàíêîâñêóþ
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�óíêöèþ ðàñïðåäåëåíèÿ. Åñëè æå ÷èñëî áîçå-÷àñòèö �èêñèðîâàíî, êàê ýòî èìååò ìåñòî â

ñëó÷àå òàê íàçûâàåìûõ ãîëäñòîóíîâñêèõ êâàçè÷àñòèö ñ áîçåâñêîé ñòàòèñòèêîé, òî âîçíèêàåò

ïîíÿòèå õèìè÷åñêîãî ïîòåíöèàëà, è, êàê ñëåäñòâèå, çàâèñèìîñòü åãî îò òåìïåðàòóðû, ïðè÷åì

òàêàÿ, ÷òî âîçíèêàåò ÿâëåíèå òàê íàçûâàåìîé áîçå-êîíäåíñàöèè.

Òî÷íî òàêîå æå ïîëîæåíèå âîçíèêàåò â ñëó÷àå ãàçà �åðìè-÷àñòèö. Îäíàêî, â ýòîì ñëó÷àå

íå âîçíèêàåò êàêîé-ëèáî àíîìàëüíîé çàâèñèìîñòè îò òåìïåðàòóðû �èçè÷åñêèõ õàðàêòåðèñòèê

ñèñòåìû. Ê ñîæàëåíèþ, íà �èçè÷åñêîå ðàçëè÷èå â ïîñòàíîâêàõ çàäà÷ â ðàìêàõ ñòàòèñòè÷å-

ñêîé áîçå-÷àñòèö, ïðèâîäÿùèõ è íåïðèâîäÿùèõ ê ÿâëåíèþ áîçå-êîíäåíñàöèè, â ó÷åáíîé (äà

è â ìîíîãðà�è÷åñêîé) ëèòåðàòóðå íå îáðàùàåòñÿ âíèìàíèå. Â íàñòîÿùåì ñîîáùåíèè ìû ïðî-

èëëþñòðèðóåì ìåõàíèçì âîçíèêíîâåíèÿ òåìïåðàòóðíîé çàâèñèìîñòè õèìè÷åñêîãî ïîòåíöèàëà,

äëÿ ïðîñòîòû, íà ïðèìåðå êâàíòîâîãî èäåàëüíîãî �åðìè-ãàçà.

Êàê èçâåñòíî, ðàâíîâåñíàÿ êâàíòîâàÿ ñòàòèñòè÷åñêàÿ ìåõàíèêà îñíîâàíà íà ñòàòèñòè÷å-

ñêîì îïåðàòîðå â �îðìå �èááñà (ñì., íàïðèìåð, [1℄)

ρ̂ = Z−1 exp
(
− Ĥ − µN̂

κT

)
,

Z = Sp exp
(
− Ĥ − µN̂

κT

)
,

ãäå µ > 0 � õèìè÷åñêèé ïîòåíöèàë, Ĥ è N̂ � ñîîòâåòñòâåííî îïåðàòîðû ýíåðãèè è ÷èñëà ÷à-

ñòèö, κT � àáñîëþòíàÿ òåìïåðàòóðà â ýíåðãåòè÷åñêèõ åäèíèöàõ. �àññìîòðèì ýòè âûðàæåíèÿ â

ïðåäñòàâëåíèè âòîðè÷íîãî êâàíòîâàíèÿ â ãèëüáåðòîâîì ïðîñòðàíñòâå âåêòîðîâ ñîñòîÿíèÿ, íà-

òÿíóòîì íà áàçèñ âåêòîðîâ |n(p)〉, ïîñòàâëåííûì âî âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ñ ìíîæå-

ñòâîì ïðîèçâîëüíûõ ðàñïðåäåëåíèé n(p) ∈ {0, 1} ÷èñåë çàïîëíåíèÿ (âîçìîæíóþ çàâèñèìîñòü

îò äðóãèõ êâàíòîâûõ ÷èñåë ìû îïóñêàåì). Çäåñü p ∈ {2π~l/L : l =
∑3

i=1 liei}, ei, i = 1, 2, 3 �

îðòû åâêëèäîâîãî ïðîñòðàíñòâà. Äåéñòâèå îïåðàòîðîâ Ĥ, N̂ îïðåäåëÿåòñÿ íà âåêòîðàõ áàçèñà

ïîñðåäñòâîì ðàâåíñòâ N̂ |n(p)〉 =
∑
p

n(p), Ĥ|n(p)〉 =
∑
p

ε(p)n(p), ãäå ε(p) � íåîòðèöàòåëüíàÿ

�óíêöèÿ, íàçûâàåìàÿ îäíî÷àñòè÷íûì ñïåêòðîì. Òîãäà Z =
∏
p

(
1 + exp(−(ε(p) − µ)/κT )

)
, à

ñðåäíåå ÷èñëî ÷àñòèö �

N = Z−1SpN̂ exp
(
− Ĥ − µN̂

κT

)
=
∑

p

[
exp

(ε(p) − µ

κT

)
+ 1
]−1

. (1)

ßñíî, ÷òî äëÿ âîçìîæíîñòè òàêîãî ðàâåíñòâà ïðè ïîñòîÿííîì N íåîáõîäèìî, ÷òîáû âåëè÷èíà µ
ÿâëÿëàñü �óíêöèåé òåìïåðàòóðû. Îäíàêî, çàðàíåå, íå î÷åâèäíî, ÷òî ýòà �óíêöèÿ ñóùåñòâóåò

è ñóùåñòâóåò ëè îíà âî âñåì äèàïàçîíå òåìïåðàòóð. Íàïîìíèì, ÷òî ÿâëåíèå áîçå-êîíäåíñàöèè

ñâÿçàíî èìåííî ñ òåì, ÷òî àíàëîãè÷íàÿ �óíêöèÿ â ñëó÷àå èäåàëüíîãî áîçå-ãàçà íå ñóùåñòâóåò

ïðè T < Tc, ãäå Tc > 0 � íåêîòîðàÿ êðèòè÷åñêàÿ òî÷êà �àçîâîãî ïåðåõîäà âòîðîãî ðîäà �

áîçå-êîíäåíñàöèè. Â ñâÿçè ñ ýòèì, àêòóàëüíî äîêàçàòü ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Óðàâíåíèå (1) èìååò åäèíñòâåííîå ðåøåíèå µ > 0 ïðè ëþáîì κT > 0.

� Îáîçíà÷èì I(z) =
∑

p

[
z exp

(ε(p)
κT

)
+ 1
]−1

, z = e−µ/κT
. Çàìåòèì I(0) = ∞, I(∞) = 0 è

dI

dz
= −

∑

p

exp
(ε(p)
κT

)[
z exp

(ε(p)
κT

)
+ 1
]−2

< 0 .
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Ïî ýòîé ïðè÷èíå, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàíâåíèÿ I(z) = N ïðè ëþáîì N > 0.
Íåïîñðåäñòâåííûì âû÷èñëåíèåì àñèìïòîòèêè �óíêöèè µ(T ), íåÿâíî îïðåäåëåííîé (1),

óáåæäàåìñÿ, ÷òî ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ T ïîñòðîåííàÿ �óíêöèÿ µ(T ) > 0. Ïî-
ýòîìó, åñëè µ(T ) â êàêîé-òî òî÷êå T ′

ñòàíîâèòñÿ îòðèöàòåëüíîé, òî ñóùåñòâóåò òî÷êà T
′′
, â

êîòîðîé µ(T
′′
) = 0 è (dµ/dT )T ′′ < 0.

Äàëåå, èç (1) èìååì

0 =
dI

d(κT )
=

z

κ2T

∑

p

exp
(ε(p)
κT

)[
z exp

(ε(p)
κT

)
+ 1
]−2(ε(p) − µ

T
− dµ

dT

)
.

Èç ýòîãî óðàâíåíèÿ, íåÿâíî îïðåäåëÿþùåãî ïðîèçâîäíóþ dI/dT , íàõîäèì, ÷òî â ëþáîé òî÷êå
T0, â êîòîðîé µ(T0) = 0, ïðîèçâîäíàÿ (dµ/dT )T0 > 0. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò,
÷òî µ(T ) > 0. �
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ÈÍÔÎ�ÌÀÖÈß ÄËß ÀÂÒÎ�ÎÂ

Æóðíàë ¾Íàó÷íûå âåäîìîñòè Áåë�Ó. Ñåðèÿ: Ìàòåìàòèêà, Ôèçèêà¿ âûõîäèò ÷åòûðå ðàçà

â ãîä. Â æóðíàëå ïå÷àòàþòñÿ ñòàòüè ïî âñåì íàïðàâëåíèÿì ÷èñòîé è ïðèêëàäíîé ìàòåìàòè-

êè (çà èñêëþ÷åíèåì òåêñòîâ, èìåþùèõ ÷èñòî êîìïüþòåðíîå ñîäåðæàíèå è âû÷èñëèòåëüíîé

ýìïèðèêè).

�åäêîëëåãèÿ æóðíàëà ïðèíèìàåò îò àâòîðîâ ðóêîïèñè ñòàòåé, íàïèñàííûå íà ðóññêîì èëè

íà àíãëèéñêîì ÿçûêàõ. Ñîäåðæàíèå ñòàòåé ìîæåò ñîäåðæàòü êàê ðåçóëüòàòû îðèãèíàëüíûõ

èññëåäîâàíèé àâòîðà(îâ), òàê è ïðåäñòàâëÿòü ñîáîé îáçîð ïî âûáðàííîé àâòîðîì(àìè) òåìå.

Ñòàòüÿ äîëæíà áûòü íàïèñàíà ñ äîñòàòî÷íîé ñòåïåíüþ ïîäðîáíîñòè è ñ òàêèì ðàñ÷åòîì,

÷òîáû áûòü ïîíÿòíîé íå òîëüêî óçêèì ñïåöèàëèñòàì ïî âûáðàííîìó àâòîðîì(àìè) íàïðàâ-

ëåíèþ èññëåäîâàíèé, íî áîëåå øèðîêîìó êðóãó ìàòåìàòèêîâ. Íè â êîåì ñëó÷àå ðóêîïèñü íå

äîëæíà ïðåäñòàâëÿòü ñîáîé êðàòêèé îò÷åò î ïðîâåäåííûõ èññëåäîâàíèÿõ, íàïèñàííûé â âèäå

êðàòêîãî ñîîáùåíèÿ, íå ñîäåðæàùèé îïèñàíèÿ ïîñòàíîâêè çàäà÷è. Â ñâÿçè ñ ýòèì, ðóêîïèñü

äîëæíà áûòü ñòðóêòóðèðîâàíà � ðàçäåëåíà íà ðàçäåëû, ïðåäñòàâëÿþùèå îòäåëüíûå ñìûñëî-

âûå åäèíèöû òåêñòà. Â ëþáîì ñëó÷àå, ðóêîïèñü äîëæíà ñîäåðæàòü ââåäåíèå è çàêëþ÷åíèå.

�àçäåëû äîëæíû áûòü ïðîíóìåðîâàíû è èìåòü çàãîëîâêè.

Âî ââåäåíèè äîëæíû áûòü îïèñàíû: ïðîáëåìà, êîòîðîé ïîñâÿùåíà ðóêîïèñü, îïðåäåëåíî

ìåñòî ýòîé ïðîáëåìû â îáùåì îáú¼ìå �èçèêî-ìàòåìàòè÷åñêîãî çíàíèÿ, ïðåäñòàâëåíû êðàò-

êàÿ èñòîðèÿ âîïðîñà è ïîëó÷åííûé àâòîðîì(àìè) ðåçóëüòàò. Â çàêëþ÷åíèè ðàáîòû äîëæíà

áûòü äàíà õàðàêòåðèñòèêà ïîëó÷åííîãî ðåçóëüòàòà ñ óêàçàíèåì åãî çíà÷åíèÿ äëÿ äàëüíåéøåãî

ðàçâèòèÿ òåìû èññëåäîâàíèÿ.

Òå æå ñàìûå òðåáîâàíèÿ ê ââåäåíèþ è çàêëþ÷åíèþ ïðåäúÿâëÿþòñÿ è äëÿ îáçîðíîé ñòàòüè,

ñ òîé ëèøü ðàçíèöåé, ÷òî èõ ñîäåðæàíèå äîëæíî áûòü ïîñâÿùåíî îïèñàíèþ âñåé ñîâîêóïíîñòè

ðåçóëüòàòîâ, îòðàæàþùèõ ñîñòîÿíèå âûáðàííîé àâòîðîì îáëàñòè èññëåäîâàíèé, è ñàì òåêñò

äîëæåí áûòü íàïèñàí ñ áîëüøåé ñòåïåíüþ ïîäðîáíîñòè.

Âîçìîæíà òàêæå ïóáëèêàöèÿ ñòàòüè, íîñÿùåé ìåòîäè÷åñêèé õàðàêòåð. Íî â ýòîì ñëó÷àå

ðåøåíèå î âîçìîæíîñòè ïóáëèêàöèè òàêîé ðóêîïèñè ïðèíèìàåòñÿ ðåäêîëëåãèåé îòäåëüíî.

�óêîïèñü äîëæíà áûòü î�îðìëåíà â ñîîòâåòñòâèè ñ òðàäèöèÿìè íàïèñàíèÿ, ñîîòâåòñòâåí-

íî, ìàòåìàòè÷åñêèõ è �èçè÷åñêèõ òåêñòîâ. Â ÷àñòíîñòè, â ÷èñòî ìàòåìàòè÷åñêèõ òåêñòàõ äîëæ-

íû áûòü ÷åòêî âûäåëåíû òàêèå ñòðóêòóðíûå åäèíèöû, êàê �îðìóëèðîâêè îïðåäåëåíèé, òåîðåì

è ëåìì, ñëåäñòâèé è çàìå÷àíèé, îòìå÷åíû íà÷àëà è îêîí÷àíèÿ äîêàçàòåëüñòâ.

Ïîëíûé îáú¼ì ðóêîïèñè, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé îðèãèíàëüíîå èññëåäîâàíèå, íå äîë-

æåí ïðåâûøàòü 20 ñòðàíèö �îðìàòà A4. Îíà äîëæíà áûòü íàïèñàíà øðè�òîì 12pt ÷åðåç äâà

èíòåðâàëà. Îáú¼ì îáçîðíîé ñòàòüè íåîáõîäèìî çàðàíåå îãîâîðèòü ñ ðåäêîëëåãèåé æóðíàëà.

Ïîñëå ïîäãîòîâêè îäíèì èç ÷ëåíîâ ðåäêîëëåãèè çàêëþ÷åíèÿ î ñîîòâåòñòâèè ðóêîïèñè íîð-

ìàì æóðíàëà ¾Íàó÷íûå âåäîìîñòè¿ îíà ðàññìàòðèâàåòñÿ íà îáùåì ñîáðàíèè ðåäêîëëåãèè. Â

îòäåëüíûõ ñëó÷àÿõ ðåäêîëëåãèåé ìîæåò áûòü ïðèíÿòî ðåøåíèå î áîëåå òùàòåëüíîì èçó÷åíèè

ðóêîïèñè âíåøíèì (íå âõîäÿùåì â ñîñòàâ ðåäêîëëåãèè æóðíàëà) ðåöåíçåíòîì. �åäêîëëåãèÿ

îñòàâëÿåò çà ñîáîé ïðàâî íà ìåëêèå ñòèëèñòè÷åñêèå èñïðàâëåíèÿ òåêñòà ðóêîïèñè ïîñëå ïðè-

íÿòèÿ ðåøåíèÿ î å¼ ïóáëèêàöèè.

Â ðåäàêöèþ ïðèñûëàåòñÿ ñëåäóþùàÿ èí�îðìàöèÿ:

1) îñíîâíàÿ ñîäåðæàòåëüíàÿ ÷àñòü ñòàòüè, ïðåäñòàâëÿåìàÿ íà ðóññêîì èëè àíãëèéñêîì

ÿçûêàõ. Ïðè ýòîì íàçâàíèå ñòàòüè äîëæíî ñîñòîÿòü íå áîëåå ÷åì èç 20 ñëîâ.

2) èíäåêñ MSC (ñì. Mathematial Subjet Classi�ation) òîãî íàó÷íîãî íàïðàâëåíèÿ, êîòî-

ðîìó ïîñâÿùåíà ñòàòüÿ;
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3) ñïèñîê àâòîðîâ ñ óêàçàíèåì ïîðÿäêà èõ ðàçìåùåíèÿ ïðè ïóáëèêàöèè ñòàòüè;

4) àííîòàöèÿ íà ðóññêîì ÿçûêå; å¼ îáú¼ì íå äîëæåí ïðåâûøàòü 10-12 ñòðîê, íàïèñàííûõ

øðè�òîì 12pt;

5) ñïèñîê êëþ÷åâûõ ñëîâ (íå áîëåå 10-12);

6) òåêñò ïåðåâîäà çàãîëîâêà ñòàòüè, àííîòàöèè è êëþ÷åâûõ ñëîâ íà àíãëèéñêîì ÿçûêå;

7) ñïèñîê ëèòåðàòóðíûõ èñòî÷íèêîâ, íà êîòîðûå èìåþòñÿ ññûëêè â òåêñòå ðóêîïèñè;

8) äàííûå îá àâòîðàõ ñòàòüè ñ óêàçàíèåì ìåñòà èõ ðàáîòû, òî÷íîãî ïî÷òîâîãî àäðåñà ïðåä-

ïðèÿòèÿ. Äîëæíû áûòü óêàçàíû àäðåñà ýëåêòðîííîé ïî÷òû. Ýòè äàííûå íåîáõîäèìî ïðåäñòà-

âèòü òàêæå íà àíãëèéñêîì ÿçûêå. Êðîìå òîãî, äîëæíà áûòü äàíà ëàòèíñêàÿ òðàíñêðèïöèÿ

�àìèëèé àâòîðîâ. Ñîîòâåòñòâåííî, äëÿ ñòàòåé íà àíãëèéñêîì ÿçûêå äîëæíà áûòü äàíà òðàí-

ñêðèïöèÿ �àìèëèé àâòîðîâ êèðèëëèöåé;

9) ñïèñêà ïîäïèñåé ê ðèñóíêàì, åñëè îíè èìåþòñÿ â ðóêîïèñè.

Ïîðÿäîê î�îðìëåíèÿ ýòîé èí�îðìàöèè â ýëåêòðîííîì �àéëå óêàçàí â ïðèëîæåíèè â êîíöå

íàñòîÿùèõ ïðàâèë (ñì. ï.5) òðåáîâàíèé ê ýëåêòðîííîìó íàáîðó).

Â ðåäàêöèþ ïðèñûëàåòñÿ ýëåêòðîííûé �àéë ðàáîòû. Îí äîëæåí áûòü ïîäãîòîâëåí â ðå-

äàêòîðå LaÒåÕ (LaTeX2e, AMSLaTeX). Ôàéëû, ïðèãîòîâëåííûå â äðóãîì ðåäàêòîðå,

ðàññìàòðèâàòüñÿ ðåäêîëëåãèåé íå áóäóò. Ïðè ýòîì íóæíî ïðèñûëàòü �àéë ðàáîòû ñ

ðàñøèðåíèåì ¾tex¿ è pdf-êîïèþ �àéëà ñ ðàñøèðåíèåì ¾dvi¿ ðàáîòû, äëÿ òîãî, ÷òîáû ðåäàê-

öèÿ èìåëà âîçìîæíîñòü ñðàâíåíèÿ åãî ñ àâòîðñêèì îðèãèíàëîì ïðè ðåäàêòèðîâàíèè è âåðñòêå

æóðíàëà. Ïðèñûëàòü ñàì dvi-�àéë ïðè ýòîì íå íóæíî.

Îñîáûå òðåáîâàíèÿ ê ýëåêòðîííîìó íàáîðó â ðåäàêòîðå LaTeX (è òîìó ïîäîáíûì

ðåäàêòîðàì) ñëåäóþùèå.

1) Íåëüçÿ èñïîëüçîâàòü ââîäèìûå àâòîðàìè íîâûå íåñòàíäàðòíûå êîìàíäû.

2) ¾Âûêëþ÷íûå¿ �îðìóëû äîëæíû áûòü ïðîíóìåðîâàíû â ïîðÿäêå èõ ïîÿâëåíèÿ â ðó-

êîïèñè â òîì ñëó÷àå, åñëè íà íèõ åñòü ññûëêè â òåêñòå. Ïðè èñïîëüçîâàíèè ðåæèìà equation

äëÿ íàáîðà âûêëþ÷íûõ �îðìóë îáÿçàòåëüíî óïîòðåáëåíèå äëÿ èõ íóìåðàöèè ñîîòâåòñòâóþ-

ùèõ íîìåðîâ �îðìóë â òåêñòå. Äîïóñêàåòñÿ ïðèìåíåíèå äëÿ ìåòîê �îðìóë öè�ð, ñíàáæåííûõ

øòðèõàìè (èëè öè�ð ñîâìåñòíî ñ áóêâàìè ëàòèíñêîãî àë�àâèòà). Îäíàêî ýòèì íóæíî ïîëüçî-

âàòüñÿ òîëüêî â ñëó÷àå êðàéíåé íåîáõîäèìîñòè ñ öåëüþ áîëåå òî÷íîé ïåðåäà÷è ñìûñëà òåêñòà.

3) Â ñëó÷àå, åñëè â ñòàòüå èìåþòñÿ ðàçäåëû â âèäå ïðèëîæåíèé â êîíöå îñíîâíîãî òåê-

ñòà ðàáîòû, íóìåðàöèÿ ñîäåðæàùèõñÿ â íèõ âûêëþ÷íûõ �îðìóë ìîæåò áûòü íåçàâèñèìîé îò

íóìåðàöèè îñíîâíîãî òåêñòà. Ïðè ýòîì â ïðèëîæåíèÿõ ðåêîìåíäóåòñÿ óïîòðåáëåíèå äâîéíîé

íóìåðàöèè, â êîòîðîé ïåðâûé ñèìâîë ìîæåò áûòü ïðîïèñíîé áóêâîé èëè íîìåðîì ïðèëîæåíèÿ.

Êàæäûé èç ðàçäåëîâ-ïðèëîæåíèé íà÷èíàåòñÿ ñëîâîì Ï�ÈËÎÆÅÍÈÅ ñ ïîðÿäêîâûì íîìåðîì

ýòîãî ïðèëîæåíèÿ. Ýòî ñëîâî äîëæíî áûòü âûðîâíåíî ïî ïðàâîìó ïîëþ ñòðàíèöû. Çàòåì ñëå-

äóåò çàãîëîâîê ýòîãî ïðèëîæåíèÿ.

4) Ëèòåðàòóðíûå èñòî÷íèêè â ññûëêàõ íà îñíîâå êîìàíä ite (èëè íåïîñðåäñòâåííî) â ýëåê-

òðîííîì òåêñòå ðóêîïèñè íóæíî îáîçíà÷àòü öè�ðàìè, ñîîòâåòñòâóþùèìè èõ ïîðÿäêîâîìó íî-

ìåðó ïîÿâëåíèÿ â òåêñòå, è íè â êîåì ñëó÷àå íå èñïîëüçîâàòü ìåòêè äðóãîãî òèïà.

5) Íèæå ïðèëàãàåòñÿ øàáëîí, ñîãëàñíî êîòîðîìó äîëæåí î�îðìëÿòüñÿ �àéë ñòàòüè. Äëÿ

àâòîðîâ ñëåäîâàíèå ýòîìó øàáëîíó îáÿçàòåëüíî.
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Øàáëîí äëÿ ïðèãîòîâëåíèÿ �àéëà ñ ðóêîïèñüþ

\setounter{figure}{0}

\setounter{equation}{0}

MSC XXX (ïî èíäåêñ íàó÷íîãî íàïðàâëåíèÿ Mathematial Subjet Classifiation)

\vskip 0.3m

\begin{enter}

{\bf ÍÀÇÂÀÍÈÅ ÑÒÀÒÜÈ}

\medskip

{\bf È.Î. Àâòîð1, È.Î. Àâòîð2, ... }

\medskip

{\small {\sf Ó÷ðåæäåíèå,\\

óë. Íàçâàíèå óëèöû (ïð. Íàçâàíèå ïðîñïåêòà, ïë. Íàçâàíèå ïëîùàäè è ò.ä.),

Íîìåð äîìà, �îðîä, Èíäåêñ, Ñòðàíà, e-mail: \underline{èìÿ�àäðåñ}}}

\end{enter}

{\small {\bf Àííîòàöèÿ.} Òåêñò àííîòàöèè.

\medskip

{\bf Êëþ÷åâûå ñëîâà:} ñëîâî1, ñëîâî2, ...\ .}

\vskip 1 m

Òåêñò ñòàòüè

\vskip 1 m

\renewommand\baselinestreth{0.6}

{\small

\enterline{{\bf Ëèòåðàòóðà}}

\def\sk{\vskip - 0.25m}

\begin{enumerate}

\bibitem{1} Èñòî÷íèê 1

\bibitem{2} \sk Èñòî÷íèê 2

...

\end{enumerate}

\vskip 0.5m

\begin{enter}

{\bf TITLE 1st line \\

\vskip 0.1m

2d line \\

\vskip 0.1m and so on }\medskip
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{\bf N.N. Author1, N.N. Author2, ...}

\medskip

{\small {\sf Enterprize,\\

Street St. (Avenue Av., Square Sq. and so on), Number, City, Index, Country,

e-mail: \underline{name�address}}}

\end{enter}

{\small {\bf Abstrat.} Text of abstrat. {\bf Key words:} word1, word2, ...\ .}}

\newpage

\renewommand\baselinestreth{1.0}

�èñóíêè

Îñîáîå âíèìàíèå ïðè ïîäãîòîâêå ðóêîïèñè ê ïå÷àòè äîëæíî áûòü óäåëåíî ðèñóíêàì, åñëè

îíè èìåþòñÿ â òåêñòå ðàáîòû. Îíè äîëæíû áûòü êà÷åñòâåííî âûïîëíåíû è ïðåäñòàâëåíû â

ðåäàêöèþ â ýëåêòðîííîé �îðìå â âèäå îòäåëüíûõ �àéëîâ â �îðìàòå ¾ps¿. Ôàéëû ðèñóíêîâ

íåîáõîäèìî ïðîíóìåðîâàòü â ñîîòâåòñòâèè ñî ñïèñêîì ïîäïèñåé ê ðèñóíêàì. Ïðè ýòîì â íàçâà-

íèå êàæäîãî èç �àéëîâ ðèñóíêîâ, ÷òîáû èçáåæàòü ïóòàíèöû ïðè âåðñòêå âûïóñêà æóðíàëà,

äîëæíà âõîäèòü �àìèëèÿ îäíîãî èç àâòîðîâ, çàïèñàííàÿ ëàòèíèöåé (íàïðèìåð, Ivanov1.ps,

Petrov2.ps è ò.ä.).

Íà ïðåäñòàâëÿåìûõ â ýëåêòðîííîì �îðìàòå ðèñóíêàõ íå ñëåäóåò íàíîñèòü òå êîììåíòè-

ðóþùèå èõ ïîäïèñè, êîòîðûå ïðèñûëàþòñÿ â ðåäêîëëåãèþ îòäåëüíûì ñïèñêîì.

Âíèìàíèå! Â ñëó÷àå ïðèñûëêè â ðåäàêöèþ ðàáîòû ñ íåêà÷åñòâåííî âûïîëíåííûìè ðè-

ñóíêàìè, îíà áóäåò âîçâðàùåíà àâòîðó(àì) íà äîðàáîòêó.

Òàáëèöû

Åñëè â òåêñòå ðàáîòû åñòü òàáëèöû, òî èõ ñëåäóåò �îðìèðîâàòü íà îñíîâå ïðîãðàììû

LaTeX è íè â êîåì ñëó÷àå íå î�îðìëÿòü â âèäå ðèñóíêîâ.

Ñïèñîê ëèòåðàòóðíûõ èñòî÷íèêîâ

Îáðàùàåì âíèìàíèå àâòîðîâ íà òðåáîâàíèå ê êà÷åñòâåííîìó î�îðìëåíèþ ñïèñêà èñïîëü-

çóåìûõ â ðàáîòå ëèòåðàòóðíûõ èñòî÷íèêîâ. Â ñâÿçè ñ òåì, ÷òî òðåáîâàíèÿ, ïðåäúÿâëÿåìûå

�ÎÑÒîì, ïðè î�îðìëåíèè òàêîãî ñïèñêà âåñüìà ñëîæíû è îðèåíòèðîâàíû íà ðåøåíèå çà-

äà÷, ñâÿçàííûõ ñ öåíòðàëèçîâàííûì ïîèñêîì è õðàíåíèåì íàó÷íîé èí�îðìàöèè, êîòîðûå íå

ñïåöè�è÷íû äëÿ íàó÷íî-èññëåäîâàòåëüñêîé ïðàêòèêè, â æóðíàëå èñïîëüçóåòñÿ ñîáñòâåííàÿ

ñèñòåìà åãî î�îðìëåíèÿ. Òèïû ëèòåðàòóðíûõ èñòî÷íèêîâ êà÷åñòâåííî äîâîëüíî ðàçíîîáðàç-

íû. Ïîýòîìó ðåäàêöèÿ íå ïðåäëàãàåò óíèâåðñàëüíûé ðåöåïò èõ î�îðìëåíèÿ. Åäèíñòâåííûì

îáùèì ïðèíöèïîì, êîòîðûì äîëæåí ðóêîâîäñòâîâàòüñÿ àâòîð, ñîñòîèò â òîì, ëèòåðàòóðíàÿ

ññûëêà äîëæíà î�îðìëÿòüñÿ òàê, ÷òîáû ÷èòàòåëü èìåë ìàêñèìàëüíî òî÷íóþ èí�îðìàöèþ î

òîì, êàê íàéòè è îçíàêîìèòüñÿ ñ íàó÷íûì ðåçóëüòàòîì, íà êîòîðûé îïèðàåòñÿ åãî ðàáîòà.

Íåñìîòðÿ íà îòñóòñòâèå îáùåãî ðåöåïòà î�îðìëåíèÿ ñïèñêà, ðåäàêöèÿ òðåáóåò ñîáëþäåíèå

ñòðîãèõ ïðàâèë î�îðìëåíèÿ ññûëîê íà ëèòåðàòóðíûå èñòî÷íèêè äâóõ òèïîâ, êîòîðûå ÿâëÿþò-

ñÿ íàèáîëåå ðàñïðîñòðàíåííûìè. Ýòî êàñàåòñÿ ñòàòåé â ðåãóëÿðíûõ ïåðèîäè÷åñêèõ èçäàíèÿõ
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(â æóðíàëàõ) è êíèã (ìîíîãðà�èé è ó÷åáíèêîâ). Ïðèíÿòûå â æóðíàëå ïðàâèëà î�îðìëåíèÿ

ëèòåðàòóðíûõ èñòî÷íèêîâ óêàçàííûõ äâóõ òèïîâ äåìîíñòðèðóþòñÿ ñëåäóþùèìè ïðèìåðàìè:

Æóðíàëüíûå ñòàòüè �

\item Öåãåëüíèê Â.Â. �àìèëüòîíèàíû, àññîöèèðîâàííûå ñ òðåòüèì è ïÿòûì óðàâíåíèÿìè

Ïåíëåâå~// Òåîðåòè÷åñêàÿ è ìàòåìàòè÷åñêàÿ �èçèêà.~-- 2010.~-- 162;1.~-- C.69-74.

\item Demidov A.S., Kohurov A.S., Popov A.Yu. To the problem of the reovery of

non-linearities in equations of mathematial physis~// Journal of Mathematial

Sienes.~-- 2009.~-- 163;1.~-- P.46-77.

Êíèãè (â ÷àñòíîñòè, ìíîãîòîìíûå èçäàíèÿ) �

�ûòîâ~Ñ.Ì., Êëÿöêèí Þ.À., Òàòàðñêèé~Â.È. Ââåäåíèå â ñòàòèñòè÷åñêóþ ðàäèî�èçèêó~/

Ñëó÷àéíûå ïîëÿ, ò.2~/ Ì.: Íàóêà, 1978.~-- 464~.

(åñëè èçäàíèå îäíîòîìíîå, òî ïîçèöèÿ ìåæäó äâóìÿ ñëýø-÷åðòî÷êàìè ñòàíîâèòñÿ íåíóæíîé

è, ïîýòîìó èñ÷åçàåò).

Îáðàùàåì âíèìàíèå íà òî, ÷òî:

1) äîëæíû áûòü óêàçàíû ïîëíûå íàçâàíèÿ æóðíàëüíûõ ñòàòåé, à òàêæå óêàçàíû íå òîëüêî

íà÷àëüíûå ñòðàíèöû ýòèõ ñòàòåé, íî îáÿçàòåëüíî òàêæå è êîíå÷íûå;

2) ïðè óêàçàíèè æóðíàëüíûõ ñòàòåé ïîñëå ãîäà èçäàíèÿ ñòîèò íîìåð (îáÿçàòåëüíî àðàáñêè-

ìè öè�ðàìè) òîìà æóðíàëà (åñëè îí èìååòñÿ) è ÷åðåç òî÷êó ñ çàïÿòîé ñòîèò äîïîëíèòåëüíàÿ

èí�îðìàöèÿ (íîìåð âíóòðè òîìà, â ÷àñòíîñòè, íîìåð âûïóñêà è ò.ä.); ïðè ýòîì íîìåð òîìà

ìîæåò èìåòü ñëîæíîå íà÷åðòàíèå è íå âûðàæàòüñÿ òîëüêî îäíèì ÷èñëîì;

3) íàçâàíèå æóðíàëà íóæíî äàâàòü ïîëíîñòüþ áåç ñîêðàùåíèé;

4) êàæäàÿ èç êíèã â ñïèñêå öèòèðóåìîé ëèòåðàòóðû îáÿçàòåëüíî äîëæíà áûòü äàíà ñ

óêàçàíèåì ïîëíîãî ÷èñëà ñòðàíèö.

Ïðè íåñîáëþäåíèè îïèñàííûõ ïðàâèë î�îðìëåíèÿ ëèòåðàòóðíûõ èñòî÷íèêîâ ðàáîòà áóäåò

âîçâðàùåíà àâòîðó(àì) íà äîðàáîòêó.


